I'NIABA 1
AbcrpakTtHas TeopeMma Ilukapa

JIEKIIUA 1

AbcTpakTHble (DyHKIIUN
§ 1. AbcrpakThble pyukiuu. HenpepblBHOCTD, ITpeielt

[Iycts B — 6aHaxoBO IPOCTPAHCTBO ¢ HOPMOI ||.||. jist mpocToThl GyieM CYUTaTh 9TO IPOCTPaH-
CTBO BEIECTBEHHLIM. B KadecTBe IPOCTOro MOJEIBLHOIO IPHMepPa Ha MEPBBIX IIOPaX MOMKHO HMETD
B By B = R? ¢ obbranoit eskiamiosoii Hopmoil. OHaKO cieyeT UMeTh B BUJY, 9TO B HamboJIce
MHTEPECHOM JIJII HAC CJIydae MpoCTpaHcTBO B Oyner OECKOHETHOMEDPHBIM, UTO TOBJIEYET CBOU Xa-
paKTepHbIEe YePThI, He UMEIOIIIe AHAJONOB B KOHEYHOMEDHOM U CKassgpHoM ciydasx. (CkasaHHoe,
KOHEYHO, HE MPOTUBOPEUUT IIPUMEHUMOCTH BCEX M3JIOKEHHBIX PE3y/IbTaToB K ciaydain B = R.)

Onpenenenne 1. A6cmparmnoti gynkyued 6yaeMm HasbBaTh QYHKIWMO X (f) 9UCIOBOrO apry-
MeHTa t cO 3HAYEHUsIMU B OAHAXOBOM IIPOCTPAHCTBE 3.

Kaxk mpaBuiio, B jjajbHeleM 001aCThIO ONpeie/ieHnst PYHKINN OyIeT INCI0BOI TPOMEXKYTOK T,

TaK ITO MBI Oy/IeM paccMaTpUBaTh (DyHKIUNI
r:T — B. (1)

MozkHo poBeputh (3az1a4a (1), 4To Jyist Kazk10ro GUKCUPOBAHHOTO T MHOKECTBO (DyHKITHIA obpa-

3yeT JIMHEHOe MPOCTPAHCTBO (BEIeCTBEHHOE, €CJIH TPOCTPAHCTBO B BEIECTBEHHOE ), CIIH TIOJIOKUThH

(z +y)(t) = x(t) + y(1),
(Ax)(t) = Az(t).
Ha abcTpakTHbIe DYHKINN IEPEHOCATCA MHOTUE TIOHATUS TEOPUU OOBIYHBIX BEIECTBEHHBIX (DYHK-

nuit. /laimmM cooTBETCTBYIONINE OITPE e/ IEHUS.

Onpenesienne 2. Oyukius x(t) HA3BIBAETCS 02PAHUNEHHOT Ha MHOdHCecmee T, ecin
AM >0 Vte T |z(t)| < M.

Onpepenenne 3. Oynknus x(t), onpeeséHaast Ha TPOMEKYTKe T, HABIBACTCS HENPEPbIGHOT

6 mouke ty € T, ecm
Ve>030>0Vte (to—b,to+08)NT |lz(t) —z(to)]| <e.

Onpenesienne 4. Oyukiys x(t) HA3BIBACTCS HeNPEPLIGHOT Ha Npomedcymre T | ecin OHa Herpe-
PBIBHA B KaXK/I0# TOUYKE ITOrO MpOMeKyTKa. [Ipu 3ToM ecim TpoMeKyTOK He SBJISIETCS OTKPBITHIM,
TO B TouKax 7 N O7T moapasymeBaeTcss OITHOCTOPOHHSIST HEITPEPBIBHOCTh.

Onpepesienne 5. Tosopsar, uro dyHKIws x(t), onpejenéHHas Ha IPOMEXKYTKe 7, UMeer mpe-

nen xg € B B Touke ty € ﬂ, ecin
Ve >0 35 >0 Vt € ((to—d,to) U (to,to+0)) NT |Jz(t) — zo| <e.

Nmeercs B BULy 3aMbIKaHIE TPOMEKYTKa, T .



