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ɻʣʘʚʘ 3. ʄʝʪʦʜʳ ʨʝʰʝʥʠʷ ʟʘʜʘʯ. 

I. ʄʝʪʦʜ ʢʦʥʝʯʥʳʭ ʨʘʟʥʦʩʪʝʡ. 

Ä1.  ʆʙʱʠʝ ʧʦʥʷʪʠʷ. 

ʅʘʧʦʤʥʠʤ ʥʝʢʦʪʦʨʳʝ ʧʦʥʷʪʠʷ, ʢʦʪʦʨʳʝ ʨʘʩʩʤʘʪʨʠʚʘʣʠʩʴ ʚ ʢʫʨʩʝ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ, ʠ ʦʧʨʝʜʝʣʠʤ ʦʙʦʟʥʘʯʝʥʠʷ. ʇʫʩʪʴ ʪʨʝʙʫʝʪʩʷ 

ʯʠʩʣʝʥʥʳʤ ʤʝʪʦʜʦʤ ʥʘʡʪʠ ʨʝʰʝʥʠʝ ʩʣʝʜʫʶʱʝʡ ʟʘʜʘʯʠ: 

() ( )

()

1 2( ) , , ,...,

( ) ,

nLu x f x x x x x D

Ku x x xm

ë = = Íî
ì

= ÍGîí
    (1) 

ɿʜʝʩʴ ɻ - ʛʨʘʥʠʮʘ ʦʙʣʘʩʪʠ D, L  - ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʡ ʦʧʝʨʘʪʦʨ, K  - 

ʦʧʝʨʘʪʦʨ ʜʦʧʦʣʥʠʪʝʣʴʥʳʭ (ʥʘʯʘʣʴʥʳʭ ʠʣʠ ʛʨʘʥʠʯʥʳʭ) ʫʩʣʦʚʠʡ, ()f x  ʠ 

()xm  - ʟʘʜʘʥʥʳʝ ʬʫʥʢʮʠʠ. 

ɺʚʝʜʝʤ ʚ ʦʙʣʘʩʪʠ D  ʧʨʷʤʦʫʛʦʣʴʥʫʶ 

ʢʦʦʨʜʠʥʘʪʥʫʶ ʩʝʪʢʫ w. ɹʫʜʝʤ ʜʣʷ 

ʧʨʦʩʪʦʪʳ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʨʘʚʥʦʤʝʨʥʫʶ 

ʩʝʪʢʫ, ʪʦ ʝʩʪʴ ʪʘʢʫʶ, ʫ ʢʦʪʦʨʦʡ ʰʘʛ 

ʠʟʤʝʥʝʥʠʷ ʢʦʦʨʜʠʥʘʪʳ mʭ  ( 1,..., )m n=  

ʧʦʩʪʦʷʥʥʳʡ, ʨʘʚʥʳʡ mh . ʇʦ ʨʘʟʥʳʤ 

ʥʘʧʨʘʚʣʝʥʠʷʤ  ʚʝʣʠʯʠʥʘ ʰʘʛʘ h ʤʦʞʝʪ ʙʳʪʴ ʨʘʟʥʦʡ. ʆʙʦʟʥʘʯʠʤ ʫʟʣʳ 

ʩʝʪʢʠ, ʢʘʢ 
hx . ʉʦʚʦʢʫʧʥʦʩʪʴ ʪʦʯʝʢ hx   ʚʥʫʪʨʠ ʦʙʣʘʩʪʠ D  ʦʙʦʟʥʘʯʠʤ ʢʘʢ 

hw , ʘ ʩʦʚʦʢʫʧʥʦʩʪʴ ʪʦʯʝʢ 
hx , ʣʝʞʘʱʠʭ ʥʘ ʛʨʘʥʠʮʝ ʦʙʣʘʩʪʠ D  ʦʙʦʟʥʘʯʠʤ 

ʢʘʢ 
hg. ʆʙʦʟʥʘʯʠʤ ( )h hf f x=  ʠ ( )h hxm m= . 

ʅʘʨʷʜʫ ʩ ʨʝʰʝʥʠʝʤ ʟʘʜʘʯʠ (1) ï ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʡ ʬʫʥʢʮʠʝʡ u(x) 

ʙʫʜʝʤ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʪʘʢ ʥʘʟʳʚʘʝʤʫʶ ʩʝʪʦʯʥʫʶ ʬʫʥʢʮʠʶ 
hv , 

ʧʨʝʜʩʪʘʚʣʷʶʱʫʶ ʩʦʙʦʡ ʩʦʚʦʢʫʧʥʦʩʪʴ ʯʠʩʝʣ ï ʟʥʘʯʝʥʠʡ iv  ʚ ʫʟʣʘʭ ʩʝʪʢʠ. 

ɼʣʷ 
hv  ʩʦʩʪʘʚʠʤ ʨʘʟʥʦʩʪʥʳʝ ʘʣʛʝʙʨʘʠʯʝʩʢʠʝ ʘʥʘʣʦʛʠ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ 

ʦʧʝʨʘʪʦʨʦʚ, ʬʠʛʫʨʠʨʫʶʱʠʭ ʚ (1). ʅʘʧʨʠʤʝʨ, ʧʨʦʠʟʚʦʜʥʦʡ 
x

u
Lu

µ

µ
=  ʚ ʪʦʯʢʝ 
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iʭ ʧʦʩʪʘʚʠʤ ʚ ʩʦʦʪʚʝʪʩʪʚʠʝ ʨʘʟʥʦʩʪʥʳʡ ʦʧʝʨʘʪʦʨ 
h

vv
vL i1i

h
-

= + ; 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʤʫ ʦʧʝʨʘʪʦʨʫ 
2

2

x

u
Lu

µ

µ
=  ʧʦʩʪʘʚʠʤ ʚ ʩʦʦʪʚʝʪʩʪʚʠʝ 

2

1-ii1i1iii1i
h

h

vv2v

h

vv

h

vv

h

1
vL

+-
=ö
÷

õ
æ
ç

å -
-

-
= +-+   ʠ ʪ. ʜ. 

ʊʦʛʜʘ, ʩʠʩʪʝʤʘ ʫʨʘʚʥʝʥʠʡ ʜʣʷ hv , ʩʦʦʪʚʝʪʩʪʚʫʶʱʘʷ (1), ʙʫʜʝʪ 

ʚʳʛʣʷʜʝʪʴ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: 

,

,

h h h h

h

h h h h

h

L v f x w

K v xm g

ë = Íî
ì

= Íîí
        (2) 

ʉʠʩʪʝʤʫ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ (2) ʥʘʟʳʚʘʶʪ ʨʘʟʥʦʩʪʥʦʡ ʩʭʝʤʦʡ 

ʜʣʷ ʩʠʩʪʝʤʳ (1). 

ɹʣʠʟʦʩʪʴ ʩʝʪʦʯʥʳʭ ʬʫʥʢʮʠʡ (ʪʘʢʞʝ, ʢʘʢ ʦʙʳʯʥʳʭ ʬʫʥʢʮʠʡ) ʤʦʞʥʦ 

ʦʮʝʥʠʚʘʪʴ ʚ ʨʘʟʣʠʯʥʳʭ ʥʦʨʤʘʭ. ʄʳ, ʜʣʷ ʧʨʦʩʪʦʪʳ, ʙʫʜʝʤ ʨʘʩʩʤʘʪʨʠʚʘʪʴ 

ʠʭ ʚ ʥʦʨʤʝ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ ʥʦʨʤʝ ʨʘʚʥʦʤʝʨʥʦʛʦ ʧʨʠʙʣʠʞʝʥʠʷ, ʪʦ ʝʩʪʴ 

ʙʫʜʝʤ ʩʯʠʪʘʪʴ i
i

h vv max= . 

ɹʫʜʝʤ ʛʦʚʦʨʠʪʴ, ʯʪʦ ʨʘʟʥʦʩʪʥʳʡ ʦʧʝʨʘʪʦʨ hL  ʘʧʧʨʦʢʩʠʤʠʨʫʝʪ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʡ ʦʧʝʨʘʪʦʨ L  ʩ ʪʦʯʥʦʩʪʴʶ ʧʦʨʷʜʢʘ k, ʝʩʣʠ 

h h k

hLu L u Ch- ¢ , ʛʜʝ ʢʦʥʩʪʘʥʪʘ ʉ  ʥʝ ʟʘʚʠʩʠʪ ʦʪ ʚʝʣʠʯʠʥʳ ʰʘʛʘ ʩʝʪʢʠ h. 

ɽʩʣʠ ʧʦʜʩʪʘʚʠʪʴ ʨʝʰʝʥʠʝ u ʟʘʜʘʯʠ (1) ʚ ʨʘʟʥʦʩʪʥʳʝ ʩʦʦʪʥʦʰʝʥʠʷ (2), 

ʪʦ ʧʦʣʫʯʠʤ, ʯʪʦ ʵʪʠ ʩʦʦʪʥʦʰʝʥʠʷ ʚʳʧʦʣʥʝʥʳ ʥʝ ʪʦʯʥʦ:  

,

,

h h h h h

h

h h h h h

h

L u f x w

K u x

e

m e g

ë = + Íî
ì

= + Íîí
       (3) 

he ʥʘʟʳʚʘʝʪʩʷ ʥʝʚʷʟʢʦʡ. ɹʫʜʝʤ ʛʦʚʦʨʠʪʴ, ʯʪʦ ʨʘʟʥʦʩʪʥʘʷ ʩʭʝʤʘ (2) 

ʘʧʧʨʦʢʩʠʤʠʨʫʝʪ ʟʘʜʘʯʫ (1) ʩ ʧʦʨʷʜʢʦʤ k, ʝʩʣʠ 
h kChe ¢ . ʃʝʛʢʦ ʚʠʜʝʪʴ, 
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ʯʪʦ ʝʩʣʠ hL  ʠ hK  ʘʧʧʨʦʢʩʠʤʠʨʫʶʪ ʦʧʝʨʘʪʦʨʳ L  ʠ K ʩ ʪʦʯʥʦʩʪʴʶ ʧʦʨʷʜʢʘ 

k, ʪʦ ʠ ʩʭʝʤʘ (2) ʘʧʧʨʦʢʩʠʤʠʨʫʝʪ ʟʘʜʘʯʫ (1) ʩ ʪʝʤ ʞʝ ʧʦʨʷʜʢʦʤ ʪʦʯʥʦʩʪʠ.  

ʈʘʩʩʤʦʪʨʠʤ ʨʝʰʝʥʠʝ 
hv  ʟʘʜʘʯʠ (2) ʠ 

hz  - ʨʝʰʝʥʠʝ ʪʘʢʦʡ ʞʝ ʟʘʜʘʯʠ ʩ 

ʤʘʣʦ ʠʟʤʝʥʝʥʥʦʡ ʧʨʘʚʦʡ ʯʘʩʪʴʶ 

,

,

h h h h h

h

h h h h h

h

L z f x w

K z x

e

m h g

= + Í

= + Í
        

ʈʘʟʥʦʩʪʥʘʷ ʩʭʝʤʘ ʥʘʟʳʚʘʝʪʩʷ ʫʩʪʦʡʯʠʚʦʡ, ʝʩʣʠ ʥʘʡʜʫʪʩʷ ʪʘʢʠʝ ʯʠʩʣʘ 

M  ʠ N, ʯʪʦ ʜʣʷ ʣʶʙʳʭ 
he ʠ 

hh  ʙʫʜʝʪ ʚʳʧʦʣʥʝʥʦ 

h h h hz v M Ne h- ¢ + . 

ɹʫʜʝʤ ʛʦʚʦʨʠʪʴ, ʯʪʦ ʨʝʰʝʥʠʝ (2) - ʬʫʥʢʮʠʷ 
hv - ʩʭʦʜʠʪʩʷ ʢ ʨʝʰʝʥʠʶ 

(1) - ʬʫʥʢʮʠʠ 
hu - ʩ ʧʦʨʷʜʢʦʤ k, ʝʩʣʠ 

h h ku v Ch- ¢ . 

ɺ ʢʫʨʩʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʙʳʣʦ ʜʦʢʘʟʘʥʦ, ʯʪʦ ʠʟ 

ʘʧʧʨʦʢʩʠʤʘʮʠʠ ʠ ʫʩʪʦʡʯʠʚʦʩʪʠ ʩʣʝʜʫʝʪ ʩʭʦʜʠʤʦʩʪʴ ʩ ʧʦʨʷʜʢʦʤ, ʨʘʚʥʳʤ 

ʧʦʨʷʜʢʫ ʘʧʧʨʦʢʩʠʤʘʮʠʠ. 

ʈʘʟʥʦʩʪʥʘʷ ʟʘʜʘʯʘ ʥʘʟʳʚʘʝʪʩʷ ʢʦʨʨʝʢʪʥʦʡ, ʝʩʣʠ ʦʥʘ ʦʜʥʦʟʥʘʯʥʦ 

ʨʘʟʨʝʰʠʤʘ ʠ ʨʝʰʝʥʠʝ ʥʝʧʨʝʨʳʚʥʦ ʟʘʚʠʩʠʪ ʦʪ ʜʦʧʦʣʥʠʪʝʣʴʥʳʭ ʜʘʥʥʳʭ 

ʨʘʚʥʦʤʝʨʥʦ ʧʦ h (ʩʚʦʡʩʪʚʦ ʫʩʪʦʡʯʠʚʦʩʪʠ). 

Ä2.  ʈʘʟʥʦʩʪʥʳʝ ʟʘʜʘʯʠ ʜʣʷ ʫʨʘʚʥʝʥʠʷ ʪʝʧʣʦʧʨʦʚʦʜʥʦʩʪʠ. 

ʈʘʩʩʤʦʪʨʠʤ ʟʘʜʘʯʫ ʪʝʧʣʦʧʨʦʚʦʜʥʦʩʪʠ ʥʘ ʦʪʨʝʟʢʝ 0 1x¢ ¢: 

( )

( ) ()

( ) ()

( ) ()

0

1

,

,0

0,

1,

t xxu u f x t

u x x

u t t

u t t

j

m

m

ë - =
î

=î
ì

=î
î =í

        (1) 

ɹʫʜʝʤ ʠʥʪʝʨʝʩʦʚʘʪʴʩʷ ʠʟʤʝʥʝʥʠʝʤ ʨʝʰʝʥʠʷ ʟʘ ʧʝʨʠʦʜ ʚʨʝʤʝʥʠ 

0 t T¢ ¢. ɺ ʫʢʘʟʘʥʥʦʡ ʦʙʣʘʩʪʠ ʚʚʝʜʝʤ ʨʘʚʥʦʤʝʨʥʫʶ ʩʝʪʢʫ ʩ ʥʝʢʦʪʦʨʳʤ 
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ʰʘʛʦʤ h ʧʦ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦʡ ʢʦʦʨʜʠʥʘʪʝ, ʠ ʩ ʰʘʛʦʤ t - ʧʦ ʚʨʝʤʝʥʥʦʡ, 

ʪʘʢ ʯʪʦ  

{ }; 0,1,..., ; 1h

m x xw x hm m N hN= = = = 

{ }; 0,1,..., ;n t tw t n n N N Tt t t= = = = 

x xw w wt t= ³  

ʉʠʤʚʦʣʦʤ ,m nv  ʦʙʦʟʥʘʯʠʤ ʟʥʘʯʝʥʠʝ ʩʝʪʦʯʥʦʡ ʬʫʥʢʮʠʠ ʚ ʫʟʣʝ ʩ 

ʢʦʦʨʜʠʥʘʪʘʤʠ( ),m nx t . ɹʫʜʝʤ ʧʦʤʝʯʘʪʴ ʚʩʝ ʧʝʨʝʤʝʥʥʳʝ, ʦʪʥʦʩʷʱʠʝʩʷ ʢ 

( )1n+ -ʦʤʫ ʚʨʝʤʝʥʥʦʤʫ ʩʣʦʶ, çʛʘʣʦʯʢʦʡè ʩʚʝʨʭʫ, ʥʘʧʨʠʤʝʨ v  ʠʣʠ u, ʘ ʢ 

n-ʦʤʫ ʙʝʟ çʛʘʣʦʯʢʠè. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʨʘʟʥʦʩʪʥʳʡ ʘʥʘʣʦʛ ʧʨʦʠʟʚʦʜʥʦʡ 

( ),t m nu x t
 
ʙʫʜʝʪ ʠʤʝʪʴ ʚʠʜ: 

m m
t

v v
v

t

-
=  

(ɿʥʘʯʦʢ tv  ʷʚʣʷʝʪʩʷ ʩʠʤʚʦʣʦʤ, ʘ ʥʝ çʥʘʩʪʦʷʱʝʡè ʧʨʦʠʟʚʦʜʥʦʡ ʦʪ v, 

ʧʦʩʢʦʣʴʢʫ ʫ ʩʝʪʦʯʥʦʡ ʬʫʥʢʮʠʠ v ï ʥʘʙʦʨʘ ʯʠʩʝʣ - ʥʝ ʩʫʱʝʩʪʚʫʝʪ 

ʧʨʦʠʟʚʦʜʥʦʡ.)  

ʈʘʟʥʦʩʪʥʳʡ ʘʥʘʣʦʛ ʚʪʦʨʦʡ ʧʨʦʠʟʚʦʜʥʦʡ ʙʫʜʝʪ: 

1 1 1 1

2

21 m m m m m m mv v v v v v v
v

h h h h

+ - + -- - - +å õ
L = - =æ ö

ç ÷
 

ʇʨʠ ʩʦʩʪʘʚʣʝʥʠʠ ʨʘʟʥʦʩʪʥʦʛʦ ʘʥʘʣʦʛʘ ʫʨʘʚʥʝʥʠʷ ʟʘʜʘʯʠ (1) ʤʳ 

ʤʦʞʝʤ  ʙʨʘʪʴ vL  ʥʘ n-ʦʤ ʩʣʦʝ ʧʦ ʚʨʝʤʝʥʠ, ʘ ʤʦʞʝʤ ʥʘ ( )1n+ -ʦʤ. ɺ 

ʧʝʨʚʦʤ ʩʣʫʯʘʝ ʧʦʣʫʯʘʝʤ ʪʘʢ ʥʘʟʳʚʘʝʤʫʶ ʷʚʥʫʶ ʨʘʟʥʦʩʪʥʫʶ ʩʭʝʤʫ 

 
1 1

2

2m nm m m m
m

v v v v v
f

ht
+ -- - +

= +        (2) 
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ɽʩʣʠ ʚʪʦʨʫʶ ʧʨʦʠʟʚʦʜʥʦʶ ʚʳʯʠʩʣʷʪʴ ʧʦ ʟʥʘʯʝʥʠʷʤ v ʥʘ ( )1n+ -ʦʤ 

ʩʣʦʝ, ʪʦ ʧʦʣʫʯʠʤ ʥʝʷʚʥʫʶ ʨʘʟʥʦʩʪʥʫʶ ʩʭʝʤʫ:   

1 1

2

2m m m m nm
m

v v v v v
f

ht

+ -- - +
= +       (3) 

ʐʘʙʣʦʥʦʤ ʥʘʟʳʚʘʝʪʩʷ ʩʦʚʦʢʫʧʥʦʩʪʴ ʫʟʣʦʚ ʩʝʪʢʠ, ʟʥʘʯʝʥʠʷ v ʚ 

ʢʦʪʦʨʳʭ ʧʨʠʩʫʪʩʪʚʫʶʪ ʚ ʨʘʟʥʦʩʪʥʦʤ ʫʨʘʚʥʝʥʠʠ.  

ʐʘʙʣʦʥ ʷʚʥʦʡ 

ʨʘʟʥʦʩʪʥʦʡ ʩʭʝʤʳ 

ʠʟʦʙʨʘʞʝʥ ʥʘ ʨʠʩ.1, ʘ 

ʰʘʙʣʦʥ ʥʝʷʚʥʦʡ ʩʭʝʤʳ 

ʧʦʢʘʟʘʥ ʥʘ ʨʠʩ.2.  

      ʈʠʩ.1    ʈʠʩ.2 

ʄʦʞʥʦ ʪʘʢʞʝ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʩʭʝʤʫ ʩ ʚʝʩʘʤʠ. ʆʥʘ ʚʳʛʣʷʜʠʪ 

ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ:   

( )( )1 n

h t mL v v v fs

t s s= - L + - L =      (4) 

ʛʜʝ s - ʥʝʢʦʪʦʨʦʝ ʯʠʩʣʦ ʦʪ ʥʫʣʷ ʜʦ ʝʜʠʥʠʮʳ. ɺ ʩʣʫʯʘʝ, ʢʦʛʜʘ 0s= , 

ʨʘʟʥʦʩʪʥʘʷ ʩʭʝʤʘ ʷʚʣʷʝʪʩʷ ʷʚʥʦʡ. ɽʩʣʠ ʧʦʣʦʞʠʪʴ 1s=, ʪʦ ʩʭʝʤʘ ʯʠʩʪʦ 

ʥʝʷʚʥʘʷ. ɺ ʩʣʫʯʘʝ, ʢʦʛʜʘ 0.5s= , ʨʘʟʥʦʩʪʥʳʡ ʦʧʝʨʘʪʦʨ ʠʤʝʝʪ ʚʠʜ 

( )0.5 0.5 n

h t mL v v v ft= - L +L =. ʇʨʠ ʵʪʦʤ ʨʘʟʥʦʩʪʥʫʶ ʩʭʝʤʫ ʥʘʟʳʚʘʶʪ 

ʩʠʤʤʝʪʨʠʯʥʦʡ.  

ɺ ʢʫʨʩʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʙʳʣʦ ʧʦʢʘʟʘʥʦ, ʯʪʦ ʪʦʯʥʦʩʪʴ 

ʘʧʧʨʦʢʩʠʤʘʮʠʠ ʧʨʦʠʟʚʦʜʥʦʡ 
tu  ʨʘʟʥʦʩʪʥʳʤ ʘʥʘʣʦʛʦʤ tv  ʠʤʝʝʪ 1-ʳʡ 

ʧʦʨʷʜʦʢ ʪʦʯʥʦʩʪʠ, ʘ ʘʧʧʨʦʢʩʠʤʘʮʠʠ ʧʨʦʠʟʚʦʜʥʦʡ xxu  ʚʝʣʠʯʠʥʦʡ vL  ʠʤʝʝʪ 

2-ʦʡ ʧʦʨʷʜʦʢ ʪʦʯʥʦʩʪʠ. ʆʪʩʶʜʘ ʪʦʯʥʦʩʪʴ ʘʧʧʨʦʢʩʠʤʘʮʠʠ ʜʣʷ ʷʚʥʦʡ ʠ 

ʯʠʩʪʦ ʥʝʷʚʥʦʡ ʩʭʝʤʳ ( )2O ht+ . ɺ ʩʣʫʯʘʝ ʩʠʤʤʝʪʨʠʯʥʦʡ ʨʘʟʥʦʩʪʥʦʡ 

ʩʭʝʤʳ ʪʦʯʥʦʩʪʴ ʘʧʧʨʦʢʩʠʤʘʮʠʠ ʨʘʚʥʘ  ( )2 2O ht+ .
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ʋʩʪʦʡʯʠʚʦʩʪʴ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ ʪʝʧʣʦʧʨʦʚʦʜʥʦʩʪʠ ʥʘ ʙʝʩʢʦʥʝʯʥʦʡ 

ʧʨʷʤʦʡ. 

ʈʘʩʩʤʦʪʨʠʤ ʚʦʧʨʦʩ ʫʩʪʦʡʯʠʚʦʩʪʠ ʷʚʥʦʡ ʠ ʥʝʷʚʥʦʡ ʨʘʟʥʦʩʪʥʦʡ ʩʭʝʤʳ 

ʜʣʷ ʟʘʜʘʯʠ ʪʝʧʣʦʧʨʦʚʦʜʥʦʩʪʠ ʥʘ ʙʝʩʢʦʥʝʯʥʦʡ ʧʨʷʤʦʡ. 

ʅʝʦʙʭʦʜʠʤʳʝ ʫʩʣʦʚʠʷ. ʉʧʝʢʪʨʘʣʴʥʳʡ ʤʝʪʦʜ. 

ʅʝʦʙʭʦʜʠʤʳʝ ʫʩʣʦʚʠʷ ʫʩʪʦʡʯʠʚʦʩʪʠ ʤʦʛʫʪ ʙʳʪʴ ʥʘʡʜʝʥʳ ʩ ʧʦʤʦʱʴʶ 

ʩʧʝʢʪʨʘʣʴʥʦʛʦ ʤʝʪʦʜʘ ʅʝʡʤʘʥʘ. ʈʘʩʩʤʦʪʨʠʤ ʷʚʥʫʶ ʩʭʝʤʫ ʩ ʥʘʯʘʣʴʥʳʤʠ 

ʫʩʣʦʚʠʷʤʠ ʚ ʚʠʜʝ ʛʘʨʤʦʥʠʢʠ ʥʝʢʦʪʦʨʦʡ ʯʘʩʪʦʪʳ: 

, 1 , 1, , 1,

2

,0

2m n m n m n m n m n

i m

m

v v v v v

h

v ew
t

+ + -- - +ë
=î

ì
î =í

     (5) 

ɹʫʜʝʤ ʠʩʢʘʪʴ ʨʝʰʝʥʠʝ ʵʪʦʡ ʟʘʜʘʯʠ ʚ ʚʠʜʝ 
,

n i m

m nv ewl= , ʛʜʝ l 

ʥʝʢʦʪʦʨʦʝ ʯʠʩʣʦ, (ʟʘʚʠʩʷʱʝʝ ʦʪ ʚʳʙʦʨʘ w) ʧʦʜʣʝʞʘʱʝʝ ʦʧʨʝʜʝʣʝʥʠʶ. 

ʅʝʦʙʭʦʜʠʤʳʤ ʫʩʣʦʚʠʝʤ ʫʩʪʦʡʯʠʚʦʩʪʠ ʙʫʜʝʪ ʷʚʣʷʪʴʩʷ ʪʦ, ʯʪʦ 1l¢  ʜʣʷ 

ʣʶʙʳʭ w. ʕʪʦ ʫʩʣʦʚʠʝ ʪʨʝʙʫʝʪʩʷ, ʯʪʦʙʳ ʨʝʰʝʥʠʝ ʩʦ ʚʨʝʤʝʥʝʤ ʥʝ 

ʥʘʨʘʩʪʘʣʦ ʧʦ ʤʦʜʫʣʶ.  

ʇʦʜʩʪʘʚʠʚ ʬʫʥʢʮʠʶ 
,

n i m

m nv ewl=  ʚ ʚʠʜʝ ʚ ʫʨʘʚʥʝʥʠʝ (5) ʠ ʩʦʢʨʘʪʠʚ 

ʥʘ 
n i mewl , ʧʦʣʫʯʠʤ ʨʘʚʝʥʩʪʚʦ: 

2

1 2i ie e

h

w wl

t

-- - +
= . ʆʪʩʶʜʘ, ʧʦʩʣʝ ʧʨʦʩʪʳʭ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ, ʧʦʣʫʯʠʤ: 

2

2

4
1 sin

2h

t w
l= - . ʅʝʦʙʭʦʜʠʤʦʝ ʫʩʣʦʚʠʝ 1l¢  ʚʳʧʦʣʥʷʝʪʩʷ ʜʣʷ ʣʶʙʳʭ w 

ʧʨʠ 
2

2
1

h

t
¢. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʜʣʷ ʫʩʪʦʡʯʠʚʦʩʪʠ ʷʚʥʦʡ ʨʘʟʥʦʩʪʥʦʡ ʩʭʝʤʳ 

ʥʝʦʙʭʦʜʠʤʦ ʚʳʧʦʣʥʝʥʠʝ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʫʩʣʦʚʠʷ ʥʘ ʩʦʦʪʥʦʰʝʥʠʝ ʰʘʛʦʚ: 

2

2

h
t¢ . ʊʘʢʘʷ ʫʩʪʦʡʯʠʚʦʩʪʴ ʥʘʟʳʚʘʝʪʩʷ ʫʩʣʦʚʥʦʡ. 
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ʊʝʧʝʨʴ ʨʘʩʩʤʦʪʨʠʤ ʯʠʩʪʦ ʥʝʷʚʥʫʶ ʨʘʟʥʦʩʪʥʫʶ ʩʭʝʤʫ ʜʣʷ ʪʦʡ ʞʝ 

ʟʘʜʘʯʠ: 

, 1 , 1, 1 , 1 1, 1

2

,0

2m n m n m n m n m n

i m

m

v v v v v

h

v ew
t

+ + + + - +- - +ë
=î

ì
î =í

     (6) 

ʇʦʜʩʪʘʚʠʚ ʬʫʥʢʮʠʶ 
,

n i m

m nv ewl=  ʚ ʫʨʘʚʥʝʥʠʝ ʵʪʦʡ ʟʘʜʘʯʠ, ʠ 

ʩʦʢʨʘʪʠʚ ʥʘ 
1n iwmel+ , ʧʦʣʫʯʠʤ ʨʘʚʝʥʩʪʚʦ: 

2

1
1

2i ie e

h

w w

l
t

--
- +

= . ʆʪʩʶʜʘ 
2

2

1
1

4
1 sin

2h

l
t w

= ¢

+

, ʪ.ʢ. ʟʥʘʤʝʥʘʪʝʣʴ 

ʚʩʝʛʜʘ ʥʝ ʤʝʥʴʰʝ 1. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʜʣʷ ʷʚʥʦʡ ʩʭʝʤʳ ʥʝʦʙʭʦʜʠʤʦʝ ʫʩʣʦʚʠʝ 

ʫʩʪʦʡʯʠʚʦʩʪʠ ʚʳʧʦʣʥʝʥʦ ʧʨʠ ʣʶʙʦʤ ʩʦʦʪʥʦʰʝʥʠʠ ʰʘʛʦʚ. ʊʘʢʘʷ ʩʭʝʤʘ 

ʥʘʟʳʚʘʝʪʩʷ ʘʙʩʦʣʶʪʥʦ ʫʩʪʦʡʯʠʚʦʡ. 

ɼʦʩʪʘʪʦʯʥʳʝ ʫʩʣʦʚʠʷ ʫʩʪʦʡʯʠʚʦʩʪʠ. 

ʇʦʣʫʯʠʤ ʜʦʩʪʘʪʦʯʥʳʝ ʫʩʣʦʚʠʷ ʫʩʪʦʡʯʠʚʦʩʪʠ ʷʚʥʦʡ ʨʘʟʥʦʩʪʥʦʡ 

ʩʭʝʤʳ. ʇʫʩʪʴ ʤʳ ʨʝʰʘʝʤ ʟʘʜʘʯʫ 

( )

( ) ()

, , 0

,0

t xxu u f x t x t T

u x xj

ë - = -¤< <¤ < <î
ì

=îí
 

ɼʣʷ ʫʩʪʦʡʯʠʚʦʩʪʠ ʷʚʥʦʡ ʩʭʝʤʳ ʜʦʩʪʘʪʦʯʥʦ, ʯʪʦʙʳ ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ 

, 1 , 1, , 1,

,2

,0

2m n m n m n m n m n

m n

m m

v v v v v

h

v

e
t

h

+ + -- - +ë
= +î

ì
î =í

    (7) 

ʫʜʦʚʣʝʪʚʦʨʷʣʦ ʦʮʝʥʢʝ 
h h hv M Ne h= + . ʇʝʨʝʧʠʰʝʤ ʫʨʘʚʥʝʥʠʝ (7) ʚ 

ʚʠʜʝ: 
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, 1 1, , 1, ,2 2 2

2
1m n m n m n m n m nv v v v

h h h

t t t
te+ + -

å õ
= + - + +æ ö

ç ÷
 

ʇʨʠ ʫʩʣʦʚʠʠ 

2

2

h
t¢  ʩʧʨʘʚʝʜʣʠʚʘ ʦʮʝʥʢʘ: 

, 1 1, , 1, ,2 2 2

2 2 2

2
1

2
1

m n m n m n m n m n

n n n n

v v v v
h h h

v v v v
h h h

t t t
t e

t t t
t e t e

+ + -

å õ
¢ + - + + ¢æ ö

ç ÷

å õ
¢ + - + + ¢ +æ ö

ç ÷
  

ʛʜʝ ,
m

v maxn m nv= . ʆʪʩʶʜʘ 1n nv v t e+ ¢ + . ʇʦ ʠʥʜʫʢʮʠʠ ʠʤʝʝʤ:
 

nv nh t e¢ + . 

ʇʦʩʢʦʣʴʢʫ / tT Nt= , ʛʜʝ 
tN
 
ʯʠʩʣʦ ʨʘʟʙʠʝʥʠʡ ʦʪʨʝʟʢʘ (0, )T

 
ʩʝʪʢʦʡ, 

ʪʦ n Tt e e¢ . ʉʣʝʜʦʚʘʪʝʣʴʥʦ v Th e¢ + , ʯʪʦ ʦʟʥʘʯʘʝʪ 

ʫʩʪʦʡʯʠʚʦʩʪʴ ʩʭʝʤʳ. 

ʀʪʘʢ, ʫʩʣʦʚʠʝ 

2

2

h
t¢  ʷʚʣʷʝʪʩʷ ʢʘʢ ʥʝʦʙʭʦʜʠʤʳʤ, ʪʘʢ ʠ ʜʦʩʪʘʪʦʯʥʳʤ 

ʫʩʣʦʚʠʝʤ ʫʩʪʦʡʯʠʚʦʩʪʠ ʷʚʥʦʡ ʩʭʝʤʳ.  

ɿʘʤʝʪʠʤ, ʯʪʦ ʚ ʩʣʫʯʘʝ ʫʨʘʚʥʝʥʠʷ 
2

t xxu a u=  ʫʩʣʦʚʠʝ ʫʩʪʦʡʯʠʚʦʩʪʠ 

ʷʚʥʦʡ ʨʘʟʥʦʩʪʥʦʡ ʩʭʝʤʳ ʙʫʜʝʪ 

2

22

h

a
t¢ . 

ʆʙʨʘʪʠʤʩʷ ʢ ʩʣʫʯʘʶ ʥʝʷʚʥʦʡ ʨʘʟʥʦʩʪʥʦʡ ʩʭʝʤʳ. ʈʘʩʩʤʦʪʨʠʤ ʟʘʜʘʯʫ 

, 1 , 1, 1 , 1 1, 1

,2

,0

2m n m n m n m n m n

m n

m m

v v v v v

h

v

e
t

h

+ + + + - +- - +ë
= +î

ì
î =í

    (8) 

ʇʝʨʝʧʠʰʝʤ ʫʨʘʚʥʝʥʠʝ ʵʪʦʡ ʟʘʜʘʯʠ ʚ ʚʠʜʝ: 
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( ), 1 , 1, 1 , 1 1, 1 ,2
2m n m n m n m n m n m nv v v v v

h

t
te+ + + + - += + - + + 

ʇʫʩʪʴ ʥʘ (n+1)-ʦʤ ʚʨʝʤʝʥʥʦʤ ʩʣʦʝ ʤʘʢʩʠʤʘʣʴʥʦʝ ʟʥʘʯʝʥʠʝ 
, 1m nv +  

ʜʦʩʪʠʛʘʝʪʩʷ ʧʨʠ ʥʝʢʦʪʦʨʦʤ 
0m m= . ʊʦʛʜʘ ( )

0 0 01, 1 , 1 1, 12 0m n m n m nv v v+ + + - +- + ¢. 

ʀʤʝʝʤ: 

( )
0 0 0 0 0 0

0 0

, 1 , 1 , 1, 1 , 1 1, 1 ,2

, ,

2m n m n m n m n m n m n m n

m n m n n

v v v v v v
h

v v

t
te

te t e

+ + + + + - +¢ = + - + + ¢

+ ¢ +  

ɸʥʘʣʦʛʠʯʥʦ ʜʦʢʘʟʳʚʘʝʪʩʷ, ʯʪʦ , 1m n nv v t e+²- - . ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 

1 , 1maxn m n n
m

v v v t e+ += ¢ + . ʆʪʩʶʜʘ v Th e¢ + , ʯʪʦ ʦʟʥʘʯʘʝʪ 

ʙʝʟʫʩʣʦʚʥʫʶ ʫʩʪʦʡʯʠʚʦʩʪʴ ʥʝʷʚʥʦʡ ʩʭʝʤʳ. 

ʀʪʘʢ, ʥʝʷʚʥʘʷ ʩʭʝʤʘ ʠʤʝʝʪ ʧʨʝʠʤʫʱʝʩʪʚʦ ʧʝʨʝʜ ʷʚʥʦʡ ʚ ʧʣʘʥʝ 

ʫʩʪʦʡʯʠʚʦʩʪʠ. ʆʛʨʘʥʠʯʝʥʠʝ ʥʘ ʰʘʛʠ ʩʝʪʢʠ 

2

22

h

a
t¢  ʤʦʞʝʪ ʙʳʪʴ ʚʝʩʴʤʘ 

ʯʫʚʩʪʚʠʪʝʣʴʥʳʤ ʧʨʠ ʨʘʩʯʝʪʝ ʙʦʣʴʰʠʭ ʟʘʜʘʯ, ʛʜʝ ʯʠʩʣʦ ʪʦʯʝʢ ʧʦ x ʚʝʣʠʢʦ, 

ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ h ʤʘʣʦ, ʠ ʥʝʦʙʭʦʜʠʤʦʩʪʴ ʧʨʦʚʦʜʠʪʴ ʨʘʩʯʝʪ ʩ  ʦʯʝʥʴ ʤʝʣʢʠʤ 

ʰʘʛʦʤ t ʪʨʝʙʫʝʪ ʙʦʣʴʰʠʭ ʟʘʪʨʘʪ ʚʨʝʤʝʥʠ ʩʯʝʪʘ. 

ʉ ʜʨʫʛʦʡ ʩʪʦʨʦʥʳ ʷʚʥʘʷ ʩʭʝʤʘ ʠʤʝʝʪ ʧʨʝʠʤʫʱʝʩʪʚʦ ʩ ʪʦʯʢʠ ʟʨʝʥʠʷ 

ʧʨʦʩʪʦʪʳ ʘʣʛʦʨʠʪʤʘ ʚʳʯʠʩʣʝʥʠʡ. ɽʩʣʠ ʥʘʤ ʠʟʚʝʩʪʥʳ ʟʥʘʯʝʥʠʷ ʩʝʪʦʯʥʦʡ 

ʬʫʥʢʮʠʠ ʥʘ n-ʦʤ ʩʣʦʝ ʧʦ ʚʨʝʤʝʥʠ (ʥʘʧʨʠʤʝʨ, ʧʨʠ 0n=  ʠʟ ʥʘʯʘʣʴʥʳʭ 

ʫʩʣʦʚʠʡ), ʪʦ ʨʝʰʝʥʠʝ ʥʘ ( 1)n+ -ʦʤ ʥʘʭʦʜʠʪʩʷ ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʦ ʠʟ 

ʫʨʘʚʥʝʥʠʷ (2). ɼʣʷ ʥʝʷʚʥʦʡ ʩʭʝʤʳ, ʟʥʘʷ ʟʥʘʯʝʥʠʷ v ʥʘ n-ʦʤ ʩʣʦʝ ʤʳ 

ʜʦʣʞʥʳ ʨʝʰʘʪʴ ʩʠʩʪʝʤʫ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ (3) ʨʘʟʤʝʨʥʦʩʪʠ 

( 1)xN -  ʜʣʷ ʦʧʨʝʜʝʣʝʥʠʷ v ʥʘ ( 1)n+ -ʦʤ ʩʣʦʝ. ʊʘʢʘʷ ʟʘʜʘʯʘ ʪʨʝʙʫʝʪ 

ʧʦʨʷʜʢʘ 
3( )xO N  ʦʧʝʨʘʮʠʡ, ʯʪʦ ʤʦʞʝʪ ʙʳʪʴ ʦʯʝʥʴ ʙʦʣʴʰʠʤ ʯʠʩʣʦʤ. 

ʇʦʵʪʦʤʫ, ʜʣʷ ʯʠʩʣʝʥʥʦʛʦ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ (1) ʧʦ ʥʝʷʚʥʦʡ ʩʭʝʤʝ ʙʳʣ 

ʨʘʟʨʘʙʦʪʘʥ ʤʝʪʦʜ ʧʨʦʛʦʥʢʠ, ʠʩʧʦʣʴʟʫʶʱʠʡ ʩʧʝʮʠʘʣʴʥʳʡ 

ʪʨʝʭʜʠʘʛʦʥʘʣʴʥʳʡ ʚʠʜ ʤʘʪʨʠʮʳ ʩʠʩʪʝʤʳ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ, 
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ʧʦʣʫʯʘʝʤʳʡ ʜʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ʩʝʪʦʯʥʦʡ ʬʫʥʢʮʠʠ ʥʘ ( 1)n+  - ʦʤ ʩʣʦʝ. ʏʠʩʣʦ 

ʦʧʝʨʘʮʠʡ, ʠʩʧʦʣʴʟʫʝʤʳʭ ʧʨʠ ʧʨʠʤʝʥʝʥʠʠ ʤʝʪʦʜʘ ʧʨʦʛʦʥʢʠ, ʧʦʨʷʜʢʘ 

( )xO N . 

 

Ä3.  ʄʝʪʦʜ ʧʨʦʛʦʥʢʠ ʜʣʷ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ ʪʝʧʣʦʧʨʦʚʦʜʥʦʩʪʠ ʥʘ 

ʦʪʨʝʟʢʝ. 

ɺʝʨʥʝʤʩʷ ʢ ʟʘʜʘʯʝ (1) Ä2. ɹʫʜʝʤ ʝʝ ʯʠʩʣʝʥʥʦ ʨʝʰʘʪʴ, ʠʩʧʦʣʴʟʫʷ 

ʩʭʝʤʫ ʩ ʚʝʩʘʤʠ, ʯʘʩʪʥʳʤ ʩʣʫʯʘʝʤ ʢʦʪʦʨʦʡ ʷʚʣʷʝʪʩʷ ʥʝʷʚʥʘʷ ʩʭʝʤʘ. ʀʤʝʝʤ: 

( )( ) ,

,0

1

0,

2

,

1

x

t m n

m m

n n

N n n

v v v f

v

v

v

s s

j

m

m

ë - L + - L =
î
î =î
ì

=î
î

=îí

 

ʇʝʨʝʧʠʰʝʤ ʫʨʘʚʥʝʥʠʝ ʵʪʦʡ ʨʘʟʥʦʩʪʥʦʡ ʟʘʜʘʯʠ ʚ ʚʠʜʝ: 

( )
[ ]1 1 1 12 2 2 2

1
1 2 2m m m m m m m mv v v v v v v f

h h h h

s tst st st
t- + - +

-å õ
- + + - = + - + +æ ö

ç ÷
 

ʇʨʠ ʵʪʦʤ ʠʥʜʝʢʩ m ʧʨʦʙʝʛʘʝʪ ʟʥʘʯʝʥʠʷ ʦʪ 1 ʜʦ Nx-1. ʆʙʦʟʥʘʯʠʤ: 

( )
[ ]1 12 2 2 2

1
, 1 2 , , 2m m m m m m m m mA B C F v v v v f

h h h h

s tst st st
t- +

-å õ
= = + = = + - + +æ ö

ç ÷  

ʊʦʛʜʘ ʦʧʨʝʜʝʣʝʥʠʝ v  ʩʚʦʜʠʪʩʷ ʢ ʨʝʰʝʥʠʶ ʟʘʜʘʯʠ: 

1 1 ( 1,..., 1)m m m m m m m xA v B v C v F m N- +- + =- = -  

1 2

0 ,
xNv vm m= =  

ʕʪʘ ʘʣʛʝʙʨʘʠʯʝʩʢʘʷ ʩʠʩʪʝʤʘ ʷʚʣʷʝʪʩʷ ʯʘʩʪʥʳʤ ʩʣʫʯʘʝʤ ʟʘʜʘʯʠ, 

ʨʝʰʘʝʤʦʡ ʤʝʪʦʜʦʤ ʧʨʦʛʦʥʢʠ, ʢ ʠʟʣʦʞʝʥʠʶ ʢʦʪʦʨʦʛʦ ʤʳ ʠ ʧʝʨʝʭʦʜʠʤ. 
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ʄʝʪʦʜ ʧʨʦʛʦʥʢʠ ʧʨʠʤʝʥʷʝʪʩʷ ʢ ʨʝʰʝʥʠʶ ʩʠʩʪʝʤʳ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ 

ʫʨʘʚʥʝʥʠʡ 

1 1

0 1 1 1 2 1 2

( 1,..., 1)

,

m m m m m m m

N N

A y B y C y F m N

y y y ya b a b

- +

-

- + = = -ë
ì
= + = +í

   (1) 

ʛʜʝ ʣʠʙʦ 
1,2, 0 1m m mB A C a> + ¢ ¢, ʣʠʙʦ m m mB A C² + , 1,20 1a¢ <. 

ɼʣʷ ʨʝʰʝʥʠʷ (1) ʧʦʣʦʞʠʤ, ʯʪʦ ʟʥʘʯʝʥʠʷ ʠʩʢʦʤʦʡ ʬʫʥʢʮʠʠ ʚ ʜʚʫʭ 

ʣʶʙʳʭ ʩʦʩʝʜʥʠʭ ʪʦʯʢʘʭ ʩʚʷʟʘʥʳ ʣʠʥʝʡʥʳʤ ʩʦʦʪʥʦʰʝʥʠʝʤ, ʘ ʠʤʝʥʥʦ: 

1 1 1m m m my d y s+ + += Ö +         (2) 

ʛʜʝ 
md  ʠ 

ms  ʥʘʟʳʚʘʶʪʩʷ ʧʨʦʛʦʥʦʯʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. 

ʉʜʚʠʥʫʚ ʚ (2) ʠʥʜʝʢʩ ʥʘ ʝʜʠʥʠʮʫ, ʠʤʝʝʤ: 

1m m m my d y s-= Ö +        (3) 

ʇʦʜʩʪʘʚʣʷʷ (3) ʚ ʫʨʘʚʥʝʥʠʝ (1) ʠʩʢʣʶʯʘʝʤ
1my -
: 

( ) 1m m m m m m m m mA d y B y C y Fs ++ - + =.  

ʆʪʩʶʜʘ ( ) 1m m m m m m m m mA d B y C y F As+- =- + - .  

ʀʩʧʦʣʴʟʫʷ (2), ʠʩʢʣʶʯʘʝʤ
my : 

[ ]1 1 1( ) ( )m m m m m m m m m m m m my A d B d C F A d A d Bs+ + +- - = - - -. 

ɼʣʷ ʪʦʛʦ, ʯʪʦʙʳ ʵʪʦ ʩʦʦʪʥʦʰʝʥʠʝ ʙʳʣʦ ʚʝʨʥʦ ʜʣʷ ʣʶʙʳʭ 
1my +
 

ʥʫʞʥʦ, ʯʪʦʙʳ ʚʳʨʘʞʝʥʠʝ ʚ ʢʚʘʜʨʘʪʥʳʭ ʩʢʦʙʢʘʭ ʠ ʧʨʘʚʘʷ ʯʘʩʪʴ ʙʳʣʦ ʨʘʚʥʳ 

ʥʫʣʶ. ʇʨʠʨʘʚʥʠʚʘʷ ʠʭ ʥʫʣʶ, ʧʦʣʫʯʘʝʤ ʨʝʢʫʨʨʝʥʪʥʳʝ ʬʦʨʤʫʣʳ ʜʣʷ 

ʦʧʨʝʜʝʣʝʥʠʷ ʧʨʦʛʦʥʦʯʥʳʭ ʢʦʵʬʬʠʮʠʝʥʪʦʚ: 
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1

1

m
m

m m m

m m m
m

m m m

C
d

B A d

F A

A d B

s
s

+

+

=
-

-
=

-

        (4) 

ʉʨʘʚʥʠʚʘʷ ʛʨʘʥʠʯʥʦʝ ʫʩʣʦʚʠʝ ʟʘʜʘʯʠ (1) 
0 1 1 1y ya b= +  ʩ (2), ʢʦʪʦʨʦʝ 

ʧʨʠ m=0 ʠʤʝʝʪ ʚʠʜ 
0 1 1 1y d y s= Ö +, ʥʘʭʦʜʠʤ: 1 1 1 1,d a s b= = .  

ʀʩʧʦʣʴʟʫʷ ʵʪʠ ʟʥʘʯʝʥʠʷ 
1d  ʠ 

1s, ʩʦʚʝʨʰʘʝʤ ʧʨʦʛʦʥʢʫ ʚ ʥʘʧʨʘʚʣʝʥʠʠ 

ʚʦʟʨʘʩʪʘʥʠʷ ʠʥʜʝʢʩʘ, ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʦʧʨʝʜʝʣʷʷ ʠʟ (4) ʟʥʘʯʝʥʠʷ 

ʢʦʵʬʬʠʮʠʝʥʪʦʚ 
md  ʠ 

ms  ʜʣʷ 1,...,m N= .  

ʅʘ ʧʨʘʚʦʤ ʢʦʥʮʝ ʠʤʝʝʤ ʜʚʘ ʩʦʦʪʥʦʰʝʥʠʷ, ʩʚʷʟʳʚʘʶʱʠʝ 
1Ny -
 ʠ 

Ny . 

ʕʪʦ 
1N N N Ny d y s-= Ö +  ʠ 2 1 2N Ny ya b-= + . ʀʟ ʵʪʠʭ ʫʨʘʚʥʝʥʠʡ ʥʘʭʦʜʠʤ  

2 2

21

N
N

N

y
d

a s b

a

+
=
-          (5) 

ʇʨʠ 
1 1d a=  ʠ ʫʩʣʦʚʠʷʭ, ʥʘʣʦʞʝʥʥʳʭ ʧʨʠ ʧʦʩʪʘʥʦʚʢʝ ʟʘʜʘʯʠ (1) ʥʘ 

1,2, , ,m m mA B C a  ʠʟ (4) ʧʦʣʫʯʘʝʤ, ʯʪʦ ʚʩʝ 1md <  ʜʣʷ 2,...,m N= . 

ʋʯʠʪʳʚʘʷ, ʯʪʦ 
2 1a¢, ʧʦʣʫʯʘʝʤ ʟʥʘʤʝʥʘʪʝʣʴ ʚ (5) ʧʦʣʦʞʠʪʝʣʴʥʳʤ. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʟʥʘʯʝʥʠʝ 
Ny  ʦʧʨʝʜʝʣʝʥʦ.   

ʀʩʧʦʣʴʟʫʷ ʥʘʡʜʝʥʥʦʝ ʟʥʘʯʝʥʠʝʤ 
Ny , ʜʝʣʘʝʤ ʦʙʨʘʪʥʫʶ ʧʨʦʛʦʥʢʫ ʚ 

ʩʪʦʨʦʥʫ ʫʤʝʥʴʰʘʶʱʠʭʩʷ ʟʥʘʯʝʥʠʡ ʠʥʜʝʢʩʘ, ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʦʧʨʝʜʝʣʷʷ ʠʟ 

(4) ʟʥʘʯʝʥʠʷ 
my . ʏʠʩʣʦ ʦʧʝʨʘʮʠʡ ʧʨʠ ʧʦʠʩʢʝ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ (1) 

ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦ ʯʠʩʣʫ ʫʟʣʦʚ ʚ ʩʣʦʝ. 

 

Ä4.  ʂʦʥʩʝʨʚʘʪʠʚʥʳʝ ʨʘʟʥʦʩʪʥʳʝ ʩʭʝʤʳ. 

ʇʨʠ ʩʦʩʪʘʚʣʝʥʠʠ ʨʘʟʥʦʩʪʥʳʭ ʩʭʝʤ ʜʣʷ ʫʨʘʚʥʝʥʠʡ ʩ ʧʝʨʝʤʝʥʥʳʤʠ 

ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ, ʢʨʦʤʝ ʪʦʯʥʦʩʪʠ ʘʧʧʨʦʢʩʠʤʘʮʠʠ ʠ ʫʩʪʦʡʯʠʚʦʩʪʠ ʩʭʝʤʳ, 

ʚʘʞʥʦ ʯʪʦʙʳ ʜʣʷ ʯʠʩʣʝʥʥʦʛʦ ʨʝʰʝʥʠʷ ʚʳʧʦʣʥʷʣʠʩʴ ʟʘʢʦʥʳ ʩʦʭʨʘʥʝʥʠʷ, 
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ʧʨʠʩʫʱʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʡ ʟʘʜʘʯʝ. ʊʘʢʠʝ ʩʭʝʤʳ ʥʘʟʳʚʘʶʪʩʷ 

ʢʦʥʩʝʨʚʘʪʠʚʥʳʤʠ. ʇʨʠ ʥʘʨʫʰʝʥʠʠ ʢʦʥʩʝʨʚʘʪʠʚʥʦʩʪʠ ʤʦʞʝʤ ʧʦʣʫʯʠʪʴ 

ʦʰʠʙʦʯʥʦʝ ʨʝʰʝʥʠʝ.  

ʇʨʠʤʝʨ ʥʝʢʦʥʩʝʨʚʘʪʠʚʥʦʡ ʩʭʝʤʳ. 

ʈʘʩʩʤʦʪʨʠʤ ʧʨʦʩʪʝʡʰʠʡ ʧʨʠʤʝʨ - ʟʘʜʘʯʫ ʩʪʘʮʠʦʥʘʨʥʦʛʦ 

ʨʘʩʧʨʝʜʝʣʝʥʠʷ ʪʝʧʣʘ ʥʘ ʦʪʨʝʟʢʝ, ʧʨʠ ʫʩʣʦʚʠʠ, ʯʪʦ ʢʦʵʬʬʠʮʠʝʥʪ 

ʪʝʧʣʦʧʨʦʚʦʜʥʦʩʪʠ ( )k x  - ʝʩʪʴ ʨʘʟʨʳʚʥʘʷ ʬʫʥʢʮʠʷ, ʘ ʠʤʝʥʥʦ: 

()
()

() ()

0

0 1 , 1 0

u x
k x

x x

u u

ë µå õµ
=î æ ö

µ µì ç ÷
î

= =í

       (1) 

ʛʜʝ  

()
11, 0

2

13, 1
2

ʧʨʠ x
k x

ʧʨʠ x

ë ¢ ¢î
=ì

< ¢îí

      (2) 

ʅʝʧʨʝʨʳʚʥʳʤ ʨʝʰʝʥʠʝʤ ʟʘʜʘʯʠ (1), (2) ʷʚʣʷʝʪʩʷ ʢʫʩʦʯʥʦ-ʣʠʥʝʡʥʘʷ 

ʬʫʥʢʮʠʷ  

()
( )

3 1
1 , 0

2 2

1 1
1 , 1

2 2

x ʧʨʠ x

u x

x ʧʨʠ x

ë
- < <îî

=ì
î - < <
îí

     (3) 

ʋʨʘʚʥʝʥʠʝ ʟʘʜʘʯʠ (1) ʤʦʞʥʦ ʧʝʨʝʧʠʩʘʪʴ ʚ ʩʣʝʜʫʶʱʝʤ ʚʠʜʝ: 

()
() () ()2

2
0

u x k x u x
k x

x x x

µ µ µ
+ =

µ µ µ       (4) 

ʉʦʩʪʘʚʠʤ ʨʘʟʥʦʩʪʥʫʶ ʩʭʝʤʫ ʜʣʷ (4). ɼʣʷ ʵʪʦʛʦ ʚʳʙʝʨʝʤ ʥʘ ʦʪʨʝʟʢʝ 

[ ]0,1  ʨʘʚʥʦʤʝʨʥʫʶ ʩʝʪʢʫ, ʩʦʩʪʦʷʱʫʶ ʠʟ ʯʝʪʥʦʛʦ ʢʦʣʠʯʝʩʪʚʘ ʪʦʯʝʢ N . 