Bamevarnue 1. Kak u B cirydae 9ucaoBbix (DYHKIHMHA, MOKET OKa3aThCsl Tak, 4To x(t) He mMeer
npeJjiesia B TOUKe o, OJJHAKO UMeeT B Heil oJnH ujn 06a 0JHOCTOpOoHHUX Tpejiena. (CoorBeTcTByoIme
OlpeJieIeHnsT PEKOMEHIyeTCst ¢(hOPMYIMPOBATE CAMOCTOATENBHO.) Kpome Toro, moHATHsT OOBITHOTO
U OJTHOCTOPOHHErO TIPEJIeJIOB CJIMBAIOTCS B OJIHO, ecyin (DyHKIWs (1) OmpeieseHa JIUIb B OJHON
IIPOKOJIOTOH ITOJIyOKPECTHOCTH TOYKU Iy.

Ha ciryuait abcrpakTabix (DYHKIHIT 0000IIAIOTCA YTBEPXKIEHU O TIPeJieJie U HETPEPHIBHOCTHU CYM-
MBI U PA3HOCTH (DYHKIUH, O JIOKAJHHONW OTPaHUYEHHOCTH (DYHKIINU, HENPEPBIBHOW B TOYKe ty WIN
UMeIolIell B Hell KOHEeYHBII Hpe/:LeﬂEL a TaK»Ke M3BECTHBIE CBOWCTBA (PYHKIIHil, HEIPEPBIBHBIX HA OT-
pe3Ke: UX OrpaHnYeHHOCTD, JIOCTUKEHUEe TOYHbIX rpaHey“ﬂ U paBHOMepHasi HenpepbIBHOCT. ([lokasa-
TeJIbCTBO COOTBETCTBYIOIINX YTBEPKICHUI BXOIUT B 3aja4u.) UTO Kacaercs yMHOYKEHUsI, TO 3J1eCh
CUTYyallnsl HECKOJIBKO CJIOZKHee. /les10 B TOM, 9TO B IPOM3BOJILHOM OaHAXOBOM IIPOCTPAHCTBE YMHOXKeE-
HUE 9JIEMEHTOB He onpe;ieiero. OIHaKOo OlpeIesIeHO YMHOKEHIEe Ha, YUCJI0 U «YMHOYKEHUe» JINHEITHOTro
orepaTopa Ha 3JieMeHT. KpoMe Toro, camo paccMarpuBaemMoe IMPOCTPAHCTBO MOXKET OKa3aThCs OaHa-
XOBOI asireOpoii, B KOTOPO#l yMHOXKEHUE JIEMEHTOB OIlpe/iesieH0. dToObI onucaTh BCe 3TU CUTYAINH,
pPacCMOTpUM HEKOTOpble DaHAXOBBI IpocTpaHcTBa B;, ¢ = 1,2, 3, u npeamnosoxum, 4ro Ha By X By
olpeJesieHa oleparust

(x,y) »ay=x-y€ By (x € By, y € By),

npuuéMm VA € RV, 1,29 € By, Yy, y1,y2 € Bs

1) May) = (Ar)y = z(Ay);

2) (z1+ 22)y = 11y + T2y;

3) x(y1 + y2) = Ty1 + TY2;

4) eyl s, < Nzl 5. Myl .-

Jlerko BUJIETH, 9TO JIJist IEPEUNCICHHBIX PaHee «yYMHOXKeHuUit» coiicTBa 1)—4) BbrmosHsaoTCs. Beromy
Jtajiee TojT YMHOYKEHNeM MBI OyJ/IeM MOHUMATh OMEPAIN0 ¢ OIMUCAHHBIMU CBOMCTBAMU.

Teopema 1. Ilycrs dbyukiun z(t) co 3nadenusivMu B By u y(t) co 3HaveHusiMu B By onpejiesieHbl B
HEKOTOPOIT OKPeCTHOCTH (IIPOKOJIOTOI OKPECTHOCTH) TOYKH tp, & YMHOXKEHHE MEXKJIy IPOCTPAHCTBA-
mu By u By obmamaer coiictBamu 1)—4). Torma ecam 9tu (hyHKIMN HENIPEPHIBHBI B TOUKE tg, TO 1
UX [pou3Be/eHIe HelpepbIBHO (ecsm limy .y, 2(t) = x1, limy_yy, y(t) = y1, 0 limy_yy, z(t)y(t) = z1y1).
(Anajiornanoe yTBepIKIeHUe BEPHO JJIsl TIOJIyOKPECTHOCTEH. )

Ham Oyner Baken ciiydail, KOrjia 1epBblil COMHOXKUTEb — ONEPATOPHBIN MJIM YNCIOBO.
§ 2. InddepentmpoBanue abCcTpaKTHBIX DYHKITUIA

Ounpepnesienne 6. [Tycrs dyukius z(t) onpeenena na mpomexytke T, tg € T . Eciu cymectByer

peien
1
r; = lim z(t) — z(tg
lin - (a(t) ~ o))
20 HecKOHEUHOM Tpejiesie eCTeCTBeHHO TOBOPUTD, ey limy_q, ||y(t)]| = +oo.