ʊʦʛʜʘ ʪʦʯʢʘ 1/2x=  ʥʝ ʩʦʚʧʘʜʘʝʪ ʩ ʪʦʯʢʘʤʠ ʨʘʟʙʠʝʥʠʷ ʩʝʪʢʠ mx . ʇʦʵʪʦʤʫ 
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ʟʥʘʯʝʥʠʷ ʢʦʵʬʬʠʮʠʝʥʪʘ ( )mk x  ʠ ʨʘʟʥʦʩʪʥʳʡ ʘʥʘʣʦʛ ʧʨʦʠʟʚʦʜʥʦʡ 
k

x

µ

µ
 

ʦʧʨʝʜʝʣʝʥʳ. ʆʙʦʟʥʘʯʠʤ ʙʣʠʞʘʡʰʫʶ ʪʦʯʢʫ ʨʘʟʙʠʝʥʠʷ ʩʣʝʚʘ ʦʪ 1/2x= , ʢʘʢ 

nx . ʆʯʝʚʠʜʥʦ / 2n N= . ʊʦʯʢʘ 1nx + ʙʫʜʝʪ ʪʦʯʢʦʡ ʨʘʟʙʠʝʥʠʷ, ʙʣʠʞʘʡʰʝʡ 

ʩʧʨʘʚʘ ʢ 1/2x= . 

ɺʳʙʝʨʝʤ ʨʘʟʥʦʩʪʥʫʶ ʩʭʝʤʫ ʩ ʘʧʧʨʦʢʩʠʤʘʮʠʝʡ ʫʨʘʚʥʝʥʠʷ (4) ʧʦʨʷʜʢʘ 

( )2O h : 

1 1 1 1 1 1

2

2
0

2 2

m m m m m m m
m

v v v k k v v
k

h h h

+ - + - + -- + - -
+ =  

ʇʝʨʝʧʠʰʝʤ ʧʦʩʣʝʜʥʝʝ ʫʨʘʚʥʝʥʠʝ ʚ ʚʠʜʝ: 

( )1 1 1 1 1 1

1 1 1 1
2 0

4 4 4 4
m m m m m m m m m mk k k v k v k k k v- + - - + +

å õ å õ
+ - + - + - + + =æ ö æ ö

ç ÷ ç ÷
            (5) 

ɹʫʜʝʤ ʠʩʢʘʪʴ ʯʠʩʣʝʥʥʦʝ ʨʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ (5) ʚ ʚʠʜʝ ʢʫʩʦʯʥʦ-

ʣʠʥʝʡʥʦʡ ʬʫʥʢʮʠʠ:  

( )
( )

1
1 , 0

2

1
1 , 1

2

m m

m

m m

ax ʧʨʠ x

v x

b x ʧʨʠ x

ë
- < <îî

=ì
î - < <
îí

     (6) 

ʇʦ ʬʠʟʠʯʝʩʢʦʤʫ ʩʤʳʩʣʫ ʨʝʰʝʥʠʝ ʜʦʣʞʥʦ ʙʳʪʴ ʥʝʧʨʝʨʳʚʥʳʤ, ʪ.ʝ. 

( )1
0 0

lim lim1 / 2 1 1/ 2n n
h h

v a v b+
­ ­
= - = = -.    ʆʪʩʜʁʘ   

 2a b+ =         (7) 

ʈʘʩʩʤʦʪʨʠʤ ʫʨʘʚʥʝʥʠʝ (5) ʜʣʷ m=n ʠ m=n+1. ʀʩʧʦʣʴʟʫʷ ʨʘʚʝʥʩʪʚʘ 

1n nv v ah-= +  ʠ 2 1n nv v bh+ += -  , ʩʣʝʜʫʶʱʠʝ ʠʟ (6), ʧʦʣʫʯʘʝʤ: 
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( )

( )

1

1 1

1 3
2 0

2 2

5 7
6 0

2 2

n n n

n n n

v ah v v

v v v bh

+

+ +

+ - + =

- + - =
     

ʇʨʠʚʦʜʷ ʧʦʜʦʙʥʳʝ ʩʣʘʛʘʝʤʳʝ, ʠʤʝʝʤ: 

1

1

3 3 0

5 5 7 0

n n

n n

v v ah

v v bh

+

+

- + =

- + =   ʆʪʩʶʜʘ: 
21

5
a b=    

ʉ ʫʯʝʪʦʤ ʬʦʨʤʫʣʳ (7) ʥʘʭʦʜʠʤ ʢʦʵʬʬʠʮʠʝʥʪʳ 

21

13
a=   ʠ  

5

13
b=          (8) 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ( ) ( )10.5
0

lim
5 5 1

1 0.5 0.5
13 26 4

nx
h

v v u+=
­

= = - = ¸ = . 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʨʝʰʝʥʠʝ 

()u x  ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʡ ʟʘʜʘʯʠ, 

ʚʳʨʘʞʘʝʤʦʝ ʬʦʨʤʫʣʦʡ (3), 

ʦʪʣʠʯʘʝʪʩʷ ʦʪ ʯʠʩʣʝʥʥʦʛʦ ʨʝʰʝʥʠʷ 

() ( )
0

lim h

m
h

v x v x
­

= . ʇʨʠʯʠʥʦʡ 

ʨʘʩʭʦʞʜʝʥʠʷ ʯʠʩʣʝʥʥʦʛʦ ʠ 

ʘʥʘʣʠʪʠʯʝʩʢʦʛʦ ʨʝʰʝʥʠʡ ʷʚʣʷʝʪʩʷ 

ʠʩʧʦʣʴʟʦʚʘʥʠʝ ʥʝʢʦʥʩʝʨʚʘʪʠʚʥʦʡ 

ʨʘʟʥʦʩʪʥʦʡ ʩʭʝʤʳ, ʪ.ʝ. ʩʭʝʤʳ, ʢʦʪʦʨʘʷ ʥʝ ʦʪʨʘʞʘʝʪ ʟʘʢʦʥʳ ʩʦʭʨʘʥʝʥʠʷ. ɸ 

ʠʤʝʥʥʦ, ʚ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʡ ʟʘʜʘʯʝ ʠʤʝʝʪ ʤʝʩʪʦ ʟʘʢʦʥ ʩʦʭʨʘʥʝʥʠʷ 

ʪʝʧʣʦʚʦʛʦ ʧʦʪʦʢʘ ( )
du

W k x const
dx

=- = . ʇʨʠ ʩʦʩʪʘʚʣʝʥʠʠ ʨʘʟʥʦʩʪʥʦʡ 

ʩʭʝʤʳ ʤʳ ʥʝ ʦʙʨʘʪʠʣʠ ʥʘ ʵʪʦ ʚʥʠʤʘʥʠʝ. ʉʭʝʤʘ ʧʦʩʪʨʦʝʥʘ ʪʘʢ, ʯʪʦ ʚ ʪʦʯʢʝ 

1/2x=  ʠʤʝʝʪ ʤʝʩʪʦ ʨʘʟʨʳʚ ʨʘʟʥʦʩʪʥʦʛʦ ʘʥʘʣʦʛʘ ʧʦʪʦʢʘ ʪʝʧʣʘ 

1m m
m m

v v
W k

h

+-=- . ʀʟ (6) ʠ (8) ʩʣʝʜʫʝʪ, ʯʪʦ 21/13mW a= =  ʧʨʠ 

1/2x<  ʠ 3 15 /13mW b= =  ʧʨʠ 1/2x> . 
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ʄʝʪʦʜ ʙʘʣʘʥʩʘ ʧʨʠ ʩʦʩʪʘʚʣʝʥʠʠ ʨʘʟʥʦʩʪʥʳʭ ʩʭʝʤ ʜʣʷ ʫʨʘʚʥʝʥʠʷ 

ʪʝʧʣʦʧʨʦʚʦʜʥʦʩʪʠ. 

ʇʨʦʠʣʣʶʩʪʨʠʨʫʝʤ ʤʝʪʦʜ ʙʘʣʘʥʩʘ (ʠʣʠ ʠʥʪʝʛʨʦ-ʠʥʪʝʨʧʦʣʷʮʠʦʥʥʳʡ 

ʤʝʪʦʜ) ʥʘ ʧʨʠʤʝʨʝ ʨʝʰʝʥʠʷ ʫʨʘʚʥʝʥʠʷ 

() ( , )
u u

k x f x t
t x x

µ µ µå õ
= +æ ö

µ µ µç ÷
        (9) 

ʚ ʩʣʫʯʘʝ, ʢʦʛʜʘ k  ʠ f  ʷʚʣʷʶʪʩʷ ʙʳʩʪʨʦʤʝʥʷʶʱʠʤʠʩʷ ʠʣʠ ʨʘʟʨʳʚʥʳʤʠ ʚ 

ʥʝʢʦʪʦʨʳʭ ʪʦʯʢʘʭ ʬʫʥʢʮʠʷʤʠ. 

ʂʘʢ ʠ ʨʘʥʴʰʝ ʟʥʘʯʝʥʠʷ ʩʝʪʦʯʥʦʡ ʬʫʥʢʮʠʠ ʥʘ s-ʦʤ ʚʨʝʤʝʥʥʦʤ ʩʣʦʝ ʚ 

ʫʟʣʘʭ ʩʝʪʢʠ mx  ʙʫʜʝʤ ʦʙʦʟʥʘʯʘʪʴ, ʢʘʢ mv , ʘ ʥʘ ( 1)s+ -ʦʤ ʩʣʦʝ, ʢʘʢ mv . 

ʂʨʦʤʝ ʪʦʛʦ, ʚʚʝʜʝʤ ʧʨʦʤʝʞʫʪʦʯʥʳʝ ʪʦʯʢʠ 

( )0.5 0.5 0.5m mx h x h m+ -= + = + ʠ ʙʫʜʝʤ ʨʘʟʥʦʩʪʥʳʝ ʘʥʘʣʦʛʠ ʧʦʪʦʢʘ 

ʪʝʧʣʘ 0.5mW +  ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʚ ʵʪʠʭ ʪʦʯʢʘʭ . 

ʅʘʧʠʰʝʤ ʫʨʘʚʥʝʥʠʝ ʙʘʣʘʥʩʘ ʪʝʧʣʘ ʥʘ ʦʪʨʝʟʢʝ [ ]0.5 0.5;m mx x- + . 

ʇʦʪʦʢ ʪʝʧʣʘ W  ʨʘʚʝʥ: 
u

W k
x

µ
=-

µ
. ʀʥʪʝʛʨʠʨʫʷ ʨʘʚʝʥʩʪʚʦ 

u W

x k

µ
=-

µ
 ʥʘ 

ʦʪʨʝʟʢʝ [ ]1;m mx x- , ʠʤʝʝʤ: 

1

1

m

m

x

m m

x

W
u u dx

k
-

-- =ñ         (10) 

ʋʨʘʚʥʝʥʠʝ (9) ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ: ( , )
W u

f x t
x t

µ µ
= -

µ µ
. 

ʀʥʪʝʛʨʠʨʫʷ ʧʦʩʣʝʜʥʝʝ ʚʳʨʘʞʝʥʠʝ, ʧʦʣʫʯʘʝʤ: 

0.5

0.5

0.5 0.5

m

m

x

m m

x

u
W W f dx

t

+

-

+ -
µå õ

- = -æ ö
µç ÷

ñ      (11) 
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ʌʫʥʢʮʠʠ 
u

t

µ

µ
 ʠ W ʥʝʧʨʝʨʳʚʥʳ ʠ ʤʘʣʦ ʠʟʤʝʥʷʶʪʩʷ ʥʘ ʤʘʣʦʤ 

ʠʥʪʝʨʚʘʣʝ [ ]1;m mx x- . ʇʦʵʪʦʤʫ, ʜʣʷ ʧʦʣʫʯʝʥʠʷ ʧʨʠʙʣʠʞʝʥʥʳʭ ʟʥʘʯʝʥʠʡ 

ʠʥʪʝʛʨʘʣʦʚ, 
u

t

µ

µ
 ʠ W ʤʦʞʝʤ ʚʳʥʦʩʠʪʴ ʠʟ ʧʦʜ ʠʥʪʝʛʨʘʣʦʚ (10) ʠ (11) ʚ 

ʩʨʝʜʥʝʡ ʪʦʯʢʝ ʫʯʘʩʪʢʘ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ.  ʇʦʣʫʯʘʝʤ ʘʧʧʨʦʢʩʠʤʘʮʠʠ: 

1

1 0.5

m

m

x

m m m

x

dx
v v W

k

+

+ +- º- ñ ,  

0.5

0.5

0.5 0.5

m

m
m

x

m m
x x

x

u
W W h f dx

t

+

-

+ -
=

µ
- º- +

µ ñ  

ʀʩʧʦʣʴʟʫʷ ʵʪʠ ʩʦʦʪʥʦʰʝʥʠʷ,  ʧʦʣʘʛʘʝʤ 

1

0.5 0.5

m m

m m

v v
W a

h

+

+ +

-
=- Ö ,  ʛʜʝ  1

0.5
m

m

m x

x

h
a

dx

k

+
+ =

ñ
 

0.5 0.5 mm m m
m

W W v v
F

h t
+ -- -

=- +, ʛʜʝ  

0.5

0.5

1
m

m

x

m

x

F f dx
h

+

-

= ñ  

ʀʩʢʣʶʯʘʷ ʠʟ ʧʦʣʫʯʝʥʥʳʭ ʩʦʦʪʥʦʰʝʥʠʡ W, ʧʨʠʭʦʜʠʤ ʢ ʨʘʟʥʦʩʪʥʦʤʫ 

ʫʨʘʚʥʝʥʠʶ:  

1 1
0.5 0.5

1m m m m mm
m m m

v v v v v v
a a F

h h ht

+ -
+ -

å õ- - -
= - +æ öæ ö
ç ÷

  (12) 



22 

 

ʂʦʵʬʬʠʮʠʝʥʪʳ 0.5ma +  ʠ mF  ʚʳʯʠʩʣʷʶʪʩʷ ʧʦ ʟʘʜʘʥʥʳʤ ʚ ʫʨʘʚʥʝʥʠʠ 

(1) ʬʫʥʢʮʠʷʤ ( )k u  ʠ ( , )f x t . ɺ ʩʣʫʯʘʝ, ʢʦʛʜʘ k  ʠ f  ʥʝʧʨʝʨʳʚʥʳ, 

ʚʳʯʠʩʣʝʥʠʝ ʠʥʪʝʛʨʘʣʦʚ, ʦʧʨʝʜʝʣʷʶʱʠʭ 0.5ma +  ʠ mF  ʤʦʞʥʦ ʟʘʤʝʥʠʪʴ 

ʨʘʟʥʦʩʪʥʦʡ ʘʧʧʨʦʢʩʠʤʘʮʠʝʡ. ʅʘʧʨʠʤʝʨ, 

 

()

1

0.5

1 1
m

m

x

mx

dx

h k x k

+

-

ºñ
     

 ʠʣʠ        
()

1

1

1 1 1 1

2

m

m

x

m mx

dx

h k x k k

+

+

å õ
º +æ ö
ç ÷

ñ  

ʉʭʝʤʘ (12) ʷʚʣʷʝʪʩʷ ʢʦʥʩʝʨʚʘʪʠʚʥʦʡ, ʧʦʩʢʦʣʴʢʫ ʧʨʠ ʝʝ ʥʘʧʠʩʘʥʠʠ 

ʫʯʠʪʳʚʘʣʠʩʴ ʟʘʢʦʥʳ ʩʦʭʨʘʥʝʥʠʷ (10) ʠ (11) ʜʣʷ ʢʘʞʜʦʡ ʵʣʝʤʝʥʪʘʨʥʦʡ 

ʷʯʝʡʢʠ ʨʘʟʥʦʩʪʥʦʡ ʩʝʪʢʠ. ʉʭʝʤʘ (12) ʥʝʷʚʥʘʷ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ ʘʙʩʦʣʶʪʥʦ 

ʫʩʪʦʡʯʠʚʘʷ ʠ ʠʤʝʝʪ ʧʦʨʷʜʦʢ ʘʧʧʨʦʢʩʠʤʘʮʠʠ ( )2O ht+ . 

ʂʦʥʩʝʨʚʘʪʠʚʥʘʷ ʨʘʟʥʦʩʪʥʘʷ ʩʭʝʤʘ ʜʣʷ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ (1), (2). 

ɺʝʨʥʝʤʩʷ ʢ ʨʘʩʩʤʦʪʨʝʥʥʦʤʫ ʚʳʰʝ ʧʨʠʤʝʨʫ. ɺ ʩʦʦʪʚʝʪʩʪʚʠʝ ʩ (12), 

ʢʦʥʩʝʨʚʘʪʠʚʥʘʷ ʨʘʟʥʦʩʪʥʘʷ ʩʭʝʤʘ ʜʣʷ ʫʨʘʚʥʝʥʠʷ (1) ʧʨʠ ʫʩʣʦʚʠʠ (2) ʙʫʜʝʪ 

ʠʤʝʪʴ ʚʠʜ: 

( ) ( )0.5 1 0.5 1 0m m m m m ma an n n n+ + - -- - - =, ʛʜʝ  

1

1 2
0.5

1 2

2

1,
2

2 3
, 1

2

3, 1

m

N
k m n

k k
a m n

k k

k m n

-

ë
= ¢ =î

î
î
= = = +ì

+î
î = > +
î
í

 

ʇʦ-ʧʨʝʞʥʝʤʫ ʠʱʝʤ mv  ʨʝʰʝʥʠʝ ʚ ʬʦʨʤʝ (6). ɼʣʷ m=n ʠ m=n+1 

ʧʦʣʫʯʘʝʤ:  

:m n=   ( ) ( )1 1
3

2
n n n nu u u u- +- = -  
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1:m n= +  ( ) ( )1 1 2
3

3
2

n n n nu u u u+ + +- = -  

ʉ ʫʯʝʪʦʤ (6) ʧʦʣʫʯʘʝʤ ʩʠʩʪʝʤʫ: 

( )

( )

3

2 2

3
3

2 2

h
ah a b

h
a b bh

ë
= +îî

ì
î + =
îí

 

ʈʝʰʘʷ ʜʘʥʥʫʶ ʩʠʩʪʝʤʫ, ʥʘʭʦʜʠʤ, ʯʪʦ 3a b= . 

ʆʪʩʶʜʘ, ʩ ʫʯʝʪʦʤ (7) ʥʘʭʦʜʠʤ: 3/2a=  ʠ 1/2b= . ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 

( ) ( )10.5
0

lim
1 1

1 0.5 0.5
2 4

nx
h

v v u+=
­

= = - = = . ʏʠʩʣʝʥʥʦʝ ʨʝʰʝʥʠʝ ʩʦʚʧʘʜʘʝʪ ʩ 

ʪʦʯʥʳʤ ʨʝʰʝʥʠʝʤ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʡ ʟʘʜʘʯʠ ʚʦ ʚʩʝʭ ʫʟʣʘʭ ʩʝʪʢʠ. 

Ä5.ʕʢʦʥʦʤʠʯʥʳʝ ʨʘʟʥʦʩʪʥʳʝ ʩʭʝʤʳ.  

ʕʢʦʥʦʤʠʯʥʦʡ ʨʘʟʥʦʩʪʥʦʡ ʩʭʝʤʦʡ ʥʘʟʳʚʘʝʪʩʷ ʩʭʝʤʘ, ʢʦʪʦʨʘʷ, ʚʦ-

ʧʝʨʚʳʭ, ʷʚʣʷʝʪʩʷ ʙʝʟʫʩʣʦʚʥʦ ʫʩʪʦʡʯʠʚʦʡ; ʚʦ-ʚʪʦʨʳʭ, ʪʨʝʙʫʝʪ ʧʨʠ ʨʘʩʯʝʪʘʭ 

ʯʠʩʣʦ ʦʧʝʨʘʮʠʡ, ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦʛʦ ʯʠʩʣʫ ʫʟʣʦʚ ʩʝʪʢʠ. ʉʦʟʜʘʥʠʝ ʠ 

ʠʩʧʦʣʴʟʦʚʘʥʠʝ ʪʘʢʠʭ ʩʭʝʤ ʚʘʞʥʦ ʚ ʤʥʦʛʦʤʝʨʥʳʭ ʟʘʜʘʯʘʭ, ʪʨʝʙʫʶʱʠʭ 

ʙʦʣʴʰʦʛʦ ʦʙʲʝʤʘ ʚʳʯʠʩʣʝʥʠʡ. 

ɺ ʦʩʥʦʚʝ ʧʦʩʪʨʦʝʥʠʷ ʵʢʦʥʦʤʠʯʥʳʭ ʨʘʟʥʦʩʪʥʳʭ ʩʭʝʤ ʣʝʞʠʪ ʠʜʝʷ 

ʩʚʝʜʝʥʠʷ ʤʥʦʛʦʤʝʨʥʦʡ ʟʘʜʘʯʠ ʢ ʮʝʧʦʯʢʝ ʦʜʥʦʤʝʨʥʳʭ. ʆʜʥʦʡ ʠʟ ʧʝʨʚʳʭ 

ʵʢʦʥʦʤʠʯʥʳʭ ʩʭʝʤ ʷʚʣʷʝʪʩʷ ʧʦʩʪʨʦʝʥʥʘʷ ʚ 1955 ʛʦʜʫ ʩʭʝʤʘ ʧʝʨʝʤʝʥʥʳʭ 

ʥʘʧʨʘʚʣʝʥʠʡ (ʧʨʦʜʦʣʴʥʦ-ʧʦʧʝʨʝʯʥʘʷ ʩʭʝʤʘ). 

ʉʭʝʤʘ ʧʝʨʝʤʝʥʥʳʭ ʥʘʧʨʘʚʣʝʥʠʡ 

ʈʘʩʩʤʦʪʨʠʤ ʥʘʯʘʣʴʥʦ-ʢʨʘʝʚʫʶ ʟʘʜʘʯʫ: 
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( )

( ) ( )

( ) ( ){ }

2 2

2 2

0

, ,

, ,0 ,

, , , , , ,

0 ; 0 ; 0x y

u
u u f x y t

t x y

u x y u x y

u x y t x y t x y

x l y l t T

m

ëµ µ µ
= + +î

µ µ µ
î
î =ì
î = ÍG
î
î¢ ¢ ¢ ¢ ¢ ¢í

      (1) 

ɺʚʝʜʝʤ ʪʨʝʭʤʝʨʥʫʶ ʩʝʪʢʫ: ʧʦ ʜʚʫʤ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʳʤ ʢʦʦʨʜʠʥʘʪʘʤ 

ʠ ʧʦ ʚʨʝʤʝʥʠ. 

 

; 0,1, ..., ;

; 0,1, ..., ;

; 0,1..., ;

m x x x x x

n y y y y y

s t t

x h m m N h N l

y h n n N h N l

t s s N N Tt t

= = =

= = =

= = =

   

ʂʨʦʤʝ ʪʦʛʦ, ʚʚʝʜʝʤ ʧʨʦʤʝʞʫʪʦʯʥʳʝ ʩʣʦʡ ʧʦ ʚʨʝʤʝʥʠ: 

1/ 2 ( 1/2)st st+ = + . ɿʥʘʯʝʥʠʷ ʩʝʪʦʯʥʦʡ ʬʫʥʢʮʠʠ ʥʘ s-ʪʦʤ ʚʨʝʤʝʥʥʦʤ ʩʣʦʝ 

ʦʙʦʟʥʘʯʘʝʤ ʢʘʢ ,m nv ; ʥʘ (s+1)-ʦʤ ʩʣʦʝ ʢʘʢ ,m nv ; ʥʘ ʩʣʦʝ (s+1/2) ʢʘʢ 

0.5
,m nv . 

ɿʘʤʝʥʠʤ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ ʦʧʝʨʘʪʦʨʳ ʢʦʥʝʯʥʦ-ʨʘʟʥʦʩʪʥʳʤʠ 

ʘʥʘʣʦʛʘʤʠ. 

2 2

2 2 x yu u u v v
x y

µ µ
D = + ­L +L

µ µ
,  

 ʛʜʝ 
1, , 1,

2

2m n m n m n

x

x

v v v
v

h

+ -- +
L = ,   

, 1 , , 1

2

2m n m n m n

y

y

v v v
v

h

+ -- +
L =  

ɺ ʩʭʝʤʝ ʧʝʨʝʤʝʥʥʳʭ ʥʘʧʨʘʚʣʝʥʠʡ ʧʝʨʝʭʦʜ ʩʦ ʩʣʦʷ ʥʘ ʩʣʦʡ 

ʦʩʫʱʝʩʪʚʣʷʝʪʩʷ ʚ 2 ʰʘʛʘ, ʠʩʧʦʣʴʟʫʷ ʧʨʦʤʝʞʫʪʦʯʥʳʡ (ʜʨʦʙʥʳʡ) ʩʣʦʡ. 
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0.5
0.5

0.5
0.5

2

2

x y

x y

v v
v v f

v v
v v f

t

t

ë -
=L +L +î

î
ì
-î =L +L +

î
í

       (2) 

ʇʝʨʚʦʝ ʫʨʘʚʥʝʥʠʝ ʚ ʩʠʩʪʝʤʝ (2) ʷʚʣʷʝʪʩʷ ʷʚʥʳʤ ʧʦ ʥʘʧʨʘʚʣʝʥʠʶ x, ʠ 

ʥʝʷʚʥʳʤ ï ʧʦ ʥʘʧʨʘʚʣʝʥʠʶ y, ʘ ʚʪʦʨʦʝ ʫʨʘʚʥʝʥʠʝ ï ʥʘʦʙʦʨʦʪ. ʇʦʵʪʦʤʫ, 

ʢʘʞʜʦʝ ʫʨʘʚʥʝʥʠʝ ʚ ʦʪʜʝʣʴʥʦʩʪʠ ʤʦʞʝʪ ʙʳʪʴ ʨʝʰʝʥʦ ʤʝʪʦʜʦʤ ʧʨʦʛʦʥʢʠ. ɺ 

ʵʪʦʤ ʩʣʫʯʘʝ ʩʯʝʪ ʧʦ ʩʭʝʤʝ ʧʝʨʝʤʝʥʥʳʭ ʥʘʧʨʘʚʣʝʥʠʡ ʪʨʝʙʫʝʪ ʯʠʩʣʘ 

ʘʨʠʬʤʝʪʠʯʝʩʢʠʭ ʦʧʝʨʘʮʠʡ, ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦʛʦ ʯʠʩʣʫ ʫʟʣʦʚ ʩʝʪʢʠ, ʪ.ʝ. 

( )x y tO N N N , ʠ ʥʘ ʢʘʞʜʳʡ ʫʟʝʣ ʩʝʪʢʠ ʧʨʠʭʦʜʠʪʩʷ ʯʠʩʣʦ ʦʧʝʨʘʮʠʡ, ʥʝ 

ʟʘʚʠʩʷʱʝʝ ʦʪ ʯʠʩʣʘ ʫʟʣʦʚ. ʉʭʝʤʘ ʠʤʝʝʪ ʪʦʯʥʦʩʪʴ ʘʧʧʨʦʢʩʠʤʘʮʠʠ 

( )2 2 2

x yO h ht+ + . 