3Pazymeercs, peub WIET O TOUHBIX TPAHAX “ucAo060t dynxmun ||z (t)||.



OH Ha3BIBAETCS NPoudsodrotl byukimu x(t) B Touke to. (B ciyuae omHOCTOPOHHETO MIpEjiesia roBOPSIT
0 COOTBETCTBYIOIIEH 00HOCMOpOHHel TIPOU3BOIHOIA. )

Samevarue 2. Kak u B caydae 9ucaoBeix GyHKIWA, (1) MOXKeT He HMeTh IIPOM3BOIHOIN B TOUKE ty,
HO UMETH OJIHY WJIU 00€ OJITHOCTOPOHHUE ITPOU3BOJIHBIE.

[Tonb3ysach cBoicTBaMU TIPEJIEIOB, HETPY/IHO JOKA3aTh CBOMCTBa jud depeHnnpoBaus:
1) (5 +y) =o'+
2) (zy) = 2"y +xy'.
LIaCTHbHVH/I ClIydadMu BTOPOIo CBOICTBA SIBJIIETCA IIPpaBMUJIO BBIHECCCHNA YMCJIOBOT'O MJIN IIOCTOAHHOTI'O
OIIEPATOPHOIO MHOYKUTEIA 32 3HaK AU dEPEHIIMPOBAHNUS, TIPU 3TOM OIEPATOP MOYXKeT ObITh JIMHel-

HBIM (DYHKITTOHAJIOM:
(A-at) =A-2(t), (A-a(t) =A-2'(t), ((f,z(t) = {f2'(1)).
§ 3. NurerpupoBanue (mo Pumany)

Jng  mocTpoeHms pPEMAHOBCKOTO HHTErpaja 10 OTPe3Ky [a,b] or abeTpakTHBIX —(QyHK-
nuit  AeficTByeM CTaHJapTHBLIM 00pa3oM. BBoaum pasbuenue ¢ ommevennvimu moukamu T =
={ti]i=0Na=1t <...<ty=0b{n|i=1N,7 € [ti_1,ti]}), duamemp pasbue-

nus A(T) = max,_yx5(t; — tio1) u unmeepasvrole cymmo:

N

S(T.x) =Y (ti — tiy)x ().
i=1
Pazbuenne T nuamerpa § OyiaeM it KPATKOCTH HA3bIBATH (-Pa3OUEHMEM.
Onpepesienne 7. Diement I € B HasbiBaercs mpejesioM nHTErpaibHbix cymm S(7T, x) dyHK-
mn x(t) mpu auamerpax pasbuenust A(T'), crpemsiuxcs K 0, ecau mist jgoboro € > 0 Hafigércs
takoe 0 > 0, 9ro jas Jroboro pasbuenusi T ¢ ormedenHbiME TOUKaMu 1ipu yciaosun A(T) < 0

BBIITIOJIHEHO HEePaBEHCTBO

|1S(T,z) —I|| <e. (2)

Ecau rakoii smement I cymecTByeT, TO OH Ha3blBaeTCs uHmezpasom Pumana or dyukmun z(t) 1o
OTpe3Ky [a, b].

Teopema 2. HenpepbiBuast Ha orpeske [a,b] dyukius unrerpupyema no Pumany Ha 3TOM OT-
pe3Ke.

[Ipexte geM NpUCTyIuTh K JI0KA3aTEIBLCTBY TEOPEMbBI, OTMETUM, UTO MbI HE MOYKEM BBECTU aHa-
jgoru cymM Jlap0Oy, MOCKOIbKY B OaHAXOBOM IPOCTPAHCTBE HET yropspodenus. OaHAKO MOXKHO pac-
CYKJIaTh HENOCPEJCTBEHHO. MBI OTJIe/IbHO cOPMYIUPYEM U JOKAXKEM JIBE JIEMMBI.