ʀʩʧʦʣʴʟʫʷ ʩʧʝʢʪʨʘʣʴʥʳʡ ʤʝʪʦʜ, ʠʩʩʣʝʜʫʝʤ ʫʩʪʦʡʯʠʚʦʩʪʴ ʩʭʝʤʳ (2). 

ʈʘʩʩʤʦʪʨʠʤ ʧʝʨʝʭʦʜ ʩ s-ʛʦ ʥʘ ( )1s+ -ʡ ʚʨʝʤʝʥʥʳʡ ʩʣʦʡ ʜʣʷ ʦʜʥʦʨʦʜʥʳʭ 

ʫʨʘʚʥʝʥʠʡ (0f = ). ʇʫʩʪʴ ,
i m i n

m nv ea b+= . ʀʱʝʤ ʨʝʰʝʥʠʝ ʥʘ ʩʣʦʝ 

(s+1/2), ʢʘʢ 
0.5

, 1 ,m n m nv vl= , ʘ ʥʘ (s+1)-ʦʤ ʢʘʢ 
0.5

, 2 , 2 1 ,m n m n m nv v vl l l= = . 

ʇʦʜʩʪʘʚʣʷʷ ʨʝʰʝʥʠʝ ʚ ʪʘʢʦʤ ʚʠʜʝ ʚ ʫʨʘʚʥʝʥʠʷ (2), ʩʦʢʨʘʱʘʷ ʧʝʨʚʦʝ ʠʟ ʥʠʭ 

ʥʘ ,m nv , ʘ ʚʪʦʨʦʝ ʥʘ 
0.5

,m nv , ʧʦʣʫʯʘʝʤ: 

1
12 2

2
2 2 2

1 2 2

2

1 2 2

2

i i i i

x y

i i i i

x y

e e e e

h h

e e e e

h h

a a b b

a a b b

l
l

t

l
l

t

- -

- -

ë - - + - +
= +î

î
ì
- - + - +î = +

î
í
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2
2

1
2

2

1 2 sin
2

1 2 sin
2

x

y

h

h

t a

l
t b

-

=

+

 ʠ 

2
2

2
2

2

1 2 sin
2

1 2 sin
2

y

x

h

h

t b

l
t a

-

=

+

 

ʂʘʢ ʣʝʛʢʦ ʧʨʦʚʝʨʠʪʴ, ʢʘʞʜʦʝ ʠʟ ʯʠʩʝʣ 1l  ʠ 2l  ʧʦ ʦʪʜʝʣʴʥʦʩʪʠ, 

ʧʨʠ ʥʝʢʦʪʦʨʳʭ ʟʥʘʯʝʥʠʷʭ ʯʘʩʪʦʪ a ʠ b, ʠ ʚʳʙʦʨʝ ʥʝʢʦʪʦʨʦʛʦ 

ʩʦʦʪʥʦʰʝʥʠʷ ʰʘʛʦʚ , ,x yh ht  ʤʦʞʝʪ ʙʳʪʴ ʙʦʣʴʰʝ 1. ɺ ʪʦ ʞʝ ʚʨʝʤʷ, 

ʧʨʝʜʩʪʘʚʣʷʷ ʧʨʦʠʟʚʝʜʝʥʠʷ 1 2l lÖ  ʚ ʚʠʜʝ  

22
22

1 2
2 2

2 2

1 2 sin1 2 sin
22

1 2 sin 1 2 sin
2 2

yx

x y

hh

h h

t bt a

l l
t a t b

--

= Ö

+ +
 

ʧʦʣʫʯʘʝʤ, ʯʪʦ ʚʩʝʛʜʘ ʚʳʧʦʣʥʝʥʦ1 2 1l l¢. ʉʭʝʤʘ ʙʝʟʫʩʣʦʚʥʦ ʫʩʪʦʡʯʠʚʘ.  

ʄʳ ʧʨʦʚʝʨʠʣʠ, ʯʪʦ ʧʨʠ ʣʶʙʦʤ ʩʦʦʪʥʦʰʝʥʠʠ ʰʘʛʦʚ ʚʳʧʦʣʥʝʥʦ 

ʥʝʦʙʭʦʜʠʤʦʝ ʫʩʣʦʚʠʝ ʫʩʪʦʡʯʠʚʦʩʪʠ. ʅʘ ʜʦʢʘʟʘʪʝʣʴʩʪʚʝ ʪʦʛʦ, ʯʪʦ 

ʚʳʧʦʣʥʝʥʦ ʪʘʢʞʝ ʠ ʜʦʩʪʘʪʦʯʥʦʝ ʫʩʣʦʚʠʝ, ʤʳ ʦʩʪʘʥʘʚʣʠʚʘʪʴʩʷ ʥʝ ʙʫʜʝʤ. 

ʉʭʝʤʘ ʧʝʨʝʤʝʥʥʳʭ ʥʘʧʨʘʚʣʝʥʠʡ ʷʚʣʷʝʪʩʷ ʵʢʦʥʦʤʠʯʥʦʡ ʨʘʟʥʦʩʪʥʦʡ 

ʩʭʝʤʦʡ. ʆʜʥʘʢʦ, ʝʝ ʥʝʣʴʟʷ ʦʙʦʙʱʠʪʴ ʥʘ ʪʨʝʭʤʝʨʥʳʡ ʩʣʫʯʘʡ. ɺ ʪʨʝʭʤʝʨʥʦʤ 

ʩʣʫʯʘʝ ʩʭʝʤʘ, ʧʦʩʪʨʦʝʥʥʘʷ ʧʦ ʪʦʤʫ ʞʝ ʧʨʠʥʮʠʧʫ, ʯʪʦ (2), ʙʫʜʝʪ ʥʝʷʚʥʦʡ 

ʪʦʣʴʢʦ ʧʦ ʦʜʥʦʤʫ ʥʘʧʨʘʚʣʝʥʠʶ ʠ ʷʚʥʦʡ ʫʞʝ ʧʦ ʜʚʫʤ. ɺ ʨʝʟʫʣʴʪʘʪʝ ʦʥʘ ʥʝ 

ʙʫʜʝʪ ʫʩʪʦʡʯʠʚʦʡ. 

ʃʦʢʘʣʴʥʦ-ʦʜʥʦʤʝʨʥʘʷ ʩʭʝʤʘ. 

ʈʘʩʩʤʦʪʨʠʤ ʫʨʘʚʥʝʥʠʝ 

u
u f

t

µ
=D +

µ          (3) 
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ʚ ʩʣʫʯʘʝ ʪʨʝʭ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʳʭ ʧʝʨʝʤʝʥʥʳʭ. ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʳʡ 

ʦʧʝʨʘʪʦʨ uD  ʠ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʡ ʝʤʫ ʨʘʟʥʦʩʪʥʳʡ ʦʧʝʨʘʪʦʨ vL  ʤʦʞʥʦ 

ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʩʫʤʤʳ ʦʧʝʨʘʪʦʨʦʚ, ʢʘʞʜʳʡ ʠʟ ʢʦʪʦʨʳʭ ʚʢʣʶʯʘʝʪ 

ʧʨʦʠʟʚʦʜʥʳʝ, ʠʣʠ, ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ, ʨʘʟʥʦʩʪʠ ʣʠʰʴ ʧʦ ʦʜʥʦʡ 

ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦʡ ʧʝʨʝʤʝʥʥʦʡ:  

3 2

2
1 ii

u
u

x=

µ
D =

µ
ä , 

3

1
i

i

v v

=

L = Lä  ( 1,2,3)i= .  

ʀʜʝʷ ʣʦʢʘʣʴʥʦ-ʦʜʥʦʤʝʨʥʦʡ ʩʭʝʤʳ ʚʳʯʠʩʣʝʥʠʷ ʟʘʢʣʶʯʘʝʪʩʷ ʚ ʪʦʤ, 

ʯʪʦ ʧʝʨʝʭʦʜ ʩ s-ʛʦ ʥʘ ( )1s+ -ʡ ʚʨʝʤʝʥʥʳʡ ʩʣʦʡ ʧʨʦʠʟʚʦʜʠʪʩʷ ʚ ʪʨʠ ʵʪʘʧʘ, 

ʥʘ ʢʘʞʜʦʤ ʠʟ ʢʦʪʦʨʳʭ ʫʯʠʪʳʚʘʝʪʩʷ ʣʠʰʴ ʦʜʠʥ ʠʟ ʦʧʝʨʘʪʦʨʦʚ iL. ʇʫʩʪʴ v- 

ʵʪʦ ʟʥʘʯʝʥʠʝ ʩʝʪʦʯʥʦʡ ʬʫʥʢʮʠʠ ʥʘ s-ʤ ʚʨʝʤʝʥʥʦʤ ʩʣʦʝ, v  - ʥʘ ( )1s+ -ʦʤ. 

ɺʚʦʜʠʤ ʝʱʝ ʜʚʘ ʤʘʩʩʠʚʘ ʧʨʦʤʝʞʫʪʦʯʥʳʭ ʟʥʘʯʝʥʠʡ v  ʠ v. ɼʣʷ ʫʨʘʚʥʝʥʠʷ 

(3) ʦʜʠʥ ʠʟ ʚʦʟʤʦʞʥʳʭ ʚʘʨʠʘʥʪʦʚ ʩʭʝʤʳ ʙʫʜʝʪ: 

1

2

3

v v
v f

v v
v

v v
v

t

t

t

-
=L +

-
=L

-
=L

          (4) 

ʇʦʣʫʯʝʥʘ ʩʠʩʪʝʤʘ ʨʘʟʥʦʩʪʥʳʭ ʫʨʘʚʥʝʥʠʡ, ʢʘʞʜʦʝ ʠʟ ʢʦʪʦʨʳʭ ʥʝ 

ʘʧʧʨʦʢʩʠʤʠʨʫʝʪ ʠʩʭʦʜʥʦʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ, ʥʦ ʤʦʞʝʪ ʙʳʪʴ ʣʝʛʢʦ 

ʨʝʰʝʥʦ ʤʝʪʦʜʦʤ ʧʨʦʛʦʥʢʠ ʚʜʦʣʴ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʛʦ ʥʘʧʨʘʚʣʝʥʠʷ. 

ʉʫʤʤʠʨʫʷ ʫʨʘʚʥʝʥʠʷ (4), ʧʦʣʫʯʘʝʤ: 

1 2 3
v v

v v v f
t

-
=L +L +L + 
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ʄʦʞʥʦ ʧʦʢʘʟʘʪʴ, ʯʪʦ ʵʪʦ ʫʨʘʚʥʝʥʠʝ ʫʞʝ ʘʧʧʨʦʢʩʠʤʠʨʫʝʪ (4) ʩ 

ʪʦʯʥʦʩʪʴʶ ( )2 2 2

x y zO h h ht+ + +. ɻʦʚʦʨʷʪ, ʯʪʦ ʠʤʝʝʪ ʤʝʩʪʦ ʩʫʤʤʘʨʥʘʷ 

ʘʧʧʨʦʢʩʠʤʘʮʠʷ ð ʨʝʟʫʣʴʪʠʨʫʶʱʠʡ ʦʧʝʨʘʪʦʨ ʧʦʩʣʦʡʥʦʛʦ ʧʝʨʝʭʦʜʘ 

ʧʦʣʫʯʠʣʩʷ ʘʧʧʨʦʢʩʠʤʠʨʫʶʱʠʤ. 

ɺ ʩʭʝʤʝ (4) ʫʨʘʚʥʝʥʠʷ ʜʣʷ ʧʨʦʩʪʦʪʳ ʩʦʩʪʘʚʣʝʥʳ ʧʦ ʯʠʩʪʦ ʥʝʷʚʥʦʡ 

ʩʭʝʤʝ. ɼʣʷ ʧʦʚʳʰʝʥʠʷ ʪʦʯʥʦʩʪʠ ʘʧʧʨʦʢʩʠʤʘʮʠʠ  ʤʦʞʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ 

ʩʭʝʤʫ ʩ ʚʝʩʘʤʠ, ʚʳʙʨʘʚ 0.5s= . ɺʦʟʤʦʞʥʳ ʪʘʢʞʝ ʜʨʫʛʠʝ ʩʧʦʩʦʙʳ ʫʯʝʪʘ 

ʧʨʘʚʦʡ ʯʘʩʪʠ f. ʅʘʧʨʠʤʝʨ, ʚʚʝʜʝʥʠʝ ʝʝ ʚʦ ʚʩʝ ʫʨʘʚʥʝʥʠʷ ʩ ʚʝʩʦʚʳʤʠ 

ʤʥʦʞʠʪʝʣʷʤʠ, ʢʦʪʦʨʳʝ ʧʦʜʙʠʨʘʶʪʩʷ ʠʟ ʫʩʣʦʚʠʡ ʥʘʠʣʫʯʰʝʡ ʩʫʤʤʘʨʥʦʡ 

ʘʧʧʨʦʢʩʠʤʘʮʠʠ (ʤʠʥʠʤʠʟʘʮʠʠ ʦʰʠʙʢʠ ʘʧʧʨʦʢʩʠʤʘʮʠʠ ʥʘ ʩʣʝʜʫʶʱʝʤ ʩʣʦʝ 

ʧʦ ʚʨʝʤʝʥʠ).  

ʇʨʠʚʝʜʝʥʥʘʷ ʚʳʰʝ ʩʭʝʤʘ ʷʚʣʷʝʪʩʷ ʘʙʩʦʣʶʪʥʦ ʫʩʪʦʡʯʠʚʦʡ. ʇʨʠʤʝʥʷʷ 

ʧʨʠ ʚʳʯʠʩʣʝʥʠʷʭ ʚ (4) ʤʝʪʦʜ ʧʨʦʛʦʥʢʠ ʧʦʣʫʯʘʝʤ, ʯʪʦ ʯʠʩʣʦ ʥʝʦʙʭʦʜʠʤʳʭ 

ʦʧʝʨʘʮʠʡ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦ ʯʠʩʣʫ ʫʟʣʦʚ ʩʝʪʢʠ. ʊʝʤ ʩʘʤʳʤ ʣʦʢʘʣʴʥʦ-

ʦʜʥʦʤʝʨʥʘʷ ʩʭʝʤʘ ʷʚʣʷʝʪʩʷ ʵʢʦʥʦʤʠʯʥʦʡ. 

Ä6. ʀʪʝʨʘʮʠʦʥʥʳʝ ʤʝʪʦʜʳ ʧʨʠ ʨʝʰʝʥʠʠ ʥʝʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ. 

ʇʨʠ ʠʟʫʯʝʥʠʠ ʚʳʩʦʢʦʪʝʤʧʝʨʘʪʫʨʥʳʭ ʧʨʦʮʝʩʩʦʚ ʥʝʦʙʭʦʜʠʤʦ 

ʫʯʠʪʳʚʘʪʴ ʟʘʚʠʩʠʤʦʩʪʴ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʪʝʧʣʦʝʤʢʦʩʪʠ ʠ ʪʝʧʣʦʧʨʦʚʦʜʥʦʩʪʠ 

ʦʪ ʪʝʤʧʝʨʘʪʫʨʳ. ɺ ʨʝʟʫʣʴʪʘʪʝ, ʜʣʷ ʦʧʠʩʘʥʠʷ ʧʨʦʮʝʩʩʘ ʨʘʩʧʨʦʩʪʨʘʥʝʥʠʷ 

ʪʝʧʣʘ ʤʳ ʧʦʣʫʯʘʝʤ ʢʚʘʟʠʣʠʥʝʡʥʦʝ ʫʨʘʚʥʝʥʠʝ ʪʝʧʣʦʧʨʦʚʦʜʥʦʩʪʠ: 

() ()
u u

c u k u f
t x x

µ µ µå õ
= +æ ö

µ µ µç ÷
, ʛʜʝ ()c u  ʠ () 0k u > . ʕʪʦ ʫʨʘʚʥʝʥʠʝ 

ʟʘʤʝʥʦʡ ()
0

u

v c u du=ñ  ʩʚʦʜʠʪʩʷ ʢ ʫʨʘʚʥʝʥʠʶ  

()
u u

k u f
t x x

µ µ µå õ
= +æ ö

µ µ µç ÷
        (1) 

ɼʣʷ ʢʚʘʟʠʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ ʠʩʧʦʣʴʟʦʚʘʥʠʝ ʷʚʥʳʭ ʩʭʝʤ 

ʥʝʮʝʣʝʩʦʦʙʨʘʟʥʦ, ʝʩʣʠ ʬʫʥʢʮʠʷ ()k u  ʷʚʣʷʝʪʩʷ ʙʳʩʪʨʦʤʝʥʷʶʱʝʡʩʷ 



29 

 

(ʥʘʧʨʠʤʝʨ, ʩʪʝʧʝʥʥʦʡ). ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʫʩʣʦʚʠʝ ʫʩʪʦʡʯʠʚʦʩʪʠ 

()

2

2max

h

k u
t¢  ʪʨʝʙʫʝʪ ʦʯʝʥʴ ʤʝʣʢʦʛʦ ʰʘʛʘ ʧʦ ʚʨʝʤʝʥʠ. (ʂʨʦʤʝ ʪʦʛʦ, ʚ 

ʥʝʦʜʥʦʨʦʜʥʦʡ ʩʨʝʜʝ ʬʫʥʢʮʠʠ k  ʠ c ʤʦʛʫʪ ʟʘʚʠʩʝʪʴ ʦʪ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʳʭ 

ʧʝʨʝʤʝʥʥʳʭ ʠ ʙʳʪʴ ʨʘʟʨʳʚʥʳʤʠ). ʇʦʵʪʦʤʫ ʞʝʣʘʪʝʣʴʥʦ ʧʨʠʤʝʥʝʥʠʝ 

ʥʝʷʚʥʳʭ ʩʭʝʤ. ɺ ʩʣʫʯʘʝ ʥʝʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ ʜʣʷ ʵʪʦʛʦ ʧʨʠʭʦʜʠʪʩʷ 

ʠʩʧʦʣʴʟʦʚʘʪʴ ʠʪʝʨʘʮʠʦʥʥʳʝ ʤʝʪʦʜʳ. 

ʈʘʩʩʤʦʪʨʠʤ ʥʝʷʚʥʫʶ ʩʭʝʤʫ ʜʣʷ ʨʝʰʝʥʠʷ ʢʚʘʟʠʣʠʥʝʡʥʦʛʦ ʫʨʘʚʥʝʥʠʷ 

ʪʝʧʣʦʧʨʦʚʦʜʥʦʩʪʠ (1): 

()( ) ()( )1 112

1m m
m m m mm m m

v v
a v v v a v v v f

ht
+ -+

- è ø= - - - +
é ùê ú    

ɿʜʝʩʴ v - ʵʪʦ ʟʥʘʯʝʥʠʝ ʩʝʪʦʯʥʦʡ ʬʫʥʢʮʠʠ ʥʘ s-ʤ ʚʨʝʤʝʥʥʦʤ ʩʣʦʝ, v  - 

ʥʘ ( )1s+ -ʦʤ, ʘ () 1

2

i i
i

v v
a v k -+å õ

= æ ö
ç ÷

.  

ʇʨʠʚʝʜʝʥʥʘʷ ʨʘʟʥʦʩʪʥʘʷ ʩʭʝʤʘ ʷʚʣʷʝʪʩʷ ʥʝʣʠʥʝʡʥʦʡ, ʧʦʵʪʦʤʫ 

ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʦʝ ʠʩʧʦʣʴʟʦʚʘʥʠʝ ʤʝʪʦʜʘ ʧʨʦʛʦʥʢʠ ʥʝʚʦʟʤʦʞʥʦ. ɼʣʷ ʪʦʛʦ, 

ʯʪʦʙʳ ʚ ʵʪʦʡ ʩʠʪʫʘʮʠʠ ʧʨʠʤʝʥʠʪʴ ʧʨʦʛʦʥʢʫ ʠʩʧʦʣʴʟʫʶʪ ʠʪʝʨʘʮʠʦʥʥʳʡ 

ʤʝʪʦʜ. ʆʥ ʟʘʢʣʶʯʘʝʪʩʷ ʚ ʪʦʤ, ʯʪʦ ʧʝʨʝʭʦʜ ʩ s-ʛʦ ʥʘ ( )1s+ -ʳʡ ʚʨʝʤʝʥʥʦʡ 

ʩʣʦʡ ʩʦʚʝʨʰʘʝʪʩʷ ʧʫʪʝʤ ʥʝʩʢʦʣʴʢʠʭ ʧʦʚʪʦʨʝʥʠʡ ʨʘʩʯʝʪʘ, ʧʨʠ ʢʘʞʜʦʤ ʠʟ 

ʢʦʪʦʨʳʭ ʟʥʘʯʝʥʠʷ ()ma y
 
ʬʠʢʩʠʨʫʶʪʩʷ (çʟʘʤʦʨʘʞʠʚʘʶʪʩʷè), ʥʘ ʦʩʥʦʚʝ 

ʨʝʟʫʣʴʪʘʪʦʚ ʧʨʝʜʳʜʫʱʝʡ ʠʪʝʨʘʮʠʠ. ʉ ʧʦʤʦʱʴʶ ʪʘʢʦʛʦ ʧʨʠʝʤʘ ʧʨʠ ʢʘʞʜʦʡ 

ʠʪʝʨʘʮʠʠ ʨʘʟʥʦʩʪʥʦʝ ʫʨʘʚʥʝʥʠʝ ʩʪʘʥʦʚʠʪʴʩʷ ʣʠʥʝʡʥʳʤ. 

ɺ ʢʘʯʝʩʪʚʝ ʥʫʣʝʚʦʛʦ ʧʨʠʙʣʠʞʝʥʠʷ 

[]0

v ʥʘ ( )1s+ -ʦʤ ʚʨʝʤʝʥʥʦʤ ʩʣʦʝ 

ʦʙʳʯʥʦ ʙʝʨʫʪ v- ʟʥʘʯʝʥʠʝ ʩʝʪʦʯʥʦʡ ʬʫʥʢʮʠʠ ʥʘ s-ʤ ʩʣʦʝ. ʇʝʨʚʦʝ 

ʧʨʠʙʣʠʞʝʥʠʝ 

[]1

v  ʦʧʨʝʜʝʣʷʶʪ, ʨʝʰʘʷ ʣʠʥʝʡʥʦʝ ʫʨʘʚʥʝʥʠʝ: 
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[]

()
[] []

()
[] []

1 112

1
1 1 1 1

1m m
m m m mm m m

v v
a v v v a v v v f

ht
+ -+

è øå õ å õ-
= - - - +é ùæ ö æ ö
é ùç ÷ ç ÷ê ú

 

ʇʦʩʣʝʜʫʶʱʠʝ ʧʨʠʙʣʠʞʝʥʠʷ 

[]k

v  ʥʘʭʦʜʷʪ ʠʟ ʫʨʘʚʥʝʥʠʡ: 

[]
[ ] [] [] [ ] [] []

1 112

1 1
1m m

m m m mm m m

k
k k k k k k

v v
a v v v a v v v f

ht
+ -+

- -è øå õå õ å õå õ-
= - - - +é ùæ öæ ö æ öæ ö
é ùç ÷ç ÷ ç ÷ç ÷ê ú

2,3,..k=  

ʈʝʰʝʥʠʝ ʧʦʣʫʯʠʚʰʝʛʦʩʷ ʫʨʘʚʥʝʥʠʷ ʜʣʷ ʢʘʞʜʦʡ ʠʪʝʨʘʮʠʠ ʥʘʭʦʜʷʪ 

ʤʝʪʦʜʦʤ ʧʨʦʛʦʥʢʠ. ʋʩʣʦʚʠʝʤ ʦʢʦʥʯʘʥʠʷ ʠʪʝʨʘʮʠʦʥʥʦʛʦ ʧʨʦʮʝʩʩʘ ʩʣʫʞʠʪ 

ʫʩʣʦʚʠʝ ʤʘʣʦʩʪʠ ʠʟʤʝʥʝʥʠʷ ʥʦʨʤʳ 

[ ] [] [ ] []1 1

0
max

k k k k

m m
m N

v v v v e
+ +

< <
- = - < 

ʄʦʞʥʦ ʪʘʢʞʝ ʟʘʜʘʚʘʪʴ ʬʠʢʩʠʨʦʚʘʥʥʦʝ ʯʠʩʣʦ ʠʪʝʨʘʮʠʡ. ʆʙʳʯʥʦ ʫʞʝ 

ʜʚʝ-ʪʨʠ ʠʪʝʨʘʮʠʠ ʟʘʤʝʪʥʦ ʧʦʚʳʰʘʶʪ ʪʦʯʥʦʩʪʴ ʧʦ ʩʨʘʚʥʝʥʠʶ ʩ ʧʝʨʚʳʤ 

ʧʨʠʙʣʠʞʝʥʠʝʤ. ʀʪʝʨʘʮʠʦʥʥʳʝ ʤʝʪʦʜʳ ʜʣʷ ʦʙʝʩʧʝʯʝʥʠʷ ʟʘʜʘʥʥʦʡ ʪʦʯʥʦʩʪʠ 

ʧʦʟʚʦʣʷʶʪ ʠʩʧʦʣʴʟʦʚʘʪʴ ʙʦʣʝʝ ʢʨʫʧʥʳʡ ʰʘʛ ʧʦ ʚʨʝʤʝʥʠ ʧʦ ʩʨʘʚʥʝʥʠʶ ʩ 

ʙʝʟʠʪʝʨʘʮʠʦʥʥʳʤʠ ʩʭʝʤʘʤʠ, ʯʪʦ ʟʘʯʘʩʪʫʶ ʧʨʠʚʦʜʠʪ ʢ ʟʥʘʯʠʪʝʣʴʥʦʤʫ 

ʫʤʝʥʴʰʝʥʠʶ ʦʙʲʝʤʘ ʚʳʯʠʩʣʠʪʝʣʴʥʦʡ ʨʘʙʦʪʳ. 

Ä7. ʈʘʟʥʦʩʪʥʳʝ ʩʭʝʤʳ ʜʣʷ ʨʝʰʝʥʠʷ ʫʨʘʚʥʝʥʠʝ ʧʝʨʝʥʦʩʘ. 

ʈʘʩʩʤʦʪʨʠʤ ʩʣʝʜʫʶʱʫʶ ʟʘʜʘʯʫ: 

()

()
0

0

x

t

u u
c f

t x

u t

u x

m

j

=

=

µ µë
+ =îµ µ

î
=ì

î
=î

í

         (1) 

ʂʘʢ ʠ ʨʘʥʴʰʝ, ʚʚʝʜʝʤ ʨʘʚʥʦʤʝʨʥʫʶ ʩʝʪʢʫ  
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{ }; 0,1,...h

mw x hm m= = =  

{ }; 0,1,...nw t n nt t= = =    

x xw w wt t= ³   

ɼʣʷ ʜʘʥʥʦʡ ʟʘʜʘʯʠ ʤʦʞʥʦ ʥʘʧʠʩʘʪʴ ʥʝʩʢʦʣʴʢʦ ʨʘʟʣʠʯʥʳʭ 

ʨʘʟʥʦʩʪʥʳʭ ʩʭʝʤ, ʢʦʪʦʨʳʝ ʥʘʟʳʚʘʶʪʩʷ ʩʭʝʤʘʤʠ ʙʝʛʫʱʝʛʦ ʩʯʝʪʘ. 