Jlemma 1. Ecitu T ecTb usMebuenne 0-pazbuenus T, 1o 1pu JITOOOM BBIOOPE OTMEUYEHHBIX TOUEK

B KaXKJIOM M3 9TUX pa30ueHuit
Hs(f, ) — S(T, x)” < wa()(b — a),
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rie
wg (0) = sup [(t1) — x(t2)]]- (3)

|t1—t2| <0, t1,t2€[arb]
Jlokasamenvcmso. PaceMoTpuM oiiH U3 OTPe3KOB [t;_1,t;] craporo pasbuenus T'. ITpesmooxmm,
HA HEM MOSBUIMCHL HOBBIE TOYKH. /IS HAIJISIIHOCTH PACCMOTPUM CJIydail J0OaBJIeHUST OQHOM TOYKH.
[Tycts HOBBIE HOMepa TOUeK cyTh k—1, k, k+1, 7. e. tj—1 = t;_1, tx, € (tio1,ti), tkr1 = ;. Torma yrs sro-
60ro BEIOOpA OTMEUIEHHBIX TOUEK CTaporo pasouenns 7; € [t;—1,t;] u HoBoro pasbuenus g, € [ty_1, tx],

M1 € [, tha1] nMeenm

1t — tim)2(ms) — (tk — tr1) (k) — (berr — Ee)z () || =
= |(thsr — te—1)2(73) — (b — tem1)2 (M) — (Fegr — tr) 2 (i) || <
S (g = ) (@(73) — 2 ()| + (| (B — te—1) (@(73) — () || <
< tepr — telllz () — 2(es) 1] + [tk — teaalll2(7) — 2(m)) || <
< trgr = telwe(0) + [t — teo1|we(0) = (Lhs1 — tro1)we(0) = (£ — ti1)ws(6).

OTy HEHOYUKY CJIeyeT OUEeBHIHBIM 00Pa30M MOIMMPUIIIPOBATE, €CJIU JT00aBUI0CH OOJIBIIE OJHON TOUKN
)

pas3OueHns Wim He JH00aBUIOCh HU OJHON TOYKM, HO IOMEHSIIach OTMedeHHasi Touka. CKiiabiBas

(U151 9TOrO HAM CHOBA HY?KHO HEDABEHCTBO TPEYTOJIbHUKA) MMOJ00HBIE HEPABEHCTBA 110 BCEM OTPE3KAM

HCXO/THOTO pa30MeHus, MOJIydaeM
HS(i ) — S(T, x)H < wo(0)(ty — to) = wo(8)(b — a),

Y9TO U TPeOOBAJIOCH. A
Jlemma 2. Ilycts T, Ty — npou3BoJIbHBIE PA30UEHUsT JUAMETPOB 0 U € COOTBETCTBEHHO, U IIYCTh

Ha HUX [TPOU3BOJILHBIM 00pPa30M BBIOpAHBI OTMeYeHHbIe TOUKu. Toraa
15(Th, ) = S(Tz, 2)|| < (w=(0) + wa(e))(b— a). (4)

Zloxazameavcmeo. Paccmorpum paszbuenue T3 = 17 UT, ¢ Ipon3BOJIbHBIM BHIOOPOM OTMEYEHHBIX
touek. Torma pasdomenue T3 ecTh M3MeNbUeHHE Karkaoro m3 pasdomenuit 17 u To. CraemoBaTenbHO,

COI'JIaCHO Hpem)mymeﬁ JIEMME NMEEM

15(T5, 2) — S(Th, )]
15(Ts, 2) — S(T, )]

OTKY/JIa C TIOMOIIBIO HEPABEHCTBA TPEYTOJbHUKA MTOJIYIaeM . A

Temepb MBI MOXKEM 3aBEPIINATH JI0KA3aTE/HLCTBO TEOPEMbI. PaccMOTpUM IPOU3BOJILHYIO YHC/IO-
BYIO IIOCJIeI0BaTeIbHOCTE 0, — 0. ITocTpoum mjs1 Kaxkmgoro d,, HeKoTopoe pasdumenue T, ¢ auamer-
pom A(T),) < 0, U IPOU3BOJBHBIM BBIOODOM OTMEYEHHBIX TOUEK. [locKombKy w,(d,) — 0 (cMm. 3a-