ʈʘʩʩʤʦʪʨʠʤ ʩʣʝʜʫʶʱʠʝ 4 ʘʧʧʨʦʢʩʠʤʘʮʠʠ ʚʝʨʭʥʝʛʦ ʫʨʘʚʥʝʥʠʷ ʩʠʩʪʝʤʳ (1) 

ʠ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʰʘʙʣʦʥʳ: 

, 1 , , 1,

,

m n m n m n m n

m n

v v v v
c f

ht

+ -- -
+ = ,   (2) 

 

, 1 , 1, 1 , 1

, 1

m n m n m n m n

m n

v v v v
c f

ht

+ + + +

+

- -
+ = ,  (3) 

 

, 1 , , 1 1, 1

, 1

m n m n m n m n

m n

v v v v
c f

ht

+ + - +

+

- -
+ = ,  (4) 

 

1, 1 1, 1, ,

, 1 , 1, 1 , 1

1, , 1

m n m n m n m n

m n m n m n m n

m n m n

v v v v
c

h

v v v v
c f f

h

t

t

+ + + +

+ + + +

+ +

- -
+ +

- -
+ + = +

 (5) 

ɺʳʯʠʩʣʝʥʠʷ ʧʦ ʩʭʝʤʘʤ ʙʝʛʫʱʝʛʦ ʩʯʝʪʘ ʦʯʝʥʴ ʧʨʦʩʪʳ 

ʘʣʛʦʨʠʪʤʠʯʝʩʢʠ. ɿʥʘʷ ʠʟ ʫʩʣʦʚʠʡ ʟʘʜʘʯʠ (1) ʟʥʘʯʝʥʠʷ ʨʘʟʥʦʩʪʥʦʡ ʬʫʥʢʮʠʠ 

ʥʘ ʥʫʣʝʚʦʤ ʧʦ ʚʨʝʤʝʥʠ ʩʣʦʝ ʠ ʚ ʣʝʚʦʡ ʪʦʯʢʝ ʥʘ ʧʝʨʚʦʤ ʩʣʦʝ, 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʩʣʝʚʘ ʥʘʧʨʘʚʦ ʦʧʨʝʜʝʣʷʝʤ ʟʥʘʯʝʥʠʷ ʥʘ ʚʩʝʤ ʧʝʨʚʦʤ ʩʣʦʝ. 

ɿʘʪʝʤ ʧʦʚʪʦʨʷʝʤ ʦʧʝʨʘʮʠʶ ʥʘ ʩʣʝʜʫʶʱʝʤ ʚʨʝʤʝʥʥʦʤ ʩʣʦʝ ʠ ʪ.ʜ.  
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ʄʦʞʥʦ ʧʦʢʘʟʘʪʴ, ʯʪʦ ʪʦʯʥʦʩʪʴ ʘʧʧʨʦʢʩʠʤʘʮʠʠ ʨʘʟʥʦʩʪʥʳʭ ʩʭʝʤ (2)-

(4) ï ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ, (5) - ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ ʪʦʯʥʦʩʪʠ.  

ʉʭʝʤʳ (2) ʠ (3) ʷʚʣʷʶʪʩʷ ʫʩʣʦʚʥʦ ʫʩʪʦʡʯʠʚʳʤʠ, ʘ ʩʭʝʤʳ (4) ʠ (5) 

ʘʙʩʦʣʶʪʥʦ ʫʩʪʦʡʯʠʚʳʤʠ. ʇʦʣʫʯʠʤ ʫʩʣʦʚʠʷ ʫʩʪʦʡʯʠʚʦʩʪʠ ʜʣʷ ʩʭʝʤʳ (2), 

ʨʘʩʩʤʘʪʨʠʚʘʷ ʜʣʷ ʧʨʦʩʪʦʪʳ ʟʘʜʘʯʫ ʥʘ ʙʝʩʢʦʥʝʯʥʦʤ ʫʯʘʩʪʢʝ ʧʦ x . 

ɺʥʘʯʘʣʝ ʩʧʝʢʪʨʘʣʴʥʳʤ ʤʝʪʦʜʦʤ ʠʩʩʣʝʜʫʝʤ ʥʝʦʙʭʦʜʠʤʳʝ ʫʩʣʦʚʠʷ 

ʫʩʪʦʡʯʠʚʦʩʪʠ ʩʭʝʤʳ (2). ɼʣʷ ʵʪʦʛʦ ʨʘʩʩʤʦʪʨʠʤ ʨʘʟʥʦʩʪʥʫʶ ʟʘʜʘʯʫ ʩ 

ʦʜʥʦʨʦʜʥʳʤ ʫʨʘʚʥʝʥʠʝʤ:  

, 1 , , 1,

,0

0
m n m n m n m n

i m

m

v v v v
c

h

v ew

t

+ -- -ë
+ =î

ì
î

=í

   

ʀʱʝʤ ʝʝ ʨʝʰʝʥʠʝ ʚ ʚʠʜʝ: ,

n i m

m nv ewl= . ʇʦʜʩʪʘʚʣʷʝʤ ʪʘʢʦʡ ʚʠʜ 

ʨʝʰʝʥʠʷ ʚ ʨʘʟʥʦʩʪʥʦʝ ʫʨʘʚʥʝʥʠʝ ʠ ʩʦʢʨʘʱʘʝʤ ʥʘ 
,m nv . ʇʦʣʫʯʘʝʤ: 

1 1
0

ie
c

h

wl

t

-- -
+ =.  ʀʥʘʯʝ, ( )1 1 cos sin

c
i

h

t
l w w= - - + . ɺʳʯʠʩʣʷʷ 

ʤʦʜʫʣʴ l, ʧʦʣʫʯʘʝʤ: 

2 21 4 sin 1
2

c c

h h

t w t
l

å õ
= - -æ ö

ç ÷
       (6)  

ʃʝʛʢʦ ʚʠʜʝʪʴ, ʯʪʦ ʧʨʠ 1
c

h

t
>  ʠ 

2sin 0
2

w
>  ʧʨʘʚʘʷ ʯʘʩʪʴ (6) ʙʦʣʴʰʝ 1, 

ʘ ʧʨʠ 0 1
c

h

t
< ¢ ʤʝʥʴʰʝ 1. ʉʭʝʤʘ (2) ʙʫʜʝʪ ʫʩʪʦʡʯʠʚʦʡ, ʝʩʣʠ 1l¢  ʧʨʠ 

ʣʶʙʦʤ w. ɿʥʘʯʠʪ, ʥʝʦʙʭʦʜʠʤʳʤ ʫʩʣʦʚʠʝʤ ʫʩʪʦʡʯʠʚʦʩʪʠ ʷʚʣʷʝʪʩʷ ʫʩʣʦʚʠʝ 

1
c

h

t
¢ . 

ʊʝʧʝʨʴ ʧʨʦʚʝʨʠʤ, ʯʪʦ ʧʦʣʫʯʝʥʥʦʝ ʥʝʦʙʭʦʜʠʤʦʝ ʫʩʣʦʚʠʝ ʥʘ 

ʩʦʦʪʥʦʰʝʥʠʝ ʰʘʛʦʚ t ʠ h ʷʚʣʷʝʪʩʷ ʪʘʢʞʝ ʠ ʜʦʩʪʘʪʦʯʥʳʤ ʜʣʷ ʫʩʪʦʡʯʠʚʦʩʪʠ 
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ʩʭʝʤʳ. ʀʪʘʢ, ʧʫʩʪʴ 1
c

h

t
¢. ʇʦ-ʜʨʫʛʦʤʫ ʟʘʧʠʩʘʚ ʨʘʟʥʦʩʪʥʦʝ ʫʨʘʚʥʝʥʠʝ, 

ʠʤʝʝʤ ʟʘʜʘʯʫ: 

, 1 , 1, ,

,0

1m n m n m n m n

m m

c c
v v v f

h h

v

t t
t

j

+ -

ë å õ
= - + +î æ ö
ç ÷ì

î =í

 

ʄʘʞʦʨʘʥʪʥʦ ʦʮʝʥʠʤ ʣʝʚʫʶ ʯʘʩʪʴ ʫʨʘʚʥʝʥʠʷ, ʫʯʠʪʳʚʘʷ, ʯʪʦ 

1 0
c

h

tå õ
- ²æ ö
ç ÷

. ʇʦʣʫʯʘʝʤ: 

, 1 , 1, ,1 1m n m n m n m n n n

n

c c c c
v v v f v v f

h h h h

v f

t t t t
t t

t

+ -

å õ å õ
¢ - + + ¢ - + + =æ ö æ ö
ç ÷ ç ÷

= +

 

ʛʜʝ, ʢʘʢ ʠ ʨʘʥʝʝ, ,
,

max m n
m n

f f= , ʘ ,maxn m n
m

v v= . ʆʪʩʶʜʘ 

1n nv v ft+ ¢ + . ʉʣʝʜʦʚʘʪʝʣʴʥʦ,
 

0nv v n f T ft j¢ + ¢ + , ʛʜʝ T - 

ʚʝʣʠʯʠʥʘ ʠʥʪʝʨʚʘʣʘ ʚʨʝʤʝʥʠ, ʥʘ ʢʦʪʦʨʦʤ ʤʳ ʠʱʝʤ ʨʝʰʝʥʠʝ. ʕʪʘ ʦʮʝʥʢʘ, 

ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ, ʦʟʥʘʯʘʝʪ ʫʩʪʦʡʯʠʚʦʩʪʴ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ ʧʦ ʥʘʯʘʣʴʥʳʤ 

ʜʘʥʥʳʤ ʠ ʧʨʘʚʦʡ ʯʘʩʪʠ. ʉʭʝʤʘ (2) ʷʚʣʷʝʪʩʷ ʫʩʣʦʚʥʦ ʫʩʪʦʡʯʠʚʦʡ.  

ɸʥʘʣʦʛʠʯʥʳʝ ʨʘʩʩʫʞʜʝʥʠʷ ʜʣʷ ʩʭʝʤʳ (3) ʧʨʠʚʦʜʷʪ ʢ ʫʩʣʦʚʠʶ 

ʫʩʪʦʡʯʠʚʦʩʪʠ 1
c

h

t
² . 

ʋʩʣʦʚʠʷ ʩʭʦʜʠʤʦʩʪʠ ʩʭʝʤ (2) ʠ (3) ʥʘʟʳʚʘʶʪ ʫʩʣʦʚʠʷʤʠ ʂʫʨʘʥʪʘ. 

ɼʣʷ ʩʭʝʤʳ (4): 
1 1

0
ie

c
h

wl
l

t

-- -
+ =. ʇʨʠ ʵʪʦʤ 

2

1
1

1 4 1 sin
2

c c

h h

l
t t w

= ¢
å õ

+ +æ ö
ç ÷

,   ʧʦʵʪʦʤʫ ʩʭʝʤʘ (4) ʙʝʟʫʩʣʦʚʥʦ ʫʩʪʦʡʯʠʚʘ. 
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ɻʝʦʤʝʪʨʠʯʝʩʢʠʡ ʢʨʠʪʝʨʠʡ ʫʩʪʦʡʯʠʚʦʩʪʠ ʩʭʝʤʳ ʙʝʛʫʱʝʛʦ ʩʯʝʪʘ 

ʀʤʝʝʪʩʷ ʧʨʦʩʪʦʡ ʛʝʦʤʝʪʨʠʯʝʩʢʠʡ ʢʨʠʪʝʨʠʡ, ʧʦʟʚʦʣʷʶʱʠʡ 

ʫʩʪʘʥʦʚʠʪʴ ʫʩʣʦʚʠʷ ʫʩʪʦʡʯʠʚʦʩʪʠ ʪʦʡ ʠʣʠ ʠʥʦʡ ʩʭʝʤʳ ʙʝʛʫʱʝʛʦ ʩʯʝʪʘ ʧʦ 

ʚʠʜʫ ʰʘʙʣʦʥʘ. ɸ ʠʤʝʥʥʦ, ʥʘ ʢʘʞʜʦʤ ʰʘʛʝ ʚʳʯʠʩʣʝʥʠʷ ʧʦ ʣʶʙʦʡ ʠʟ 

ʨʘʩʩʤʘʪʨʠʚʘʝʤʳʭ ʩʭʝʤ, ʚ ʦʜʥʦʡ ʠʟ ʪʦʯʝʢ ʰʘʙʣʦʥʘ ʨʘʟʥʦʩʪʥʘʷ ʬʫʥʢʮʠʷ 

ʠʱʝʪʩʷ, ʘ ʚ ʦʩʪʘʣʴʥʳʭ ʫʞʝ ʠʟʚʝʩʪʥʘ. ʇʨʦʚʝʜʝʤ ʭʘʨʘʢʪʝʨʠʩʪʠʢʫ ʫʨʘʚʥʝʥʠʷ 

(1) ʠʟ ʪʦʯʢʠ, ʛʜʝ ʨʝʰʝʥʠʝ ʠʱʝʪʩʷ. (ʍʘʨʘʢʪʝʨʠʩʪʠʢʦʡ ʷʚʣʷʝʪʩʷ ʧʨʷʤʘʷ
 

x ct const- = ). ɽʩʣʠ ʰʘʛʠ t ʠ h ʚʳʙʨʘʥʳ ʪʘʢ, ʯʪʦ ʵʪʘ ʭʘʨʘʢʪʝʨʠʩʪʠʢʘ 

ʧʝʨʝʩʝʢʘʝʪ ʦʪʨʝʟʦʢ ʩʦʝʜʠʥʷʶʱʠʡ ʪʦʯʢʠ ʰʘʙʣʦʥʘ, ʚ ʢʦʪʦʨʳʭ ʨʝʰʝʥʠʝ 

ʠʟʚʝʩʪʥʦ, ʪʦ ʩʭʝʤʘ ʙʫʜʝʪ ʫʩʪʦʡʯʠʚʦʡ. ɽʩʣʠ ʞʝ ʭʘʨʘʢʪʝʨʠʩʪʠʢʘ ʧʨʦʭʦʜʠʪ 

ʤʠʤʦ ʪʘʢʦʛʦ ʦʪʨʝʟʢʘ, ʪʦ ʥʝʫʩʪʦʡʯʠʚʦʡ. 

ʅʘ ʣʝʚʦʤ ʨʠʩ. ɸ ʧʦʢʘʟʘʥ ʩʣʫʯʘʡ, ʢʦʛʜʘ ʩʭʝʤʘ (2) ʫʩʪʦʡʯʠʚʘ. ʅʘ 

ʧʨʘʚʦʤ ʨʠʩ. ɸ ï ʢʦʛʜʘ ʥʝʫʩʪʦʡʯʠʚʘ. ʉʚʝʪʣʳʤ ʤʘʨʢʝʨʦʤ ʧʦʤʝʯʝʥʘ ʪʦʯʢʘ 

ʰʘʙʣʦʥʘ, ʚ ʢʦʪʦʨʦʡ ʨʝʰʝʥʠʝ ʠʱʝʪʩʷ, ʪʝʤʥʳʤʠ ï ʛʜʝ ʠʟʚʝʩʪʥʦ, ʧʫʥʢʪʠʨʦʤ ï

ʭʘʨʘʢʪʝʨʠʩʪʠʢʘ. 

 ʈʠʩ. ɸ   

  

ʅʘ ʨʠʩ. ɹ ʪʦ ʞʝ ʩʘʤʦʝ ʜʣʷ ʩʭʝʤʳ (3). 

ʈʠʩ.ɹ  

 

 

 

ɼʣʷ ʩʭʝʤ (4) ʠ (5) ʭʘʨʘʢʪʝʨʠʩʪʠʢʘ ʚʩʝʛʜʘ ʧʝʨʝʩʝʢʘʝʪ ʦʪʨʝʟʦʢ, 

ʩʦʝʜʠʥʷʶʱʠʡ ʪʦʯʢʠ, ʚ ʢʦʪʦʨʳʭ ʨʝʰʝʥʠʝ ʠʟʚʝʩʪʥʦ. ʅʘ ʨʠʩʫʥʢʘʭ ɺ  ʠ ɻ ʵʪʦʪ 

ʦʪʨʝʟʦʢ ʠʟʦʙʨʘʞʝʥ ʪʦʯʢʘʤʠ. 
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ʈʠʩ. ɺ                                                      ʈʠʩ. ɻ 

 

 

 

ʂʘʢ ʛʦʚʦʨʠʣʦʩʴ ʚʳʰʝ, ʯʝʪʳʨʝʭʪʦʯʝʯʥʘʷ ʩʭʝʤʘ (5) ʠʤʝʝʪ ʙʦʣʝʝ 

ʚʳʩʦʢʠʡ ʧʦʨʷʜʦʢ ʘʧʧʨʦʢʩʠʤʘʮʠʠ, ʯʝʤ ʪʨʝʭʪʦʯʝʯʥʳʝ, ʠ ʙʝʟʫʩʣʦʚʥʦ 

ʫʩʪʦʡʯʠʚʘʷ. ʆʜʥʘʢʦ ʦʥʘ ʠʤʝʝʪ ʥʝʜʦʩʪʘʪʦʢ, ʧʦ ʩʨʘʚʥʝʥʠʶ ʩ ʪʨʝʭʪʦʯʝʯʥʳʤʠ, 

- ʦʥʘ ʥʝ ʷʚʣʷʝʪʩʷ ʤʦʥʦʪʦʥʥʦʡ. 

ʈʘʟʥʦʩʪʥʘʷ ʩʭʝʤʘ ʥʘʟʳʚʘʝʪʩʷ ʤʦʥʦʪʦʥʥʦʡ, ʝʩʣʠ ʦʥʘ ʦʙʣʘʜʘʝʪ 

ʩʣʝʜʫʶʱʠʤ ʩʚʦʡʩʪʚʦʤ:  

ʠʟ ʪʦʛʦ, ʯʪʦ ʨʘʟʥʦʩʪʥʘʷ ʬʫʥʢʮʠʷ ,m nv  ʥʘ n-ʥʦʤ ʚʨʝʤʝʥʥʦʤ ʩʣʦʝ ʤʦʥʦʪʦʥʥʦ 

ʤʝʥʷʝʪʩʷ ʩ ʠʟʤʝʥʝʥʠʝʤ ʥʦʤʝʨʘ m, ʩʣʝʜʫʝʪ, ʯʪʦ ʦʥʘ ʙʫʜʝʪ ʪʘʢʞʝ ʤʦʥʦʪʦʥʥʦ 

ʤʝʥʷʪʴʩʷ ʠ ʥʘ (n+1) ïʦʤ ʩʣʦʝ. 

ʄʦʞʥʦ ʧʦʢʘʟʘʪʴ, ʯʪʦ ʣʠʥʝʡʥʘʷ ʤʦʥʦʪʦʥʥʘʷ ʨʘʟʥʦʩʪʥʘʷ ʩʭʝʤʘ ʜʣʷ 

ʫʨʘʚʥʝʥʠʷ ʧʝʨʝʥʦʩʘ ʥʝ ʤʦʞʝʪ ʠʤʝʪʴ ʚʪʦʨʦʡ ʠʣʠ ʙʦʣʝʝ ʚʳʩʦʢʠʡ ʧʦʨʷʜʦʢ 

ʪʦʯʥʦʩʪʠ.  

ɺ ʢʘʯʝʩʪʚʝ ʠʣʣʶʩʪʨʘʮʠʠ ʩʢʘʟʘʥʥʦʛʦ, ʨʘʩʩʤʦʪʨʠʤ ʟʘʜʘʯʫ: 

0 0

0 ( 0, 0)

0 , 1
x t

u u
x t

t x

u u
= =

µ µë
+ = > >î

µ µì
î = =í

      (7) 

ʅʠʞʝ ʥʘ ʧʝʨʚʦʤ ʨʠʩʫʥʢʝ ʧʦʢʘʟʘʥʦ ʪʦʯʥʦʝ ʨʝʰʝʥʠʝ ʵʪʦʡ ʟʘʜʘʯʠ ʥʘ 

ʥʝʢʦʪʦʨʳʡ ʤʦʤʝʥʪ ʚʨʝʤʝʥʠ, ʥʘ ʚʪʦʨʦʤ - ʧʦʣʫʯʘʝʤʦʝ ʩ ʧʦʤʦʱʴʶ 

ʤʦʥʦʪʦʥʥʦʡ ʩʭʝʤʳ (4), ʥʘ ʪʨʝʪʴʝʤ - ʩ ʧʦʤʦʱʴʶ ʥʝʤʦʥʦʪʦʥʥʦʡ ʩʭʝʤʳ (5). 
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ʊʦʯʥʦʝ ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ (7) 

 

ʈʝʰʝʥʠʝ ʟʘʜʘʯʠ (7), ʧʦʣʫʯʝʥʥʦʝ ʧʦ ʩʭʝʤʝ (4) 

 

ʈʝʰʝʥʠʝ ʟʘʜʘʯʠ (7), ʧʦʣʫʯʝʥʥʦʝ ʧʦ ʩʭʝʤʝ (5) 

 

ʇʨʠ ʙʳʩʪʨʦʧʝʨʝʤʝʥʥʳʭ ʨʝʰʝʥʠʷʭ ʦʙʳʯʥʦ ʠʩʧʦʣʴʟʫʶʪ ʩʭʝʤʳ 

ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ ʪʦʯʥʦʩʪʠ. 
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 II. ɺʘʨʠʘʮʠʦʥʥʳʝ ʠ ʧʨʦʝʢʮʠʦʥʥʳʝ ʤʝʪʦʜʳ ʨʝʰʝʥʠʷ ʢʨʘʝʚʳʭ ʟʘʜʘʯ. 

Ä1. ʉʚʝʜʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʡ ʟʘʜʘʯʠ ʢ ʚʘʨʠʘʮʠʦʥʥʦʡ. ʄʝʪʦʜ ʈʠʪʮʘ 

ʏʘʩʪʦ ʨʝʰʝʥʠʷ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʡ ʟʘʜʘʯʠ ʤʦʞʝʪ ʙʳʪʴ ʩʚʝʜʝʥʦ ʢ 

ʚʘʨʠʘʮʠʦʥʥʦʡ. ʈʘʩʩʤʦʪʨʠʤ  ʚ ʦʙʣʘʩʪʠ D ʟʘʜʘʯʫ 

0

Lu f

u
ä

=ëî
ì
=îí

          (1) 

ʇʫʩʪʴ L: 

ʘ) ʃʠʥʝʡʥʳʡ ʩʘʤʦʩʦʧʨʷʞʝʥʥʳʡ ʦʧʝʨʘʪʦʨ, ʪ.ʝ. ( , ) ( , )Lu v u Lv=  ʜʣʷ 

ʣʶʙʳʭ 0u v
ä ä
= =. 

ʙ) ʆʪʨʠʮʘʪʝʣʴʥʦ ʦʧʨʝʜʝʣʝʥʥʳʡ ʦʧʝʨʘʪʦʨ, ʪ.ʝ. ʜʣʷ ʣʶʙʦʛʦ u 

ʚʳʧʦʣʥʝʥʦ: 
2

( , )Lu u ug- ² , ʛʜʝ 0constg= >  

ɺ ʢʘʯʝʩʪʚʝ ʧʨʠʤʝʨʘ ʪʘʢʦʛʦ ʦʧʝʨʘʪʦʨʘ ʤʦʞʝʪ ʩʣʫʞʠʪʴ 

ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʡ ʦʧʝʨʘʪʦʨ: 

( )Au div k gradu qu= -        (2) 

ʛʜʝ 0k>  ʠ 0q> . ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʣʝʛʢʦ ʧʨʦʚʝʨʠʪʴ, ʯʪʦ ʚ ʵʪʦʤ ʩʣʫʯʘʝ 

22 2( , ) min
DD

dVAu u k u qu q uè ø- = Ð + ² Öñê ú  

ʈʘʩʩʤʦʪʨʠʤ ʩʣʝʜʫʶʱʠʡ ʬʫʥʢʮʠʦʥʘʣ: 

[] ( )( )2 , ,J u f u Lu u= -        (3) 

ɼʣʷ ʵʪʦʛʦ ʬʫʥʢʮʠʦʥʘʣʘ ʨʘʩʩʤʦʪʨʠʤ ʩʣʝʜʫʶʱʫʶ ʚʘʨʠʘʮʠʦʥʥʫʶ 

ʟʘʜʘʯʫ: 

[] min

0

J u

u
ä

ë ­î
ì
=îí

         (4) 

ʀʤʝʝʤ 
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[ ] []

( )

2( , ) ( , ) ( , ) ( , )

2 , ( , )

J u u J u f u Lu u L u u L u u

f Lu u L u u

d d d d d d

d d d

+ - = - - - =

= - -
 (5) 

ɺʘʨʠʘʮʠʷ ʬʫʥʢʮʠʦʥʘʣʘ, ʪʦ ʝʩʪʴ ʣʠʥʝʡʥʘʷ ʯʘʩʪʴ ʧʨʠʨʘʱʝʥʠʷ, ʨʘʚʥʘ 

ʥʫʣʶ ʧʨʠ 0Lu f- =. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʵʢʩʪʨʝʤʘʣʴ ʬʫʥʢʮʠʦʥʘʣʘ ʚ ʟʘʜʘʯʝ (4) 

ʷʚʣʷʝʪʩʷ ʨʝʰʝʥʠʝʤ ʟʘʜʘʯʠ (1). ʅʘ ʵʪʦʡ ʵʢʩʪʨʝʤʘʣʠ ʜʦʩʪʠʛʘʝʪʩʷ ʩʠʣʴʥʳʡ 

ʤʠʥʠʤʫʤ, ʧʦʩʢʦʣʴʢʫ   
2

( , )L u u ud d g d- ² .  

ʅʘʦʙʦʨʦʪ, ʧʫʩʪʴ u  ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ (1). ʊʦʛʜʘ ʩʦʦʪʥʦʰʝʥʠʝ (5) 

ʧʦʢʘʟʳʚʘʝʪ, ʯʪʦ 

[ ] [] ( , ) 0J u u J u L u ud d d+ - =- ² ʜʣʷ ʣʶʙʦʡ ʬʫʥʢʮʠʠ ( )u ud+ . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ (1) ʷʚʣʷʝʪʩʷ ʨʝʰʝʥʠʝʤ ʠ ʟʘʜʘʯʠ (4). 

ʆʙʨʘʪʠʤʩʷ ʢ ʠʟʣʦʞʝʥʠʶ ʤʝʪʦʜʘ ʈʠʪʮʘ. ʇʫʩʪʴ ʬʫʥʢʮʠʦʥʘʣ []J u , 

ʟʘʜʘʥʥʳʡ ʚʳʨʘʞʝʥʠʝʤ (3), ʦʧʨʝʜʝʣʝʥ ʥʘ ʤʥʦʞʝʩʪʚʝ u UÍ . ɺʳʙʝʨʝʤ 

ʥʝʢʦʪʦʨʫʶ ʩʠʩʪʝʤʫ ʣʠʥʝʡʥʦ-ʥʝʟʘʚʠʩʠʤʳʭ ʬʫʥʢʮʠʡ { }nj , ʪʘʢʠʭ, ʯʪʦ 

n UjÍ . ʌʠʢʩʠʨʫʝʤ ʧʨʦʠʟʚʦʣʴʥʦʝ ʥʘʪʫʨʘʣʴʥʦʝ ʯʠʩʣʦ N. ʆʙʦʟʥʘʯʠʤ, ʢʘʢ 

Nu  ʬʫʥʢʮʠʠ ʚʠʜʘ 

1

N

N k k

k

u cj
=

=ä          (6)  

ʀʭ ʩʦʚʦʢʫʧʥʦʩʪʴ ʦʙʨʘʟʫʝʪ ʤʥʦʞʝʩʪʚʦ 
NU . ɿʥʘʯʝʥʠʝ ʬʫʥʢʮʠʦʥʘʣʘ 

[ ]NJ u  ʟʘʚʠʩʠʪ ʦʪ ʚʳʙʦʨʘ ʢʦʵʬʬʠʮʠʝʥʪʦʚ 
kc . ʊʘʢʠʤ ʦʙʨʘʟʦʤ 

[ ] ( )1,...,N NJ u c c=F . 

ʆʙʦʟʥʘʯʠʤ ʪʦʯʥʦʝ ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ (4) ʢʘʢ u, ʘ ʤʠʥʠʤʘʣʴʥʦʝ 

ʟʥʘʯʝʥʠʝ ʬʫʥʢʮʠʦʥʘʣʘ [] []min
u U

J u J u m
Í

= =. ʄʠʥʠʤʫʤ [ ]NJ u  ʥʘ 

ʤʥʦʞʝʩʪʚʝ 
NU  ʦʙʦʟʥʘʯʠʤ ʢʘʢ 

Nm, ʘ ʬʫʥʢʮʠʶ, ʥʘ ʢʦʪʦʨʦʡ ʵʪʦʪ ʤʠʥʠʤʫʤ 

ʜʦʩʪʠʛʘʝʪʩʷ, ʢʘʢ Nu . ( [ ] [ ]min
N

N N N
U

J u J um = = ). ʇʦʩʢʦʣʴʢʫ, 



39 

 

1N NU U U+Í Í , ʪʦ 1N Nm m m+¢ ¢ . ʅʫʞʥʦ ʚʳʷʩʥʠʪʴ ʚʦʧʨʦʩ: ʩʭʦʜʠʪʩʷ ʣʠ 

?

N
N

u u
­¤
­ ? 

ʃʝʤʤʘ. ʇʫʩʪʴ ʩʠʩʪʝʤʘ ʬʫʥʢʮʠʡ { }kj  ʪʘʢʦʚʘ, ʯʪʦ ʜʣʷ 0e" > 

ʩʫʱʝʩʪʚʫʶʪ ( )N e ʠ 
Nu  ʪʘʢʠʝ, ʯʪʦ [ ] []NJ u J u e- <. ʊʦʛʜʘ N

N

m m
­¤
­  ʠ 

0N
N

u u
­¤

- ­ .  

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. ɺ ʩʦʦʪʚʝʪʩʪʚʠʝ ʩ ʫʩʣʦʚʠʷʤʠ ʣʝʤʤʳ ʤʦʞʥʦ ʚʳʙʨʘʪʴ 

e, ʧʦ ʥʝʤʫ ( )N e ʠ 
Nu  ʪʘʢ, ʯʪʦ 

[ ] [] [ ] []N N NJ u J u J u J ue m m> - ² - = -. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʨʠ ( )N Ne>  

ʩʧʨʘʚʝʜʣʠʚʦ 0 Nm m e¢ - <. 

ɼʘʣʝʝ, ʩʦʛʣʘʩʥʦ (5) ʠʤʝʝʤ: [ ] []N NJ u J um m- = - = 

2
( , )N N NLd d g d- ² , ʛʜʝ 

N Nu ud = -. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 
2 N

N

m me
d

g g

-
< < .   

ɺʳʙʨʘʚ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʧʦʣʦʞʠʪʝʣʴʥʳʭ 0ne­  ʠ 

ʩʦʦʪʚʝʪʩʪʚʫʶʱʫʶ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʚʦʟʨʘʩʪʘʶʱʠʭ N, ʧʦʣʫʯʘʝʤ, ʯʪʦ 

0N
N

u u
­¤

- ­ .        ʋʪʚʝʨʞʜʝʥʠʝ ʜʦʢʘʟʘʥʦ. 

ɺ ʫʩʣʦʚʠʷʭ ʣʝʤʤʳ ʬʠʛʫʨʠʨʫʝʪ ʬʫʥʢʮʠʷ u, ʢʦʪʦʨʘʷ ʟʘʨʘʥʝʝ ʥʘʤ 

ʥʝʠʟʚʝʩʪʥʘ. ʈʘʩʩʤʦʪʨʠʤ, ʧʨʠ ʢʘʢʠʭ ʜʦʩʪʘʪʦʯʥʳʭ ʫʩʣʦʚʠʷʭ ʙʫʜʫʪ 

ʚʳʧʦʣʥʝʥʳ ʫʩʣʦʚʠʷ ʣʝʤʤʳ. ʀʩʧʦʣʴʟʫʷ (5) ʠ ʥʝʨʘʚʝʥʩʪʚʦ ʂʦʰʠ ï

ɹʫʥʷʢʦʚʩʢʦʛʦ, ʠʤʝʝʤ:  

[ ] [] ( , )NJ u J u L Ld d d d- =- ¢ Ö, ʛʜʝ Nu ud= -. ʇʦʣʫʯʘʝʤ, ʯʪʦ ʜʣʷ 

ʚʳʧʦʣʥʝʥʠʷ ʫʩʣʦʚʠʡ ʣʝʤʤʳ ʜʦʩʪʘʪʦʯʥʦ, ʯʪʦʙʳ 0
N

Ld
­¤
­ . ʇʦʵʪʦʤʫ 

ʜʦʩʪʘʪʦʯʥʳʝ ʫʩʣʦʚʠʷ ʤʦʞʥʦ ʚʳʙʨʘʪʴ ʚ ʩʣʝʜʫʶʱʝʡ ʬʦʨʤʝ: 
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ʩʠʩʪʝʤʘ ʬʫʥʢʮʠʡ { }kj  ʪʘʢʦʚʘ, ʯʪʦ ʜʣʷ ʣʶʙʦʡ ʬʫʥʢʮʠʠ u UÍ  ʠ 

ʣʶʙʦʛʦ 0e>  ʩʫʱʝʩʪʚʫʶʪ ( )N e ʠ 
Nu  ʪʘʢʠʝ, ʯʪʦ ( )NL u u e- <, 

1Nu u- <. 

ɺ ʩʣʫʯʘʝ ʧʨʠʤʝʨʘ (2) ʜʦʩʪʘʪʦʯʥʦ, ʯʪʦʙʳ { }kj  ʙʳʣʘ ʪʘʢʦʚʘ, ʯʪʦ ʣʶʙʦʝ 

u UÍ  ʤʦʞʝʪ ʙʳʪʴ ʧʨʠʙʣʠʞʝʥʦ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʤ 
Nu  ʦʜʥʦʚʨʝʤʝʥʥʦ ʩ 

ʧʨʦʠʟʚʦʜʥʦʡ: Nu u e- < ʠ Nu u eÐ -Ð <. ʊʦʛʜʘ  

[ ] []

( )2 22 2

( , )

( ) max max

N

DD D

J u J u A

k q dV Ck q

d d

d d d d e

- =- =

å õè øÐ + ¢ + + Ð <ñ æ öê ú ç ÷

 

  ɸʣʛʦʨʠʪʤ ʧʦʠʩʢʘ 
Nu . 

ʉʦʛʣʘʩʥʦ (3) ʠ (6): 

[ ] ( )( )

( )1

1 1 1

2 , ,

2 , ( ), ,...,

N N N N

N N N

k k k k k k N

k k k

J u f u Lu u

f c L c c c cj j j
= = =

= - =

å õ å õ
- =Fæ ö æ ö

ç ÷ ç ÷
ä ä ä

    (7) 

ɼʣʷ ʧʦʠʩʢʘ ʤʠʥʠʤʫʤʘ ʬʫʥʢʮʠʠ F ʨʝʰʘʝʤ ʩʠʩʪʝʤʫ ʫʨʘʚʥʝʥʠʡ: 

0 ( 1,..., )
k

k N
c

µF
= =

µ
. ɼʠʬʬʝʨʝʥʮʠʨʫʷ (7) ʧʦ 

kc , ʠʤʝʝʤ: 

( )( )( ) ( )2 , , , 2 , 0k N k k N N kf Lu L u f Luj j j j- - = - = 

ɼʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ʢʦʵʬʬʠʮʠʝʥʪʦʚ 
kc  ʧʦʣʫʯʘʝʤ ʩʠʩʪʝʤʫ ʫʨʘʚʥʝʥʠʡ: 

( ), 0N kLu f j- = ( 1,..., )k N=       (8) 

ɿʘʤʝʪʠʤ, ʯʪʦ ʠʥʪʝʛʨʘʣ []J u  ʚ ʚʳʨʘʞʝʥʠʠ (8) ʥʝ ʬʠʛʫʨʠʨʫʝʪ. ʄʦʞʥʦ 

ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʦ ʠʩʢʘʪʴ ʧʨʠʙʣʠʞʝʥʥʦʝ ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ (1) ʚ ʬʦʨʤʝ (6). ɺ 

ʵʪʦʤ ʩʣʫʯʘʝ ʜʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ʢʦʵʬʬʠʮʠʝʥʪʦʚ 
kc  ʪʘʢʞʝ ʧʦʣʫʯʠʤ ʫʨʘʚʥʝʥʠʷ 

(8). ʕʪʦ ʙʫʜʝʪ ʷʚʣʷʪʩɹʷ ʤʝʪʦʜʦʤ ʈʠʪʮʘ ʚ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʡ ʬʦʨʤʝ. ʄʳ 
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ʚʚʦʜʠʣʠ ʠʥʪʝʛʨʘʣ []J u  ʠ ʨʘʩʩʤʘʪʨʠʚʘʣʠ ʠʥʪʝʛʨʘʣʴʥʳʝ ʩʦʦʪʥʦʰʝʥʠʷ ʜʣʷ 

ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ ʩʭʦʜʠʤʦʩʪʠ 
Nu  ʢ ʪʦʯʥʦʤʫ ʨʝʰʝʥʠʶ. 

ʀʩʩʣʝʜʫʝʤ ʫʨʘʚʥʝʥʠʷ (8). ʕʪʠ ʫʨʘʚʥʝʥʠʷ, ʠʩʧʦʣʴʟʫʷ 

ʩʘʤʦʩʦʧʨʷʞʝʥʥʦʩʪʴ ʦʧʝʨʘʪʦʨʘ L, ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ 

( )
1

, ,
N

k k m m

k

c L fj j j
=

å õ
=æ ö

ç ÷
ä . ʆʪʩʶʜʘ ʧʦʣʫʯʘʝʤ ʩʠʩʪʝʤʫ ʫʨʘʚʥʝʥʠʡ 

,

1

N

k m k m

k

ca b
=

=ä  ( 1,..., )m N=       (9) 

ʛʜʝ  
, ( , )k m k mLa j j= , ( , )m m fb j=        (10)  

ɼʦʢʘʞʝʤ ʝʜʠʥʩʪʚʝʥʥʦʩʪʴ ʨʝʰʝʥʠʷ ʩʠʩʪʝʤʳ (9). ɼʣʷ ʵʪʦʛʦ, ʢʘʢ ʠʟʚʝʩʪʥʦ, 

ʥʫʞʥʦ ʜʦʢʘʟʘʪʴ, ʯʪʦ ʦʜʥʦʨʦʜʥʘʷ ʩʠʩʪʝʤʘ  

,

1

0
N

kk m

k

ca
=

=ä           (11) 

ʠʤʝʝʪ ʪʦʣʴʢʦ ʪʨʠʚʠʘʣʴʥʦʝ ʨʝʰʝʥʠʝ. ʋʤʥʦʞʠʤ (11) ʥʘ mc  ʠ ʧʨʦʩʫʤʤʠʨʫʝʤ 

ʧʦ m. ʀʤʝʝʤ: 

,

1 1 1 1 1

1

0 ( , ) ( , )

( , ) ( , )

N

N N N

N N N N N

m k k m kk m m k k

m k k m k

N

k k

k

c c c c L c u L

c Lu u Lu

a j j j

j

= = = = =

=

= = = =

=

ä ä ä ä ä

ä

 

ʀʩʧʦʣʴʟʫʝʤ ʟʥʘʢʦʦʧʨʝʜʝʣʝʥʥʦʩʪʴ ʦʧʝʨʘʪʦʨʘ L. ʀʤʝʝʤ: 

2

0 ( , )
N N N

u Lu ug=- ² . ʉʣʝʜʦʚʘʪʝʣʴʥʦ 0
N

u = , ʯʪʦ ʜʦʢʘʟʳʚʘʝʪ 

ʝʜʠʥʩʪʚʝʥʥʦʩʪʴ ʨʝʰʝʥʠʷ (9). 

ʀʪʘʢ, ʟʘʜʘʯʘ ʧʦʠʩʢʘ Nu  ʩʚʦʜʠʪʩʷ ʢ ʨʝʰʝʥʠʶ ʣʠʥʝʡʥʦʡ 

ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʩʠʩʪʝʤʳ ʫʨʘʚʥʝʥʠʡ (9), ʠʤʝʶʱʝʡ ʝʜʠʥʩʪʚʝʥʥʦʝ ʨʝʰʝʥʠʝ.  
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ɼʣʷ ʧʨʠʤʝʨʘ (2) ʢʦʵʬʬʠʮʠʝʥʪʳ [ ],n m n m n m

D

k q dVa j j jj=- Ð Ð +ñ , ʘ 

n n

D

fdVb j=ñ  

ʈʘʩʩʤʦʪʨʝʥʥʳʡ ʤʝʪʦʜ ʈʠʪʮʘ ʦʪʥʦʩʠʪʩʷ ʢ ʪʘʢ ʥʘʟʳʚʘʝʤʳʤ 

ʧʨʦʝʢʮʠʦʥʥʳʤ ʤʝʪʦʜʘʤ. ʉʦʦʪʥʦʰʝʥʠʶ (8) ʤʦʞʥʦ ʧʨʠʜʘʪʴ ʩʣʝʜʫʶʱʠʡ 

ʛʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ. ɺ ʢʘʯʝʩʪʚʝ ʧʨʠʙʣʠʞʝʥʥʦʛʦ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ (1) 

ʠʱʝʪʩʷ ʬʫʥʢʮʠʷ 
Nu  ʪʘʢʘʷ, ʯʪʦ ʧʨʦʝʢʮʠʷ ʚʝʢʪʦʨʘ ( )NLu f-  ʥʘ 

çʧʣʦʩʢʦʩʪʴè, ʦʙʨʘʟʦʚʘʥʥʫʶ ʚʝʢʪʦʨʘʤʠ 
1( ,..., )Nj j, ʨʘʚʥʘ ʥʫʣʶ. 

Ä2. ʇʨʦʝʢʮʠʦʥʥʳʝ ʤʝʪʦʜʳ 

ʂʨʘʪʢʦ, ʥʘ ʫʨʦʚʥʝ ʟʥʘʢʦʤʩʪʚʘ ʩ ʪʝʨʤʠʥʦʣʦʛʠʝʡ, ʫʢʘʞʝʤ ʥʝʢʦʪʦʨʳʝ 

ʧʨʦʝʢʮʠʦʥʥʳʝ ʤʝʪʦʜʳ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ (1) Ä1. 

ʄʝʪʦʜ ɻʘʣʝʨʢʠʥʘ.  

ʊʘʢ ʥʘʟʳʚʘʝʪʩʷ ʤʝʪʦʜ ʥʘʭʦʞʜʝʥʠʷ ʧʨʠʙʣʠʞʝʥʥʦʛʦ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ 

(1)Ä1 ʚ ʩʣʫʯʘʝ, ʢʦʛʜʘ ʦʧʝʨʘʪʦʨ L ʥʝ  ʷʚʣʷʝʪʩʷ ʩʘʤʦʩʦʧʨʷʞʝʥʥʳʤ ʠ 

ʟʥʘʢʦʦʧʨʝʜʝʣʝʥʥʳʤ. ɸʣʛʦʨʠʪʤ ʘʥʘʣʦʛʠʯʝʥ ʤʝʪʦʜʫ ʈʠʪʮʘ. ʇʨʠʙʣʠʞʝʥʥʦʝ 

ʨʝʰʝʥʠʝ ʠʱʝʪʩʷ ʚ ʚʠʜʝ ʨʘʟʣʦʞʝʥʠʷ ʧʦ ʙʘʟʠʩʥʳʤ ʬʫʥʢʮʠʷʤ 
1

N

N k k

k

u cj
=

=ä , 

ʛʜʝ ʢʦʵʬʬʠʮʠʝʥʪʳ ʦʧʨʝʜʝʣʷʶʪʩʷ ʠʟ ʩʠʩʪʝʤʳ ( ), 0N kLu f j- =, 

( 1,..., )k N= . 

ʄʝʪʦʜ ʥʘʠʤʝʥʴʰʠʭ ʢʚʘʜʨʘʪʦʚ. 

ɽʩʣʠ ʚ ʟʘʜʘʯʝ (1)Ä1 ʤʘʣʳʝ ʠʟʤʝʥʝʥʠʷ ʬʫʥʢʮʠʠ f ʧʨʠʚʦʜʷʪ ʢ ʤʘʣʳʤ 

ʠʟʤʝʥʝʥʠʷʤ ʨʝʰʝʥʠʷ u, ʪʦ ʝʩʪʴ ʦʙʨʘʪʥʳʡ ʦʧʝʨʘʪʦʨ 
1L-  ʦʛʨʘʥʠʯʝʥ, ʪʦ 

ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ ʤʦʞʥʦ ʠʩʢʘʪʴ ʠʟ ʫʩʣʦʚʠʷ ʤʠʥʠʤʠʟʘʮʠʠ ʬʫʥʢʮʠʦʥʘʣʘ 

ʥʝʚʷʟʢʠ: 

[]
2

L u f-   
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ʀʱʝʤ ʧʨʠʙʣʠʞʝʥʥʦʝ ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ ʚ ʚʠʜʝ 
1

N

N k k

k

u cj
=

=ä . ʋʩʣʦʚʠʝ 

ʤʠʥʠʤʫʤʘ  

[ ]
2

1 1 1

1

, 2 , ( , )

2 , 0

N N N

N k k k k k k

k k km m

N

k k m

k

L u f L c L c L c f f f
c c

L c f L

j j j

j j

= = =

=

å õµ µå õ å õ
- = - + =æ öæ ö æ öµ µ ç ÷ ç ÷ç ÷

å õ
= - =æ ö
ç ÷

ä ä ä

ä

 

ʇʨʠʚʦʜʠʪ ʢ ʩʣʝʜʫʶʱʝʡ ʩʠʩʪʝʤʦʡ ʫʨʘʚʥʝʥʠʡ ʜʣʷ ʦʧʨʝʜʝʣʝʥʠʷ 

ʢʦʵʬʬʠʮʠʝʥʪʦʚ 
kc : 

( )( ), ,N k kLu L f Lj j=   ( 1,..., )k N=  

ʄʝʪʦʜ ʤʦʤʝʥʪʦʚ 

ʄʝʪʦʜ ɻʘʣʝʨʢʠʥʘ ʜʣʷ ʠʥʪʝʛʨʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʥʘʟʳʚʘʶʪ ʤʝʪʦʜʦʤ 

ʤʦʤʝʥʪʦʚ. ʇʫʩʪʴ ʜʘʥʦ ʠʥʪʝʛʨʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ 

() ( )() (),

b

a

y x K x s y s ds f xl= +ñ  

ɽʛʦ ʧʨʠʙʣʠʞʝʥʥʦʝ ʨʝʰʝʥʠʝ ʠʱʫʪ ʚ ʚʠʜʝ ʨʘʟʣʦʞʝʥʠʷ ʧʦ ʥʝʢʦʪʦʨʦʡ 

ʙʘʟʠʩʥʦʡ ʩʠʩʪʝʤʝ ʬʫʥʢʮʠʡ { }kj , ʪ.ʝ. 

() ()
1

N

N k k

k

y x c f xl j
=

= +ä  

ʇʦʜʩʪʘʚʣʷʷ ʫʢʘʟʘʥʥʳʡ ʚʠʜ ʨʝʰʝʥʠʷ ʚ ʫʨʘʚʥʝʥʠʝ, ʧʦʣʫʯʘʝʤ:  

() ( ) () ()
1 1

,

bN N

k k k k

k ka

c x K x s c s f s dsl j l l j
= =

å õ
= +æ ö

ç ÷
ä äñ    

ʉʢʘʣʷʨʥʦ ʫʤʥʦʞʘʷ ʧʦʩʣʝʜʥʝʝ ʫʨʘʚʥʝʥʠʝ ʥʘ mj, ʧʨʠʭʦʜʠʤ ʢ ʣʠʥʝʡʥʦʡ 

ʩʠʩʪʝʤʝ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ: 



44 

 

,

1

N

k m k m

k

ca b
=

=ä  

ʛʜʝ () () ( ) () (), ,

b b b

n m n m n m

a a a

x x dx K x s s x dxdsa j j l j j= -è øê úñ ññ ,   ʘ 

( ) ()(),

b

m m

a

K x s x f s dsb j=ñ .  

ɽʩʣʠ ʩʠʩʪʝʤʘ { }kj  - ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʘʷ, ʪʦ ʜʘʥʥʳʡ ʤʝʪʦʜ ʵʢʚʠʚʘʣʝʥʪʝʥ 

ʟʘʤʝʥʝ ʷʜʨʘ ( ),K x s  ʥʘ ʚʳʨʦʞʜʝʥʥʦʝ:

 

( ) () ()
1

,
N

k k

k

K x s x sj
=

= Wä ,  ʛʜʝ 

() ( ) (),

b

k k

a

s K x s x dxjW =ñ  . ʇʨʠ ʵʪʦʤ ʟʥʘʯʝʥʠʷ 
mc  ʦʧʨʝʜʝʣʷʶʪʩʷ ʠʟ 

ʩʠʩʪʝʤʳ ʫʨʘʚʥʝʥʠʡ:  
,

1

N

m k m k m

k

c ca b
=

- =ä  , 

 ʛʜʝ  (), ( )

b

k m k m

a

x x dxa j= Wñ , ʘ ()( )

b

m m

a

s f s dsb = Wñ .  

ʆʙʦʙʱʝʥʥʳʡ ʤʝʪʦʜ ʤʦʤʝʥʪʦʚ 

ʄʝʪʦʜ ɻʘʣʝʨʢʠʥʘ ʠʤʝʝʪ ʨʘʟʥʦʚʠʜʥʦʩʪʠ ʠ ʦʙʦʙʱʝʥʠʷ. ɺ ʢʘʯʝʩʪʚʝ 

ʪʘʢʦʛʦ ʤʦʞʥʦ ʫʧʦʤʷʥʫʪʴ ʦʙʦʙʱʝʥʥʳʡ ʤʝʪʦʜ ʤʦʤʝʥʪʦʚ. 

ɽʩʣʠ ʩʫʱʝʩʪʚʫʝʪ ʦʧʝʨʘʪʦʨ B, ʪʘʢʦʡ ʯʪʦ ʦʧʝʨʘʪʦʨ L ʧʨʝʜʩʪʘʚʠʤ ʚ ʚʠʜʝ 

1 2L L L= +, ʛʜʝ 
2

1 1( , )Lu Bu ug² , 
2

2 2( , )L u Bu Bug² , ʪʦ ʨʝʰʝʥʠʝ ʠʱʫʪ ʚ 

ʚʠʜʝ (6), ʛʜʝ ʢʦʵʬʬʠʮʠʝʥʪʳ 
kc  ʦʧʨʝʜʝʣʷʶʪʩʷ ʠʟ ʩʠʩʪʝʤʳ ʫʨʘʚʥʝʥʠʡ 

( ), 0N kLu f Bj- =  ( 1,..., )k N=  

Ä3. ʈʘʟʥʦʩʪʥʳʝ ʩʭʝʤʳ ʜʣʷ ʫʨʘʚʥʝʥʠʡ ʩ ʨʘʟʨʳʚʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ, 

ʦʩʥʦʚʘʥʥʳʝ ʥʘ ʚʘʨʠʘʮʠʦʥʥʳʭ ʧʨʠʥʮʠʧʘʭ. ʄʝʪʦʜ ʢʦʥʝʯʥʳʭ ʵʣʝʤʝʥʪʦʚ. 

ɺ ʧʦʩʣʝʜʥʠʝ ʛʦʜʳ ʧʨʦʠʩʭʦʜʠʪ ʧʦʠʩʢ ʥʦʚʳʭ ʤʝʪʦʜʦʚ ʧʦʩʪʨʦʝʥʠʷ 

ʨʘʟʥʦʩʪʥʳʭ ʫʨʘʚʥʝʥʠʡ ʥʘ ʦʩʥʦʚʝ ʚʘʨʠʘʮʠʦʥʥʳʭ ʧʨʠʥʮʠʧʦʚ. ʆʜʥʦʡ ʠʟ 

ʮʝʥʪʨʘʣʴʥʳʭ ʧʨʠ ʵʪʦʤ ʷʚʣʷʝʪʩʷ ʠʜʝʷ ʠʩʧʦʣʴʟʦʚʘʥʠʷ ʚ ʢʘʯʝʩʪʚʝ ʙʘʟʠʩʥʳʭ 

ʬʫʥʢʮʠʡ - ʬʫʥʢʮʠʡ ʩ ʢʦʥʝʯʥʳʤ ʥʦʩʠʪʝʣʝʤ, ʪ.ʝ. ʪʘʢʠʭ, ʢʦʪʦʨʳʝ ʪʦʣʴʢʦ ʚ 
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ʩʨʘʚʥʠʪʝʣʴʥʦ ʥʝʙʦʣʴʰʦʡ (ʧʦʨʷʜʢʘ ʰʘʛʘ ʩʝʪʢʠ) ʦʢʨʝʩʪʥʦʩʪʠ ʦʪʣʠʯʥʳ ʦʪ 

ʥʫʣʷ, ʘ ʚʥʝ ʵʪʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ʨʘʚʥʳ ʥʫʣʶ. ʈʝʰʝʥʠʝ ʟʘʜʘʯʠ ʠʱʫʪʩʷ ʚ ʚʠʜʝ 

ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʠ ʬʫʥʢʮʠʡ ʩ ʢʦʥʝʯʥʳʤ ʥʦʩʠʪʝʣʝʤ (ʢʦʥʝʯʥʳʤ 

ʵʣʝʤʝʥʪʦʚ) ʧʨʠ ʥʝʠʟʚʝʩʪʥʳʭ ʢʦʵʬʬʠʮʠʝʥʪʘʭ, ʢʦʪʦʨʳʝ ʚʳʙʠʨʘʶʪʩʷ ʥʘ 

ʦʩʥʦʚʝ ʤʠʥʠʤʫʤʘ ʪʦʛʦ ʠʣʠ ʠʥʦʛʦ ʬʫʥʢʮʠʦʥʘʣʘ, ʩʚʷʟʘʥʥʦʛʦ ʩ 

ʚʘʨʠʘʮʠʦʥʥʳʤ ʧʨʠʥʮʠʧʦʤ. ʊʘʢʠʝ ʘʣʛʦʨʠʪʤʳ ʥʘʟʳʚʘʶʪʩʷ ʚʘʨʠʘʮʠʦʥʥʦ-

ʨʘʟʥʦʩʪʥʳʤʠ, ʧʨʦʝʢʮʠʦʥʥʦ-ʩʝʪʦʯʥʳʤʠ ʠʣʠ ʤʝʪʦʜʦʤ ʢʦʥʝʯʥʳʭ ʵʣʝʤʝʥʪʦʚ.  