Jda9y , C IIOMOIIIBIO JIEMMbI HETPYAHO YyCTaHOBUTDL, YTO IIOCJ/IEOBATEJIbHOCTL COOTBETCTBYIOIINX
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HHTEIrpPaJIbHbIX CyMM (yHaMeHTa/bHa. (Crie/loBaTe/IbHO, OHA CXOJUTCS K HEKOTOpomy Iipejeny [
(mpocrpancTBO B 6aHAXOBO, & 3HAUUT, TIOJIHO):

lim S(T,,z) = 1. (5)

n—oo

Y100BI J10KA3aTh, YTO MOCJIEI0BATEIHLHOCTh MHTEIPATBHBIX CYMM CXOJIUTCA K TOMY Ke mpejery [
B CMBICJIE ONIpeieieHnsd 7, HaM Hy?KHO Jyig Besakoro € > 0 ykasarh Takoe d > 0, 9To j1s 06010
pasbuennst T’ quaMeTpa MeHbIIE ¢ BBIIOJIHEHO HepaBeHCTBO (2)). st 9T0ro no samanHoMy € BbIGepeM
cuagana rakoe Ni € N, uro npu scex n > Ny sepuo ||S(T),, z) — I|| < £/2. Dro Bosmoxkuo B cuiy ().

Teneps (cMm. 3amaty [7)) BeiGepem Takoe wncsio o > 0, 9T0 /1715 33JAHHOTO €

3

we(o) < 0—a)

Hanee, mockobKy 0, — 0, Mbl MOzkeM BbIOpaTh Takoe No € N, uro A(T),) < o st sroboro n > No.

[Tostoxkus Teneps m = max(Ny, No) + 1, Oymem umersh

3

IS (T, ) = 11 < 5 (AT)) S 20) < 17— (©)

(BO BTOPOM HEpaBEHCTBE MbI BOCIOJIL30BAJINCH MOHOTOHHBIM HeyObiBaHueM (DyHKINHI w,(d), CM. 3a-

Jlagy . Torna nms soboro paszdouenus T’ ¢ [uamMeTpoM MeHbIe 0 OYIyT BEPHBI HEPABEHCTBA
€ €
IS(T, ) = S(Tm, )| < (waA(T)) + we(A(Tn))) (b = a) < m(b —a)=3, (7)
IJIe MBI BOCIIOJIb30BAJIUCH JIEMMOI [2| 1 MOHOTOHHBIM HeyObiBaHueM GyHKImU w,(d). Terneps u3 (7)) u

IIEpBOIr'o COOTHOIIIEHU A @ C IIOMOIIIbIO HEPABCHCTBa TpeyroJibHuKa Mbl HEMEIJIEHHO II0JIy4dIaeM, 9TO
IS(T,z) = I <e.

Takum obpaszoMm, § B Olpeje/ieHIN TIpejiesia HHTErPAJIbHBIX CyMM IPH JAHHOM £ MOXKHO BbIOpAThH
pPaBHBIM 0. A

[lepeuncium ocHOBHBIE cBoOiicTBa mHTerpaJja. g mpocrtorsl OymeM paccMaTpuBaTh JIMIIb HH-
TerpaJjibl OT HEIPEPBIBHBIX (DYHKITUH, TO9TOMY BOIIPOC O CYIIECTBOBAHUYM UHTEIDAJIOB, BXOJANINX B
TOXKJIECTBA, HpO6.H€MbI He Hpe;LCTaBJIﬂeT

1 [ ())dt_f ()t + [ y(t)

2f/\m dt—/\f t)dt, A\ = const.

3. [a(t)dt = [Cx dt+f t)dt, a < c < b.

st mokazarebCTBa 3TUX TOXKIECTB JIOCTATOYHO PACCMOTPETH HEKOTOPBIE TOC/IEI0BATETHHOCTH
UHTEIPAJIbHBIX CYMM C JIHAMETPaMM, CTPeMsIuMucs K Hysro. [Ipu sTom 1 JieBoit yacTtu TOXKie-
CTBa 3 cjemyer 6paTb TOJIBKO Pa30UeHusi, CoJIepKaIlie TOUKY C.

4, Hfj dtH (e | dt.

Jlst mokazaTeIbCcTBa ITOTO CBOWCTBA CHOBA JOCTATOYHO PACCMOTPETH MOCIEI0BATE/ILHOCTE Pa3-

OueHUil ¢ quaMeTpaMu, CTPEMSIUMUCA K Hysi0. i KaxK10if mHTerpaJbHOl CyMMbl aHaJOTHIHOE



HEPaBEHCTBO CJIe/IyeT U3 HepaBeHCTBa TpeyroabHuKa. [lepexoss K mpejiesry B YMCJI0BOM HEPABEHCTBE,
oy gaeM Tpedbyemoe.