ʈʘʩʩʤʦʪʨʠʤ ʩʧʦʩʦʙ ʧʦʩʪʨʦʝʥʠʷ ʢʦʥʩʝʨʚʘʪʠʚʥʦʡ ʨʘʟʥʦʩʪʥʦʡ ʩʭʝʤʳ, 

ʠʩʧʦʣʴʟʫʶʱʠʡ ʤʝʪʦʜ ʢʦʥʝʯʥʳʭ ʵʣʝʤʝʥʪʦʚ, ʜʣʷ ʢʨʘʝʚʦʡ ʟʘʜʘʯʠ: 

() () ()

()

()

0 0

1 0

0 1

u
p x q x u f x

x x

u

u

x

ëµ µå õ
- =æ öîµ µç ÷î

î
=ì

î =
î
î¢ ¢í

      (1) 

ʛʜʝ () 0 0p x p² > ʠ () 0q x ² . 

ʉʦʛʣʘʩʥʦ ʨʝʟʫʣʴʪʘʪʘʤ Ä1 ʵʪʘ ʟʘʜʘʯʘ ʵʢʚʠʚʘʣʝʥʪʥʘ ʟʘʜʘʯʝ: 

[]

() ()

min

0 0 , 1 0

J u

u u

ë ­î
ì

= =îí
        (2) 

ʛʜʝ   []
21

2

0

2
u

J u p qu fu dx
x

è øµå õ
= + +é ùæ ö

µç ÷é ùê ú
ñ  

ɹʫʜʝʤ ʨʝʰʘʪʴ ʧʦʩʣʝʜʥʶʶ ʟʘʜʘʯʫ, ʠʩʧʦʣʴʟʫʷ ʤʝʪʦʜ ʢʦʥʝʯʥʳʭ 

ʨʘʟʥʦʩʪʝʡ. ɺʚʦʜʠʤ ʨʘʚʥʦʤʝʨʥʫʶ ʩʝʪʢʫ 
1

, 0,1,...,h

iw x hi i N
h

ë û
= = = =ì ü
í ý

. 

ɸʧʧʨʦʢʩʠʤʠʨʫʝʤ ʬʫʥʢʮʠʶ ()u x  ʥʝʧʨʝʨʳʚʥʦʡ ʣʦʤʘʥʦʡ ʣʠʥʠʝʡ ()hu x , 

ʣʠʥʝʡʥʦʡ ʥʘ ʢʘʞʜʦʤ ʦʪʨʝʟʢʝ 1k kx x x+¢ ¢ :  
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() 1
1

h k k
k k

x x x x
u x v v

h h

+
+

- -
= +       (3) 

ʛʜʝ 
kv - ʥʝʢʦʪʦʨʳʝ, ʧʦʜʣʝʞʘʱʠʝ ʦʧʨʝʜʝʣʝʥʠʶ ʟʥʘʯʝʥʠʷ. ɺʚʝʜʝʤ 

ʩʣʝʜʫʶʱʠʝ ʦʙʦʟʥʘʯʝʥʠʷ:   ()1
k

k

x x
w x

h

-
=  , () 1

2
k

k

x x
w x

h

+-=  .ʊʦʛʜʘ 

ʬʦʨʤʫʣʘ (3) ʧʝʨʝʧʠʰʝʪʩʷ ʚ ʚʠʜʝ:
 
() 2 1 1( ) ( )h

k k k ku x w x v w x v+= +  . ʇʨʠ ʵʪʦʤ 

ʩʝʪʦʯʥʘʷ ʬʫʥʢʮʠʷ ()hu x  ʥʘ ʚʩʝʤ ʦʪʨʝʟʢʝ 0 1x¢ ¢ ʧʨʝʜʩʪʘʚʠʤʘ ʚ ʚʠʜʝ 

ʩʫʤʤʳ: 

() ()
0

N
h h

k k

k

u x v xj
=

=ä         (4) 

ʛʜʝ ʬʫʥʢʮʠʠ ()h

i xj  ʦʧʨʝʜʝʣʷʶʪʩʷ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ:  

()

[ ]

[ ]

[ ]

1
1

1
1

1 1

, ,

, ,

0, ,

1,2,..., 1

k
k k

kh
k kk

k k

x x
x x x

h

x x
x x xx

h

x x x

k N

j

-
-

+
+

- +

-ë
Íî

î
-î Í=ì

î
Îî

î
= -í

 

()
[ ]

[ ]

1
1

0

1

, 0,

0, 0,

h

x x
x x

hx

x x

j

-ë
Íî

=ì
î Îí     

()
[ ]

[ ]

1

1

1
, ,1

0, ,1

Nh

N

N

x
x x

hx

x x

j
-

-

-ë
Íî

=ì
î Îí

 

 

ʊʝʧʝʨʴ ʧʦʜʩʪʘʚʠʤ ʧʦʣʫʯʝʥʥʫʶ ʘʧʧʨʦʢʩʠʤʘʮʠʶ (4) ʬʫʥʢʮʠʠ ()u x  ʚ 

ʬʫʥʢʮʠʦʥʘʣ []J u : 

( )
21

2

0

2
h

h h hu
J u p q u fu dx

x

è øå õµ
è ø= + +é ùæ öê ú µé ùç ÷ê ú
ñ   
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ʋʯʠʪʳʚʘʷ, ʯʪʦ  
()1 1kw x

x h

µ
=

µ   
 ʠ  

()2 1kw x

x h

µ
=-

µ
, ʤʝʥʷʷ ʩʫʤʤʠʨʦʚʘʥʠʝ 

ʠ ʠʥʪʝʛʨʠʨʦʚʘʥʠʝ ʤʝʩʪʘʤʠ, ʧʦʣʫʯʠʤ: 

1 2 21
1 1

2
0

2k

k

xN
h k k k k

k x

v v v v
J u p dx

h

+-
+ +

=

ë - +î
è ø= +ìê ú

îí
ä ñ

 

( ) ( )
1

2 2 2 2

1 1 1 2 1 2 1 1 22 2
k

k

x

k k k k k k k k k k k k

x

q w v w w v v w v f w v w v dx
+

+ + +

ûî
è ø+ + + + + üê ú

îý
ñ  

ʋʩʣʦʚʠʝʤ ʤʠʥʠʤʫʤʘ ʵʪʦʛʦ ʬʫʥʢʮʠʦʥʘʣʘ ʷʚʣʷʝʪʩʷ ʩʣʝʜʫʶʱʘʷ ʩʠʩʪʝʤʘ 

ʨʘʚʝʥʩʪʚ: 

0

h

k

J u

v

è øµê ú=
µ

 

 ʜʣʷ 1,2,..., 1k N= -. 

ʋʯʠʪʳʚʘʷ ʚʠʜ ʬʫʥʢʮʠʡ 
1kw  ʠ 

2kw , ʧʨʠʭʦʜʠʤ ʢ ʩʠʩʪʝʤʝ ʫʨʘʚʥʝʥʠʡ 

ʜʣʷ ʦʧʨʝʜʝʣʝʥʠʷ 
kv : 

1 1

0 0

k k k k k k k

N

A v B v C v F

v v

- ++ + =-ë
ì
= =í

       (5) 

ʛʜʝ 
( )1,2

1 1

2 2

k
k k

A p q
- -

= - , 
( )1,2

1 1

2 2

k
k k

B p q
+ +

= - , 
( ) ( )1,2 1,2

1 1 1 1

2 2 2 2

k
k k k k

C p p q q
- + - +

= + + + , 

1

1

1 2

k k

k k

x x

k k k

x x

F fw dx fw dx
+

-

= +ñ ñ  

ʇʨʠ ʵʪʦʤ ()
1

1 2

2

1 k

k

x

k
x

p p x dx
h

+

+
= ñ , ʘ 

( )
1

,

1 , ,

2

k

k

x

i j

i k j k
k

x

q w w qdx
+

+
=ñ , ʛʜʝ { }, 1,2i j = . 

ɿʘʜʘʯʘ (5) ʤʦʞʝʪ ʙʳʪʴ ʨʝʰʝʥʘ ʤʝʪʦʜʦʤ ʧʨʦʛʦʥʢʠ. ʆʧʨʝʜʝʣʠʚ 
kv , ʠʟ 

(4) ʧʦʣʫʯʘʝʤ ʧʨʠʙʣʠʞʝʥʥʦʝ ʨʝʰʝʥʠʝ ()hu x  ʟʘʜʘʯʠ (1). 
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ʈʝʰʝʥʠʝ ʠʩʢʘʣʦʩʴ ʚ ʚʠʜʝ ʥʝʧʨʝʨʳʚʥʦʡ ʢʫʩʦʯʥʦ-ʣʠʥʝʡʥʦʡ ʬʫʥʢʮʠʠ, 

ʦʙʝʩʧʝʯʠʚʘʶʱʝʡ ʘʧʧʨʦʢʩʠʤʘʮʠʶ ʪʦʯʥʦʛʦ ʨʝʰʝʥʠʷ. ɺʘʨʠʘʮʠʦʥʥʳʡ ʤʝʪʦʜ 

ʧʦʩʪʨʦʝʥʠʷ ʨʘʟʥʦʩʪʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʤʦʞʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ʜʣʷ ʧʦʣʫʯʝʥʠʷ 

ʧʨʠʙʣʠʞʝʥʥʦʛʦ ʨʝʰʝʥʠʷ ʣʶʙʦʛʦ ʧʦʨʷʜʢʘ ʪʦʯʥʦʩʪʠ. ʉ ʵʪʦʡ ʮʝʣʴʶ 

ʥʝʦʙʭʦʜʠʤʦ ʚʤʝʩʪʦ ʧʨʦʩʪʝʡʰʠʭ ʠʥʪʝʨʧʦʣʷʮʠʦʥʥʳʭ ʬʦʨʤʫʣ ʚʳʙʨʘʪʴ ʙʦʣʝʝ 

ʪʦʯʥʳʝ. ʇʝʨʝʭʦʜ ʦʪ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʡ ʟʘʜʘʯʠ ʢ ʚʘʨʠʘʮʠʦʥʥʦʡ 

ʦʙʝʩʧʝʯʠʚʘʝʪ ʚʳʧʦʣʥʝʥʠʝ ʟʘʢʦʥʦʚ ʩʦʭʨʘʥʝʥʠʷ, ʯʪʦ ʚʘʞʥʦ ʩ ʪʦʯʢʠ ʟʨʝʥʠʷ 

ʢʦʥʩʝʨʚʘʪʠʚʥʦʩʪʠ ʧʦʣʫʯʘʝʤʦʡ ʨʘʟʥʦʩʪʥʦʡ ʩʭʝʤʳ. 

 

Ä4. ɺʘʨʠʘʮʠʦʥʥʳʡ ʧʦʜʭʦʜ ʢ ʨʝʰʝʥʠʶ ʟʘʜʘʯʠ ʐʪʫʨʤʘ-ʃʠʫʚʠʣʣʷ. 
 

ʈʘʩʩʤʦʪʨʠʤ ʟʘʜʘʯʫ ʐʪʫʨʤʘ-ʃʠʫʚʠʣʣʷ  

0

0

u u

u

l

S

D + =ëî
ì
=îí

         (1) 

ʚ ʦʙʣʘʩʪʠ G. ʉʯʠʪʘʝʤ, ʯʪʦ ( ) ()() ()()2 1
u M C G C GÍ Æ . ʆʙʦʟʥʘʯʠʤ 

( , )
G

fg dv f g=ñ . 

ʋʤʥʦʞʘʷ ʫʨʘʚʥʝʥʠʝ ʟʘʜʘʯʠ (1) ʥʘ u, ʠʥʪʝʛʨʠʨʫʷ ʧʦ ʦʙʣʘʩʪʠ G  ʠ 

ʧʨʠʤʝʥʷʷ ʬʦʨʤʫʣʫ ɻʨʠʥʘ ʧʦʣʫʯʘʝʤ:  ( , ) ( , ) ( , )u u u u u ulÖ =- D = Ð Ð.   

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʜʣʷ ʬʫʥʢʮʠʦʥʘʣʘ []
( , )

( , )

u u
I u

u u

Ð Ð
=  ʙʫʜʝʪ ʚʳʧʦʣʥʝʥʦ:  

ʝʩʣʠ u  - ʩʦʙʩʪʚʝʥʥʘʷ ʬʫʥʢʮʠʷ ʟʘʜʘʯʠ (1), ʘ l - ʩʦʦʪʚʝʪʩʪʚʝʥʥʦʝ 

ʩʦʙʩʪʚʝʥʥʦʝ ʟʥʘʯʝʥʠʝ, ʪʦ []I u l= . 

ʈʘʩʩʤʦʪʨʠʤ ʪʝʧʝʨʴ ʚʘʨʠʘʮʠʦʥʥʫʶ ʟʘʜʘʯʫ: 

[] min

0

I u

u
S

ë ­î
ì
=îí

         (2) 
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ʇʦʢʘʞʝʤ, ʯʪʦ ʝʩʣʠ 0u¸  ʷʚʣʷʝʪʩʷ ʨʝʰʝʥʠʝʤ ʟʘʜʘʯʠ (2), ʪʦ u - 

ʩʦʙʩʪʚʝʥʥʘʷ ʬʫʥʢʮʠʷ ʟʘʜʘʯʠ (1), ʘ []I um=
 
ʷʚʣʷʝʪʩʷ ʥʘʠʤʝʥʴʰʠʤ 

ʩʦʙʩʪʚʝʥʥʳʤ ʟʥʘʯʝʥʠʝʤ ʟʘʜʘʯʠ (1). 

ʈʘʩʩʤʦʪʨʠʤ ʧʨʠʨʘʱʝʥʠʝ ʬʫʥʢʮʠʦʥʘʣʘ 

[ ] []
( ) ( )( ), ( ) ,

( , ) ( , )

u u u u u u
I u u I u

u u u u u u

d d
d

d d

Ð + Ð + Ð Ð
+ - = -

+ +
 

ʃʠʥʝʡʥʘʷ ʯʘʩʪʴ ʵʪʦʛʦ ʧʨʠʨʘʱʝʥʠʷ, ʪʦ ʝʩʪʴ ʚʘʨʠʘʮʠʷ ʬʫʥʢʮʠʦʥʘʣʘ, ʨʘʚʥʘ 

( ) ( )
2

, ( , ) , ( , )
2

( , )

u u u u u u u u
I

u u

d d
d

Ð Ð - Ð Ð
=  

ʀʩʧʦʣʴʟʫʷ ʨʘʚʝʥʩʪʚʦ []
( , )

( , )

u u
I u

u u
m

Ð Ð
= =, ʧʦʣʫʯʘʝʤ 

( )
( )

, ( , ) 2
2 ,

( , ) ( , )

u u u u
I u u u

u u u u

d m d
d m d

Ð Ð - -
= = D +  

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʵʢʩʪʨʝʤʘʣʴ ʬʫʥʢʮʠʦʥʘʣʘ []I u  ʦʧʨʝʜʝʣʷʝʪʩʷ ʫʨʘʚʥʝʥʠʝʤ 

0u umD + =. ʂʨʦʤʝ ʪʦʛʦ, ʩʦʛʣʘʩʥʦ (2), 0u
S
= . ʇʦʩʢʦʣʴʢʫ ʤʠʥʠʤʫʤ 

ʬʫʥʢʮʠʦʥʘʣʘ ʜʦʩʪʠʛʘʝʪʩʷ ʥʘ ʵʢʩʪʨʝʤʘʣʠ, ʪʦ ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ (2) ʷʚʣʷʝʪʩʷ 

ʨʝʰʝʥʠʝʤ ʟʘʜʘʯʠ ʐʪʫʨʤʘ-ʃʠʫʚʠʣʣʷ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʴ 

ʟʘʜʘʯ (1) ʠ (2) ʜʦʢʘʟʘʥʘ. 

ʉʦʛʣʘʩʥʦ ʩʢʘʟʘʥʥʦʤʫ ʚʳʰʝ, ʣʶʙʦʝ ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ (1) ʫʜʦʚʣʝʪʚʦʨʷʝʪ 

ʨʘʚʝʥʩʪʚʫ []I ul= . ʇʦʵʪʦʤʫ, []min I um l= ¢. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, m 

ʚ̫ʣʷʝʪʩʷ ʥʘʠʤʝʥʴʰʠʤ ʩʦʙʩʪʚʝʥʥʳʤ ʟʥʘʯʝʥʠʝʤ ʟʘʜʘʯʠ (1).  

III. ɸʩʠʤʧʪʦʪʠʯʝʩʢʠʝ ʤʝʪʦʜʳ. 

Ä1.  ʄʝʪʦʜ ʤʘʣʦʛʦ ʧʘʨʘʤʝʪʨʘ. 

ʄʘʣʳʡ ʧʘʨʘʤʝʪʨ ʚ ʟʘʜʘʯʘʭ ʤʦʞʝʪ ʚʦʟʥʠʢʘʪʴ ʧʦ ʨʘʟʥʳʤ ʧʨʠʯʠʥʘʤ. 

ʕʪʦ ʤʦʞʝʪ ʙʳʪʴ ʤʘʣʳʡ ʢʦʵʬʬʠʮʠʝʥʪ ʠʣʠ ʤʘʣʦʝ ʦʪʥʦʰʝʥʠʝ ʢʘʢʠʭ ʪʦ 

ʚʝʣʠʯʠʥ. ʂʘʢ ʠʟʚʝʩʪʥʦ, ʤʥʦʛʠʝ ʬʠʟʠʯʝʩʢʠʝ ʟʘʜʘʯʠ ʦʧʠʩʳʚʘʶʪʩʷ 
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ʥʝʣʠʥʝʡʥʳʤʠ ʫʨʘʚʥʝʥʠʷʤʠ, ʘʥʘʣʠʪʠʯʝʩʢʠʝ ʨʝʰʝʥʠʷ ʢʦʪʦʨʳʭ ʤʦʛʫʪ ʙʳʪʴ 

ʥʘʡʜʝʥʦ ʣʠʰʴ ʚ ʨʝʜʢʠʭ ʩʣʫʯʘʷʭ. ʆʜʥʘʢʦ ʯʘʩʪʦ ʚ ʬʠʟʠʢʝ ʚʩʪʨʝʯʘʶʪʩʷ 

ʟʘʜʘʯʠ ʩ ʪʘʢ ʥʘʟʳʚʘʝʤʦʡ ʩʣʘʙʦʡ ʥʝʣʠʥʝʡʥʦʩʪʴʶ. ɺ ʪʘʢʠʭ ʟʘʜʘʯʘʭ 

ʥʝʣʠʥʝʡʥʳʝ ʯʣʝʥʳ ʤʘʣʳ ʧʦ ʩʨʘʚʥʝʥʠʶ ʩ ʣʠʥʝʡʥʦʡ ʯʘʩʪʴʶ. ʕʪʦ ʦʪʥʦʰʝʥʠʝ 

ʤʘʣʦʩʪʠ ʤʦʞʥʦ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʢʘʢ ʤʘʣʳʡ ʧʘʨʘʤʝʪʨ. ʇʨʦʩʪʝʡʰʠʤ 

ʧʨʠʤʝʨʦʤ ʷʚʣʷʝʪʩʷ ʟʘʜʘʯʘ ʦ ʩʚʦʙʦʜʥʳʭ ʢʦʣʝʙʘʥʠʷʭ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ 

ʤʘʷʪʥʠʢʘ. ʀʟ ʢʫʨʩʘ ʤʝʭʘʥʠʢʠ ʠʟʚʝʩʪʥʦ, ʯʪʦ ʪʦʯʥʦʝ ʫʨʘʚʥʝʥʠʝ, 

ʦʧʠʩʳʚʘʶʱʝʝ ʢʦʣʝʙʘʥʠʷ, ʚʳʛʣʷʜʠʪ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: 

2

2
sin 0

u
k u

t

µ
+ =

µ          (1) 

ʇʦʩʢʦʣʴʢʫ ʵʪʦ ʫʨʘʚʥʝʥʠʝ ʘʥʘʣʠʪʠʯʝʩʢʠ ʥʝ ʨʝʰʘʝʪʩʷ, ʪʦ ʦʙʳʯʥʦ 

ʨʘʩʩʤʘʪʨʠʚʘʶʪ ʣʠʰʴ ʩʣʫʯʘʡ ʧʨʝʜʝʣʴʥʦ ʤʘʣʳʭ ʢʦʣʝʙʘʥʠʡ, ʧʨʠ ʢʦʪʦʨʳʭ 

ʧʦʣʘʛʘʶʪ, ʯʪʦ sinu uº . ʊʦʛʜʘ ʧʦʣʫʯʘʝʤ: 

2

2
0

u
ku

t

µ
+ =

µ
. ʈʝʰʝʥʠʝ ʵʪʦʛʦ 

ʚʳʨʦʞʜʝʥʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʭʦʨʦʰʦ ʠʟʚʝʩʪʥʦ. ɽʩʣʠ ʞʝ ʥʘʩ ʠʥʪʝʨʝʩʫʝʪ ʙʦʣʝʝ 

ʪʦʯʥʦʝ ʨʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ (1), ʪʦ ʧʦʤʠʤʦ ʧʝʨʚʦʛʦ ʯʣʝʥʘ ʥʘʜʦ ʫʜʝʨʞʠʚʘʪʴ 

ʪʘʢʞʝ ʩʣʝʜʫʶʱʠʡ ʯʣʝʥ ʨʘʟʣʦʞʝʥʠʷ ʊʝʡʣʦʨʘ    

3

sin
3!

u
u uº - .    ʇʦʣʫʯʘʝʤ: 

2 3

2 6

u u
ku k

t

µ
+ =

µ
. ʇʨʝʜʩʪʘʚʠʤ u ʚ ʚʠʜʝ: ()0u u tj= , ʛʜʝ 

0u  ʠʤʝʝʪ ʩʤʳʩʣ 

ʘʤʧʣʠʪʫʜʳ ʢʦʣʝʙʘʥʠʡ. ʊʦʛʜʘ ʫʨʘʚʥʝʥʠʝ ʧʨʠʦʙʨʝʪʘʝʪ ʚʠʜ: 

22
30

2 6

u
k k

t

j
j j

µ
+ =

µ
. ɺʝʣʠʯʠʥʫ 

2

0

6

u
k , ʭʘʨʘʢʪʝʨʠʟʫʶʱʫʶ ʤʘʣʦʩʪʴ 

ʥʝʣʠʥʝʡʥʦʛʦ ʩʣʘʛʘʝʤʦʛʦ, ʤʦʞʥʦ ʚʟʷʪʴ ʟʘ ʤʘʣʳʡ ʧʘʨʘʤʝʪʨ m ʠ ʠʩʢʘʪʴ 

ʧʦʧʨʘʚʢʠ ʢ ʛʘʨʤʦʥʠʯʝʩʢʦʤʫ ʨʝʰʝʥʠʶ.  

ʈʝʛʫʣʷʨʥʳʡ ʩʣʫʯʘʡ. 

ʕʪʦʪ ʩʣʫʯʘʡ ʨʘʩʩʤʘʪʨʠʚʘʣʩʷ ʚ ʢʫʨʩʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ. 

ʂʨʘʪʢʦ ʥʘʧʦʤʥʠʤ ʥʝʢʦʪʦʨʳʝ ʧʦʣʫʯʝʥʥʳʝ ʨʝʟʫʣʴʪʘʪʳ. 



51 

 

ʈʘʩʩʤʦʪʨʠʤ ʟʘʜʘʯʫ: 

( )

0

0

, ,

t

dy
f y t

dt

y y

m

=

ë
=î

ì
î =
í

         (2) 

ʥʘ ʠʥʪʝʨʚʘʣʝ ʟʥʘʯʝʥʠʡ 0 t T¢ ¢. ʇʫʩʪʴ ʠʟʚʝʩʪʥʦ ʨʝʰʝʥʠʝ y  ʚr ʨʦʞʜʝʥʥʦʡ 

ʟʘʜʘʯʠ: 

( )
0

0

, ,0

t

d y
f y t

dt

y y
=

ë
=î

ì
î =í

         (3) 

ɹʫʜʝʤ ʠʩʢʘʪʴ ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ (2) ʚ ʚʠʜʝ ʨʷʜʘ ʧʦ ʩʪʝʧʝʥʷʤ m: 

() () () ()2

0 1 2 ...y t y t y t y tm m= + + +     (4) 

ʇʦʜʩʪʘʚʠʤ ʪʘʢʦʡ ʚʠʜ ʨʝʰʝʥʠʷ ʚ ʧʨʘʚʫʶ ʯʘʩʪʴ ʫʨʘʚʥʝʥʠʷ (2), ʘ ʟʘʪʝʤ 

ʬʫʥʢʮʠʶ ( ), ,f y t m  ʪʘʢʞʝ ʨʘʟʣʦʞʠʤ ʧʦ ʩʪʝʧʝʥʷʤ m: 

( ) ( )
00

0 0 0

2

0 1 2 0 1

00

2 2 2
2 1

2 12

0 0 0

..., , , ,0

...
2

y yy y

y y y y y y

f f
f y y y t f y t y

y

yf f f
y y

y y y

mm

m m m

m m m m
m

m
m

==
==

= = =
= = =

è ø
å õ å õµ µé ù+ + + = + + +æ ö æ öé ùµ µç ÷ç ÷

é ùê ú

è ø
å õ å õå õµ µ µé ù+ + + +æ ö æ öæ öé ùµ µ µ µç ÷ ç ÷ ç ÷

é ùê ú

(5)
 

ʄʥʦʛʦʪʦʯʠʝ ʦʟʥʘʯʘʝʪ ʯʣʝʥʳ ʙʦʣʝʝ ʚʳʩʦʢʦʛʦ ʧʦʨʷʜʢʘ ʤʘʣʦʩʪʠ ʧʦ m. 

ʇʦʜʩʪʘʚʣʷʝʤ (4) ʠ (5) ʚ ʫʨʘʚʥʝʥʠʝ ʟʘʜʘʯʠ (2). ʇʨʠʨʘʚʥʠʚʘʝʤ ʯʣʝʥʳ 

ʩʪʦʷʱʠʝ ʧʨʠ ʦʜʠʥʘʢʦʚʦʡ ʩʪʝʧʝʥʠ m.   
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ʇʨʠ m ʚ ʥʫʣʝʚʦʡ ʩʪʝʧʝʥʠ ʧʦʣʫʯʘʝʤ: 

( )0
0

0

0 0

, ,0

t

dy
f y t

dt

y y
=

ë
=î

ì
î =
í

 

ʉ ʪʦʯʥʦʩʪʴʶ ʜʦ ʦʙʦʟʥʘʯʝʥʠʡ ʧʦʣʫʯʠʣʠ ʟʘʜʘʯʫ (3), ʨʝʰʝʥʠʝ ʢʦʪʦʨʦʡ 

ʧʦ ʧʨʝʜʧʦʣʦʞʝʥʠʶ ʠʟʚʝʩʪʥʦ.  

ɼʣʷ ʥʘʭʦʞʜʝʥʠʷ ʬʫʥʢʮʠʡ ()iy t , ʛʜʝ 1,2,...i=  ʧʦʣʫʯʘʝʤ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʟʘʜʘʯ, ʢʘʞʜʘʷ ʠʟ ʢʦʪʦʨʳʭ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʟʘʜʘʯʫ 

ʂʦʰʠ ʜʣʷ ʣʠʥʝʡʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ. ɼʣʷ 

ʦʧʨʝʜʝʣʝʥʠʷ ()iy t  ʠʤʝʝʤ:  

( )
( )0

0 1

0

, ,0
,..., , ,

0

i
i i i

i t

f y tdy
y Q y y t

dt y

y

m-

=

ë µ
= +î

µì
î =í

  

ʅʝʦʜʥʦʨʦʜʥʦʩʪʴ ( )0 1,..., , ,i iQ y y tm-  ʩʦʜʝʨʞʠʪ ʬʫʥʢʮʠʠ ()iy t , 

ʥʘʡʜʝʥʥʳʝ ʨʘʥʝʝ ʠʟ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʟʘʜʘʯ ʜʣʷ 
1 1,..., iy y- .  