5. g ymHOXKeHUsI, CBOMICTBA KOTOPOI'O OI'OBOPEHBI BbIIIE, BEPHBI TOXKJIECTBA,

/abx(t)ydt = /abx(t)dty, /abxy(t)dt — x/aby(t)dt.
/abAa:(t)dtzA/:a:(t)dt, /ab<f,x(t)>dt: <f, /ab$(t)dt>.

DTO CBOWCTBO IpejIaraeTcsi JOKa3aTh CaMOCTOATEbHO (3aaua |10)).

6 (dbopmysna Heorona—/leitbuuna). Iycrs z(t) € C([a, b]; B). Torma

B gacTtHOCTH,

/ ¥ ()t = 2(b) — 2(a). (8)

oxaszamensvemeo. Jlna moboro nmuueiinoro ¢dynkimonana f € B* B cuiy paHee JTOKa3aHHBIX

cBoiicTB JuddepeHnupPoBaHs 1 HUHTEIPUPOBAHUS TMEEM

(5. [ oy = [g.awpar= [ 55000 de = (7.50) - (10000

e Mocje/iHee paBeHcTBo cieayer u3 popmysisl Heiorona—/leitbnura aisa auciaoBbix dyukimii. [o-

CKOJIBKY, TAKIM 00Pa30M, PaBEHCTBO

(5. [0ty = (7.006) - sta

CIpaBeJTuBO Uit BeceX f € B*) To, B culy CJIejICTBUS W3 TeopeMbl XaHa—baHaxa, BEpHO U DaBeH-
cBo (8)).
Caedemsue. («Ocnabiernast TeopeMa KOHETHBIX IpupatieHuiis. ) B cuity cBoiicts 6 u 4 jyist Bestkoi

HenpepbiBHO JnddepennupyeMoii Ha oTpeske [a, b] dyukiwn x(t) mveem

b
[2(b) = 2(a)]| </ [ ()[|dt < (b—a) sup [[2'(t)].

t€[a,b]

B wacTtHocTH, ecitum npou3BogHad aOCTPpaKTHON (DYHKIMH CYIIECTBYeT W paBHA HYJIEBOMY 3JIEMEHTY
BCIO/ly HA HEKOTOPOM IIPOMEYKYTKE, TO TaKas (DyHKIUS TPUHIMAET Ha STOM ITPOMEKYTKE TTOCTOSTHHOER
3HAYUCHUE.
Sameuarue 3. Teopema Jlarpamzka (u Posuist) He nepenocsitest Ha cirydail abcTpakTHBIX (DYHKITHIT
HEIOCPEJICTBEHHO. PeKoMeH 1yeTcsi caMOCTOATETHHO TPUBECTH KOHTPUMED (3a/1a4a .
NurerpupyeMocTh HelpepbiBHOI byHKIMU 103BoJsgeT Jyist aoboit dyuknun z(t) € C([a,b]; B)

PACCMOTPETh UHMEZPAN C NEPEMEHHDIM BEPTHUM NPEIEAOM



7. Ilycrs x(t) € C([a,b]; B). Torpa

y(t) = / x(7)dr € C'([a,b]; B), %y(zﬁ) =z(t), t € [a,]

(K&K 1 B€3/¢€, B O4EBUIHBIX CJIyYdadX IIOJAPa3yMeBalOTCA OJJHOCTOPOHHUE HpOI/ISBO,B;HbIe).

Joxaszamensvcmeo. PaccMorpuM 711 HAIVIAHOCTH JIMITL MPaBYIO MPOU3BOAHYIO, T. €. At > 0.

Nnmeem
t+AL t t+At
y(t+ A) — y(t) = / (7)dr — / 2(r)dr = /t 2(7)dr.
CremoBaTesibHO,
t+At
R0 A0 = y(8) = alt) = T (0(t+ A0~ y(0) = Fpat) = 57 [ (a() —a(0)ir

[Tockosbky dyuknus x(t) HenpepbiBHa Ha [a, b], nMeem
Ve>0 36 >0 Vre[t,t+9) [Jz(r) —z(t)] <e.

Ho torma mpu Becex 0 < At < § umeem

| ste+ 20— yen —sto < 5 [ hetr) —stoir < 5 [ etr =,

a 9TO U O3HaYaeT, 9TO

Jim (g A~ y(0) = a(t) wm gl (1) = a(0),

rje UHJEKC ' 0003HAYAET TPABYI0 MPOU3BOJAHYIO. [IpOBe/isl aHAJIOIUIHbIE PACCYKJIEHUS I JIEBOM
POU3BO/IHOM, nostydaeM B utore y' (t) = x(t) Bciomy Ha [a,b]. A

Bamenarnue 4. B rpaHUIHBIX TOYKAX OTPE3KA MOJPA3YMEBAIOTCS COOTBETCTBYIOIINE OJ[HOCTOPOH-
HUE TIPOU3BO/IHBIE.

Bameuarue 5. Ha ciyuail 6anaxoBo3HAIHBIX (DYHKIMI TeopeMa O CPeJHeM 3HAYEHUN I MHTe-

rpaJia HeIoCpeICTBEHHBIM 00pa3oM He obo0IaeTcs. PekoMenryeTcss mpuBecTr KOHTPIIPUMED.
§ 4. JlemmMa 0 mIpO/IO/I2KEHUU B TOYKY

JIemma 3. Ilycrs dyukiws x(t) onpeesiena u HenpepblBHO ud depeHipyeMa B JIeBOii pOKo-

JIOTO TIOJIYOKPECTHOCTH TOYKH g, T. €.

z(t) € C*((to — 7. t0); B), (9)
U IICThb CYIIECTBYET IpeJIe)]
— 3 !
T = Hhtgriox (t). (10)



Torma:
1) z(t) nenpepsiBHO tpooKIMa 110 dyakmuu (t) € C((to — v, to]; B);
2) Z}(to) = =1 (vae uHzmeKe | 03HAYAET JIEBYIO [IPOU3BOHYIO).
Jokazamenvcmeo. VI3 cylecTBoBaHUs JIEBOIO IIPe/Ie/Ia IPOU3BOIHOI CJIe/IyeT, 4TO 9Ta IPOU3BO/I-

Hag OrpaHMYeHa B HEKOTOPOI IIPOKOJIOTON ITOJIYOKPECTHOCTU TOYKH tg:
3¢ € (0,7], 3L >0 Vt € (to— C.to) ||2'(8)]] < L. (11)

B cuity ocnabiennoit popMy/ibl KOHEUHBIX MPUPAIIECHUIT OTCIOIa BBITEKAET JIUIIIIHUII-HeIIPEPhIBHOCTD
dyukun x(t) Ha (tg — ¢, to) ¢ koucranroit Jlummuna L. CiaemoBarenbHo, st pyHkimn x(t) BbIIOJI-
HEeHO ycsioBue Ko cyIecTrBoBaHus JIeBoro upeiesa B TOUKe o u
drg = lim x(¢). (12)
t—to—0

[Tomoxkum

z(t), te€ (to—7,t0);

Zo, t= to.
OueBniHO, TTOCTpOCHHAsT QYHKIINS HepepbiBHA Ha (g — 7, to]. Ocramoch nokasars, uro I)(ty) = x1,

T. €. 9TO

i =, ((0) = ) =

nJjim

) 1
A}tlg}ro E(IO —x(tg — At)) = ;1.

Yro0b1 Bocnoib3oBaTheda hopmyiioit Herorona—/leiibuuiia B Toit (hopMy/IMpoBKe, KOTOPYIO MbI PaHee

JIOKa3aJ1i, BBEJEM (PYyHKIIIIO
2'(t), te (to—( to);

Ty, t:to.

2(t) =

B cuny (9) n dbyukius z(t) wenpepsiBaa Ha (tg — (,to]. (Mbl moKa He MOXKeM yTBEPKIATh,
aro T'(ty) = z(to); HaIA 1EJIb — J0KA3aTh 3TO. )

[Tpu xaxkaom § € (0, () moxem 3anucarsb dpopmysay Hborona —/leiibaura

/ 7 0t = (b0 — 6) — w{te — AD) (13)

0—At

Yerpemus § K Hysmo. Torga, ¢ oxHoit ctoponst, x(tg — §) — x¢ (cMm. ) C npyroit cTOpOHBI,

to—9 to
/ syt — [ st
t

0—At to—At

to to—0
/ z(t)dt —/ Z(t)dtH = ‘
to—At to—At

IIOCKOJIbKY

to to
/ z(t)dtH < / 12(8)||dt < ST — 0.
to—0 to—0
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3/1ech HCIOJIB30BAHbI HENPEPHIBHOCTH (DYHKIWN 2(t), OleHKa U BBITEKAIONAs U3 COOTHOIIe-
uus ([10]) onenka ||z(to)|| < L.

Uraxk, mepexojist K npejiesty B obenx dactsix papeHcrsa (([13)), momyaaem

l/Oz@ﬁ:%—ﬂm—N) (14)

0—At

Toria u3 coorHoMIEHMIt , nMeeM

l‘ (r)dr = (1) — F(ty — AD)

0—At

upu Beex t € [tg — At, ty], npudaém moapIHTErpaibHasg QYHKINS HernpepbiBHa. [IpuMensis Tenepsb B
Touke t = to yTBepxIAeHHe O quddepeHImpoBaHi HHTerpasa 110 BepXHeMY Ipejesy (CBOHCTBO 7
UHTEerpaJa), mMoJIydaem

JN,’/(tO> = Z(to) = T,

YTO U TPeOOBAJIOCH. A
3ajiaun JJi CAMOCTOSATEJIbHOTO pelleHus

1. ITIpoBeputhb, 4T0 MHOKECTBO abCTpakTHBIX dbyHkimit = : 7 — B (npu dukcupoBanubix T u B)
obpasyer JIMHeiTHOe IIPOCTPAHCTBO.

2. CdopmynupoBaTh u jJoKaszaTh Kpurepuii Komm cytmecrBoBanust mpesesia s abCTPaAKTHBIX
dyHKITHIIL.

3. Hokazarb, 4To (hyHKIMA, UMEOIIas Ipejes B JAHHOW TOYKe, OrPAHUYEeHa B HEKOTOPOH eé
OKPECTHOCTH.

4. Jloka3aTb TeOpeMbI O HEIIPEPBIBHOCTU U TPEJIEIE CYMMbI a0CTPAKTHBIX (DYHKITUIA.

5. CopmymmpoBaTh 1 JOKA3aTh TEOPEMBI O CBSI3U OJHOCTOPOHHEIO W OOBITHOTO IMpEJIesa, OTHO-
CTOPOHHEN U OOBITHON HENPEPBIBHOCTHU, OJIHOCTOPOHHEH 1 0OBITHON i dEepEeHITUPYEMOCTH.

6. JlokazaTh, 9T0 (PYHKIHSI, HEIIPEPBIBHAA HA OTpPE3Ke, OrpaHUYIeHa, a e€ HOpMa JIOCTUTaeT CBO-
UX TOYHBIX IpaHeil. Ykazanue. ITO MOXKHO CJieJIaTh JIUOO HEIOCPEICTBEHHO, JINOO COC/IaBIINCH HA
MTO/IXO/ISIIILY IO TEOPEMY JIEKITUU O KOMIAKTHOCTH.

7. 1) dokazarh, uro (DyHKIMs, HENPEPbIBHAS HA OTPE3Ke, PABHOMEDHO HeIlpephbIBHA. YKa3aHue.
DTO MOXKHO CJeJIaTh JIMOO HEIOCPEICTBEHHO, JIMOO COCABIINCH Ha, TOJIXO/ISAILYI0 TEOPEMY JIEKITHH O
kKoMakTHOCTH. 2) JTokazars, 910 Modyab nenpepvienocmu Gyaknmn & — byakms w,(0) (em. (3) —
MOHOTOHHO cTpemutest K 0 mpu § — +0, ecin x € Cla, b].

8. lokaszarsb Teopewmy [1

9. lokazars cBoiicrsa 1), 2) onepanuu juddepeHInpoBaHus.

10. /Iokazarb CBOMCTBO 5 MHTErpAJIA.

11. [IpuBecTn KOHTPIPUMEDDI, TOKA3BIBAIOIINE, 9TO TeopeMa Jlarpanka 0 KOHETHBIX TPUPAIECHU-

SIX W TeopeMa O CpeJIHEeM I WHTerpaJjia HEeIOCPEICTBEHHO He MEPEHOCATCA Ha, CIydail abCTPaKTHBIX
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byHKIHIL.
12. Pacemorpum dyuknuio y : R — C[0, 1], 3ajannyio cieayomum o0pa3oM:

zsin 5, x e (0,1];

0, xz=0.

y:t— gx) =

1) CymecrByer s npousBoaas y'(t)? Ecau na, To npn kakom (kaknx) t7 2) HenpepoiBraa it byHK-

st y(t) xorst 6bI B HEKOTOPBIX ToUKax ¢t € R?
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