ɺ ʢʫʨʩʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʙʳʣʦ ʜʦʢʘʟʘʥʦ, ʯʪʦ 

() () ( )1
0

n
i n

i

i

y t y t Om m+

=

- =ä  

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʤʦʞʥʦ ʥʘʡʪʠ ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ (2) ʩ ʥʝʦʙʭʦʜʠʤʦʡ 

ʩʪʝʧʝʥʴʶ ʪʦʯʥʦʩʪʠ. 

ʉʣʫʯʘʡ ʩʠʥʛʫʣʷʨʥʦʛʦ ʚʦʟʤʫʱʝʥʠʷ. 

ʂ ʵʪʦʤʫ ʩʣʫʯʘʶ ʦʪʥʦʩʷʪʩʷ ʟʘʜʘʯʠ, ʚ ʢʦʪʦʨʳʭ ʤʘʣʳʡ ʧʘʨʘʤʝʪʨ ʩʪʦʠʪ 

ʤʥʦʞʠʪʝʣʝʤ ʧʨʠ ʩʪʘʨʰʝʡ ʧʨʦʠʟʚʦʜʥʦʡ. ʈʘʩʩʤʦʪʨʠʤ ʩʣʝʜʫʶʱʫʶ ʟʘʜʘʯʫ: 
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( )

0

0

,

t

dy
f y t

dt

y y

m

=

ë
=î

ì
î =í

         (6) 

ʆʩʦʙʝʥʥʦʩʪʴʶ ʪʘʢʦʡ ʟʘʜʘʯʠ ʷʚʣʷʝʪʩʷ ʪʦ, ʯʪʦ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʝ 

ʚʳʨʦʞʜʝʥʥʦʝ ʫʨʘʚʥʝʥʠʝ ()( ), 0f y t t =  ʷʚʣʷʝʪʩʷ ʘʣʛʝʙʨʘʠʯʝʩʢʠʤ 

ʫʨʘʚʥʝʥʠʝʤ. ɽʛʦ ʨʝʰʝʥʠʝ ʚ ʦʙʱʝʤ ʩʣʫʯʘʝ ʥʝ ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʥʘʯʘʣʴʥʳʤ 

ʫʩʣʦʚʠʷʤ.  

ʂʨʦʤʝ ʪʦʛʦ, ʫʨʘʚʥʝʥʠʝ ()( ), 0f t tj =  ʤʦʞʝʪ ʠʤʝʪʴ ʥʝʩʢʦʣʴʢʦ ʢʦʨʥʝʡ 

- ʨʝʰʝʥʠʡ ()i tj . ɺʦʟʥʠʢʘʝʪ ʚʦʧʨʦʩ, ʢ ʢʘʢʦʤʫ ʠʟ ʥʠʭ ʩʪʨʝʤʠʪʩʷ ()y t  - 

ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ (6) - ʧʨʠ 0m­ ? 

ʅʘ ʧʨʠʚʝʜʝʥʥʦʤ 

ʨʠʩʫʥʢʝ ʠʟʦʙʨʘʞʝʥ ʩʣʫʯʘʡ, 

ʢʦʛʜʘ ʢʦʨʥʝʡ ()i tj  - ʪʨʠ. ɺ 

ʦʙʣʘʩʪʠ ʤʝʞʜʫ ʢʘʞʜʳʤʠ 

ʜʚʫʤʷ ʠʟ ʥʠʭ ʬʫʥʢʮʠʷ f  

ʩʦʭʨʘʥʷʝʪ ʟʥʘʢ, ʘ, 

ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʩʦʭʨʘʥʷʝʪ 

ʟʥʘʢ 
dy

dt
. ʉʪʨʝʣʢʘʤʠ ʧʦʢʘʟʘʥ 

ʭʦʜ ʠʥʪʝʛʨʘʣʴʥʳʭ ʢʨʠʚʳʭ ʩ 

ʨʦʩʪʦʤ t. ʈʘʩʩʤʦʪʨʠʤ 

ʦʙʣʘʩʪʴ ʚʦʢʨʫʛ ʢʦʨʥʷ ()2 tj . ɺʳʰʝ ()2 tj  ʠʥʪʝʛʨʘʣʴʥʳʝ ʢʨʠʚʳʝ 

ʦʧʫʩʢʘʶʪʩʷ ï ʬʫʥʢʮʠʷ f ʦʪʨʠʮʘʪʝʣʴʥʘ, ʘ ʥʠʞʝ ʢʨʠʚʳʝ ʧʦʜʥʠʤʘʶʪʩʷ ï 

ʧʦʣʦʞʠʪʝʣʴʥʘ. ʇʨʠ ʧʝʨʝʭʦʜʝ ʯʝʨʝʟ ʢʦʨʝʥʴ ()2 tj  ʬʫʥʢʮʠʷ f ʤʝʥʷʝʪ ʟʥʘʢ ʩ 

ʧʦʣʦʞʠʪʝʣʴʥʦʛʦ ʥʘ ʦʪʨʠʮʘʪʝʣʴʥʳʡ. ʀʥʪʝʛʨʘʣʴʥʳʝ ʢʨʠʚʳʝ ʩʭʦʜʷʪʩʷ ʢ ʪʦʤʫ 

ʢʦʨʥʶ, ʜʣʷ ʢʦʪʦʨʦʛʦ ()( ), 0n

f
t tj

j

µ
<

µ
. ʊʘʢʦʝ ʨʝʰʝʥʠʝ ()n tj  

ʚr ʨʦʞʜʝʥʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ()( ), 0f t tj =  ʚ̫ʣʷʝʪʩʷ ʫʩʪʦʡʯʠʚʳʤ. 
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ʆʙʣʘʩʪʴ ʚʣʠʷʥʠʷ ʥʝʢʦʪʦʨʦʛʦ ʢʦʨʥʷ ï ʵʪʘ ʦʙʣʘʩʪʴ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 

{ },t y , ʚ ʢʦʪʦʨʦʡ ʠʥʪʝʛʨʘʣʴʥʳʝ ʢʨʠʚʳʝ ʥʘʧʨʘʚʣʝʥʳ ʢ ʵʪʦʤʫ ʢʦʨʥʶ. 

ʀʤʝʝʪ ʤʝʩʪʦ ʪʝʦʨʝʤʘ, ʫʪʚʝʨʞʜʘʶʱʘʷ, ʯʪʦ ʝʩʣʠ ()i tj  ʷʚʣʷʝʪʩʷ 

ʫʩʪʦʡʯʠʚʳʤ ʢʦʨʥʝʤ ʚʳʨʦʞʜʝʥʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʠ ʥʘʯʘʣʴʥʦʝ ʟʥʘʯʝʥʠʝ 
0y  ʚ 

ʟʘʜʘʯʝ (7) ʥʘʭʦʜʠʪʩʷ ʚ ʦʙʣʘʩʪʠ ʚʣʠʷʥʠʷ ʵʪʦʛʦ ʢʦʨʥʷ, ʪʦ ʜʣʷ ʣʶʙʦʛʦ 0t>  

ʨʝʰʝʥʠʝ () ()0 iy t t
m

j
­

½½½­ . 

ɺ ʵʪʦʡ ʪʝʦʨʝʤʝ ʨʝʯʴ ʠʜʝʪ ʦ ʩʭʦʜʠʤʦʩʪʠ ()y t  ʢ ()i tj  ʧʨʠ 

ʬʠʢʩʠʨʦʚʘʥʥʦʤ 0t> . ʆʯʝʚʠʜʥʦ, ʨʘʚʥʦʤʝʨʥʦʡ ʩʭʦʜʠʤʦʩʪʠ ʥʝʪ, ʧʦʩʢʦʣʴʢʫ 

ʜʣʷ ʣʶʙʦʛʦ 0m>  ʤʦʞʥʦ ʚʳʙʨʘʪʴ 0t>  ʥʘʩʪʦʣʴʢʦ ʤʘʣʳʤ, ʯʪʦ ʨʘʟʥʦʩʪʴ 

() 0( ) (0)i iy t t yj j- º - . ʉʫʱʝʩʪʚʫʝʪ ʧʦʛʨʘʥʠʯʥʳʡ ʩʣʦʡ (ʦʙʣʘʩʪʴ ʟʥʘʯʝʥʠʡ 

t  ʚʙʣʠʟʠ ʥʫʣʷ), ʛʜʝ ʨʘʟʥʦʩʪʴ () ( )iy t tj-  ʙʳʩʪʨʦ ʫʙʳʚʘʝʪ, ʥʦ ʷʚʣʷʝʪʩʷ 

ʩʫʱʝʩʪʚʝʥʥʦʡ.  

ʇʦʩʪʨʦʝʥʠʝ ʨʘʚʥʦʤʝʨʥʦʡ ʘʩʠʤʧʪʦʪʠʢʠ. 

ɼʣʷ ʧʦʩʪʨʦʝʥʠʷ ʨʘʚʥʦʤʝʨʥʦʡ ʧʦ t  ʘʩʠʤʧʪʦʪʠʢʠ ʚ ʟʘʜʘʯʝ (6) ʩʪʨʦʷʪ 

ʨʷʜ, ʩʦʜʝʨʞʘʱʠʡ ʨʝʛʫʣʷʨʥʫʶ ʠ ʧʦʛʨʘʥʩʣʦʡʥʫʶ ʯʘʩʪʠ. 

() () () () ()0 1 0 1... ...y t y t y tm t m t= + + + P + P +è ø è øê ú ê ú   (7) 

ʛʜʝ 
t

t
m
= .   

ʇʨʘʚʘʷ ʯʘʩʪʴ ʫʨʘʚʥʝʥʠʷ (6) ʪʘʢʞʝ ʧʨʝʜʩʪʘʚʣʷʶʪ ʚ ʚʠʜʝ ʨʝʛʫʣʷʨʥʦʡ ʠ 

ʧʦʛʨʘʥʩʣʦʡʥʦʡ ʯʘʩʪʝʡ: 

() ()f F t t= +Y         (8) 

ʛʜʝ 

() () ()( )0 1 ...,F t f y t y t tm= + +  
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() ( ) ( ) () ()( )

( ) ( )( )

0 1 0 1

0 1

... ... ,

... ,

f y y

f y y

t mt m mt t m t mt

mt m mt mt

Y = + + + P + P + -è ø è øê ú ê ú

+ +è øê ú

 

ʌʫʥʢʮʠʠ ()F t  ʠ ()tY  ʨʘʩʢʣʘʜʳʚʘʶʪ ʚ ʨʷʜ ʊʝʡʣʦʨʘ ʧʦ ʩʪʝʧʝʥʷʤ 

ʧʘʨʘʤʝʪʨʘ m: 

2

0 1 2 ...
2

F F F F
m

m= + + + 

2

0 1 2 ...
2

m
mY=Y + Y + Y +  (9) 

ʇʦʜʩʪʘʚʣʷʝʤ (7) ʠ (8) ʚ ʚʠʜʝ (9) ʚ ʫʨʘʚʥʝʥʠʝ (6). ʇʨʠʨʘʚʥʠʚʘʝʤ 

ʩʣʘʛʘʝʤʳʝ ʧʨʠ ʦʜʠʥʘʢʦʚʳʭ ʩʪʝʧʝʥʷʭ m ʦʪʜʝʣʴʥʦ ʜʣʷ ʨʝʛʫʣʷʨʥʦʡ ʯʘʩʪʠ 

ʨʘʟʣʦʞʝʥʠʷ ʠ ʜʣʷ ʧʦʛʨʘʥʩʣʦʡʥʦʡ ʯʘʩʪʠ. ʋʯʠʪʳʚʘʝʤ, ʯʪʦ 
d d

dt d
m

t
= . 

ʇʦʣʫʯʘʝʤ: 

1i
i

dy
F

dt

- =          i
i

d

dt

P
=Y 

ʇʫʩʪʴ ʛʨʘʥʠʯʥʦʝ ʫʩʣʦʚʠʝ ʚ ʟʘʜʘʯʝ (6) ʟʘʚʠʩʠʪ ʦʪ m: 

()
2

0 0 0 0 0

0 1 2 ...
2

y y y y y
m

m m= = + + +
 

ʊʦʛʜʘ, ʧʨʠʨʘʚʥʷʚ ʩʣʘʛʘʝʤʳʝ ʧʨʠ 
0m, ʠʤʝʝʤ: 

()( )

() ()( ) ()( ) () ()( )

() ()

0

0
0 0 0 0 0

0

0 0 0

, 0

0 ,0 0 ,0 0 ,0

0 0

f y t t

d
f y f y f y

d

y y

t t
t

ë =
î
Pî
= +P - = +Pì

î
îP = -
í

 (10) 

ʇʨʠ 
1m ʧʦʣʫʯʘʝʤ: 
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()
()( ) ()

() ()( ) () ()

() ()

0

0 1

1
0 0 1 1

0

1 1 1

,

0 ,0

0 0

y

y

dy t
f y t t y t

dt

d
f y Q

d

y y

t t t
t

ë
¡=î

î
Pî

¡= +P P +ì
î
îP = -
î
í

     (11) 

ʛʜʝ ()1Q t - ʠʟʚʝʩʪʥʘʷ ʥʝʦʜʥʦʨʦʜʥʦʩʪʴ: 

() () ()( ) ()( ) () ()( )

() ()( ) ()( )

1 0 0 0 1 0

0 0 0

0 ,0 0 ,0 0 0

0 ,0 0 ,0

y y

t t

Q f y f y y y

f y f y

t t t

t t

è ø¡ ¡ ¡= +P - + +ê ú

è ø¡ ¡+P -ê ú

 

ʆʙʨʘʪʠʤ ʚʥʠʤʘʥʠʝ, ʯʪʦ ʧʝʨʚʦʝ ʠʟ ʫʨʘʚʥʝʥʠʡ (11) ʵʪʦ ʘʣʛʝʙʨʘʠʯʝʩʢʦʝ 

ʫʨʘʚʥʝʥʠʝ, ʠʟ ʢʦʪʦʨʦʛʦ ʥʘʭʦʜʠʪʩʷ 
1y  ʧʨʠ ʫʞʝ ʠʟʚʝʩʪʥʦʡ ʬʫʥʢʮʠʠ 

0y . 

ɼʣʷ ʧʨʦʠʟʚʦʣʴʥʦʡ ʩʪʝʧʝʥʠ 
im ʠʤʝʝʤ: 

()

() ()( ) () ()

() ()

0 0

0

0 ,0

0 0

i

i
y i i

i i i

y t ʦʧʨʝʜʝʣʷʝʪʩʷʠʟʘʣʛʝʙʨʘʠʯʝʩʢʦʛʦ ʫʨʘʚʥʝʥʠʷ

d
f y Q

d

y y

t t t
t

-ë
î
Pî

¡= +P P +ì
î
îP = -í

 

ʄʦʞʥʦ ʜʦʢʘʟʘʪʴ, ʯʪʦ  

( ) () ( )1
0

,
n

i n

i i

i

t
y t y t Om m m

m

+

=

å õå õ
- +P =æ öæ ö

ç ÷ç ÷
ä  

ʇʨʠʤʝʨ.    

2

0

(0 1)

1

2t

dy
y y t

dt

y

m

m
=

ë
= - ¢ ¢îî

ì
î = +
îí

     (12) 
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ʈʝʰʝʥʠʷʤʠ ʚʳʨʦʞʜʝʥʥʳʤʠ ʫʨʘʚʥʝʥʠʷ 
2 0y y- = ʷʚʣʷʶʪʩʷ ʬʫʥʢʮʠʠ 

() 0y t =  ʠ () 1y t =. ʋʩʪʦʡʯʠʚʳʤ ʠʟ ʥʠʭ ʙʫʜʝʪ ʪʦʣʴʢʦ ʚʪʦʨʦʝ ʨʝʰʝʥʠʝ, ʪ.ʢ. 

ʚ ʵʪʦʤ ʩʣʫʯʘʝ 1 2 0
f

y
y

µ
= - <

µ
. ʉʠʩʪʝʤʘ ʜʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ()0 tP  ʙʫʜʝʪ, 

ʩʦʛʣʘʩʥʦ (10), ʚʳʛʣʷʜʝʪʴ ʪʘʢ: 

( )( )
20

0 0

0 0

1 1

1

2

d

d

t

t

=

Pë
= +P - +Pîî

ì
îP =-
îí

 

ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʷʚʣʷʝʪʩʷ ʫʨʘʚʥʝʥʠʝʤ ɹʝʨʥʫʣʣʠ. 

ʈʝʰʝʥʠʝʤ ʩʠʩʪʝʤʳ ʙʫʜʝʪ ʬʫʥʢʮʠʷ ()0

1

1 et
tP =-

+
. ʇʦʣʫʯʘʝʤ 

ʘʩʠʤʧʪʦʪʠʯʝʩʢʦʝ ʧʨʠʙʣʠʞʝʥʠʝ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ (12) ʚ ʚʠʜʝ: 

() ()
1

1 t
y t O

e m
m

-
= +
+

 

ɼʣʷ ʧʦʣʫʯʝʥʠʷ ʩʣʝʜʫʶʱʝʛʦ ʯʣʝʥʘ ʨʘʟʣʦʞʝʥʠʷ ʚʳʧʠʰʝʤ ʩʠʩʪʝʤʫ ʜʣʷ 

ʦʧʨʝʜʝʣʝʥʠʷ ()1 tP  ʚ ʩʦʦʪʚʝʪʩʪʚʠʝ ʩ (11). 

1

1
1

1 0

0

1
1 2 1

1

1

y

d

d et

t

t

=

ë =
î
P å õî å õ
= - - Pì æ öæ ö+ç ÷ç ÷î

îP =í

  

ɽʝ ʨʝʰʝʥʠʝʤ ʙʫʜʝʪ ʬʫʥʢʮʠʷ ()
( )

1 2

4

1

e

e

t

t
tP =

+
. 

ʇʦʣʫʯʘʝʤ ʧʨʠʙʣʠʞʝʥʥʦʝ ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ (12) ʩ ʪʦʯʥʦʩʪʴʶ ( )2O m . 

ʆʥʦ ʠʤʝʝʪ ʚʠʜ:  
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()
( )

( )2

2

1 4

1 1

t

t
t

e
y t O

e e

m

m m
m m

-
= + +
+ +

  

Ä2.  ʄʝʪʦʜ ʦʩʨʝʜʥʝʥʠʷ  

ʈʘʩʩʤʦʪʨʠʤ ʣʘʤʧʦʚʳʡ ʛʝʥʝʨʘʪʦʨ 

ʢʦʣʝʙʘʥʠʡ. ʉʧʨʘʚʝʜʣʠʚʳ ʠʟʚʝʩʪʥʳʝ 

ʩʦʦʪʥʦʰʝʥʠʷ ʤʝʞʜʫ ʟʘʨʷʜʦʤ Q ʠ ʨʘʟʥʦʩʪʴʶ 

ʧʦʪʝʥʮʠʘʣʦʚ U  ʥʘ ʢʦʥʜʝʥʩʘʪʦʨʝ, ʪʦʢʦʤ I  

ʯʝʨʝʟ ʥʝʛʦ ʠ ʪʦʢʦʤ 
aI  ʚ ʘʥʦʜʥʦʡ ʮʝʧʠ ʣʘʤʧʳ:  

, , ( ),a

a

Q CU I Q I S U

LI U MI

= = =

=- +
 

ɿʜʝʩʴ ʪʦʯʢʦʡ ʦʙʦʟʥʘʯʝʥʘ ʧʨʦʠʟʚʦʜʥʘʷ ʧʦ ʚʨʝʤʝʥʠ, ʢʦʪʦʨʦʝ, ʚ ʩʚʦʶ 

ʦʯʝʨʝʜʴ, ʦʙʦʟʥʘʯʘʝʪʩʷ ʢʘʢ Ű; M ï ʦʧʨʝʜʝʣʷʝʪ 

ʩʣʘʙʫʶ ʠʥʜʫʢʪʠʚʥʫʶ ʩʚʷʟʴ ʢʘʪʫʰʢʠ ʚ ʘʥʦʜʥʦʡ 

ʮʝʧʠ ʠ ʚ ʮʝʧʠ ʫʧʨʘʚʣʷʶʱʝʡ ʩʝʪʢʠ, ( )aI S U=  

ʚʦʣʴʪ-ʘʤʧʝʨʥʘʷ  ʭʘʨʘʢʪʝʨʠʩʪʠʢʘ ʣʘʤʧʳ. ɹʫʜʝʤ 

ʩʯʠʪʘʪʴ, ʯʪʦ ʚ ʥʝʢʦʪʦʨʦʡ, ʠʥʪʝʨʝʩʫʶʱʝʡ ʥʘʩ ʦʙʣʘʩʪʠ ʟʥʘʯʝʥʠʡ U, ʦʥʘ ʵʪʘ 

ʭʘʨʘʢʪʝʨʠʩʪʠʢʘ ʦʧʠʩʳʚʘʝʪʩʷ ʩʦʦʪʥʦʰʝʥʠʝʤ 
2

0 1'( )S U S SU= - . ɽʝ ʚʠʜ 

ʧʦʢʘʟʘʥ ʥʘ ʨʠʩʫʥʢʝ.  

ʀʩʢʣʶʯʘʷ ʠʟ ʧʨʠʚʝʜʝʥʥʳʭ ʚʳʰʝ ʫʨʘʚʥʝʥʠʡ Q , 
aI  ʠ I , ʧʦʣʫʯʘʝʤ 

'( ) 0UCL MS U U U- + =. ɺʚʦʜʷ ʦʙʦʟʥʘʯʝʥʠʷ 1

0

S
U y

S
= , t

LC

t
=  ʠ 

0MS

LC
e=  ʠ ʩʯʠʪʘʷ e ʜʦʩʪʘʪʦʯʥʦ ʤʘʣʳʤ, ʚʩʣʝʜʩʪʚʠʝ ʤʘʣʦʩʪʠ ʠʥʜʫʢʪʠʚʥʦʡ 

ʩʚʷʟʠ ʧʦʣʫʯʘʝʤ ʫʨʘʚʥʝʥʠʷ ɺʘʥ-ʜʝʨ-ʇʦʣʷ, ʦʧʠʩʳʚʘʶʱʝʝ ʢʦʣʝʙʘʥʠʷ ʚ 

ʛʝʥʝʨʘʪʦʨʝ: 
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( )2

0

0

0

1 0

0

t

t

y y y y

y y

y

e

=

=

ë¡¡ ¡- - + =
î
î

=ì
î
¡ =îí

       (1) 

ɿʜʝʩʴ ʰʪʨʠʭ ʦʟʥʘʯʘʝʪ ʧʨʦʠʟʚʦʜʥʫʶ ʧʦ t . ɿʘʜʘʯʘ ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʥʘ 

ʙʦʣʴʰʦʤ ʧʨʦʤʝʞʫʪʢʝ ʚʨʝʤʝʥʠ 
1

0 ~t T O
e

å õ
¢ ¢ æ ö

ç ÷
. 

ʇʦʧʳʪʘʝʤʩʷ ʨʝʰʘʪʴ ʵʪʫ ʟʘʜʘʯʫ ʧʫʪʝʤ ʨʘʟʣʦʞʝʥʠʷ ʚ ʨʷʜ ʧʦ ʤʝʪʦʜʫ, 

ʠʟʣʦʞʝʥʥʦʤʫ ʚ ʧʨʝʜʳʜʫʱʝʤ ʧʘʨʘʛʨʘʬʝ. ʉʦʛʣʘʩʥʦ ʦʙʱʝʡ ʩʭʝʤʝ, ʠʱʝʤ 

ʨʝʰʝʥʠʝ ʚ ʚʠʜʝ: 

() () ()0 1 ...y t y t y te= + +       (2) 

ʈʝʰʝʥʠʝʤ ʚʳʨʦʞʜʝʥʥʦʡ ʟʘʜʘʯʠ (ʧʨʠ 0e= ) ʷʚʣʷʶʪʩʷ ʛʘʨʤʦʥʠʯʝʩʢʠʝ 

ʢʦʣʝʙʘʥʠʷ:  

() 0

0 cosy t y t=          (3) 

ʇʦʜʩʪʘʚʣʷʷ (2) ʠ (3) ʚ ʫʨʘʚʥʝʥʠʝ (1) ʠ ʧʨʠʨʘʚʥʠʚʘʷ ʯʣʝʥʳ ʩ 

ʤʥʦʞʠʪʝʣʝʤ e, ʧʦʣʫʯʘʝʤ ʫʨʘʚʥʝʥʠʝ ʜʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ()1y t : 

( ) ( )( )
( ) ( )

2
2 0 0 2

1 1 0 0

2 2
0 0

1 sin 1 cos

1 sin sin3
4 4

y y y y y t y t

y y
t t

¡¡ ¡+ = - = - =

å õ
æ ö= - -
æ ö
ç ÷

    (4) 

ʊʘʢ ʢʘʢ ʯʘʩʪʦʪʘ ʧʝʨʚʦʛʦ ʩʣʘʛʘʝʤʦʛʦ ʚʳʥʫʞʜʘʶʱʝʡ ʩʠʣʳ ʩʦʚʧʘʜʘʝʪ ʩ 

ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʠʤ ʯʠʩʣʦʤ ʫʨʘʚʥʝʥʠʷ, ʪʦ ʠʤʝʝʪ ʤʝʩʪʦ ʨʝʟʦʥʘʥʩʥʳʡ 

ʩʣʫʯʘʡ. ʂʘʢ ʠʟʚʝʩʪʥʦ ʧʨʠ ʵʪʦʤ ()1y t  ʩʦʜʝʨʞʠʪ ʩʣʘʛʘʝʤʦʝ, ʥʝʦʛʨʘʥʠʯʝʥʥʦ 

ʚʦʟʨʘʩʪʘʶʱʝʝ ʧʦ ʚʨʝʤʝʥʠ. ʈʝʰʝʥʠʝʤ (4) ʷʚʣʷʝʪʩʷ ʬʫʥʢʮʠʷ: 
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() ( ) ( )
( )

2
0

2 2
0 0

1

23 9
1 sin sin3 1 cos

16 16 4

y
y t y t y t t t

å õ
å õ æ ö= + + - -æ ö

æ öç ÷
ç ÷

  

ɺʠʜʥʦ, ʯʪʦ ʚʪʦʨʦʝ ʩʣʘʛʘʝʤʦʝ ʚ (2) ʟʘ ʚʨʝʤʷ 
1

~t O
e

å õ
æ ö
ç ÷

 ʩʪʘʥʦʚʠʪʩʷ ʥʝ 

ʤʘʣʳʤ ʧʦ ʩʨʘʚʥʝʥʠʶ ʩ ʧʝʨʚʳʤ ʠ ʤʝʪʦʜ ʨʘʟʣʦʞʝʥʠʷ ʨʝʰʝʥʠʷ ʚ ʨʷʜ (2) ʧʦ 

ʩʪʝʧʝʥʷʤ e (ʠʥʘʯʝ ʛʦʚʦʨʷ, ʨʝʛʫʣʷʨʥʳʡ ʤʝʪʦʜ ʤʘʣʦʛʦ ʧʘʨʘʤʝʪʨʘ) 

ʥʝʧʨʠʤʝʥʠʤ. ʕʪʦʪ ʩʣʫʯʘʡ ʷʚʣʷʝʪʩʷ ʪʠʧʠʯʥʳʤ ʜʣʷ ʫʨʘʚʥʝʥʠʡ, 

ʦʧʠʩʳʚʘʶʱʠʭ ʢʦʣʝʙʘʥʠʷ ʩʦ ʩʣʘʙʦʡ ʥʝʣʠʥʝʡʥʦʩʪʴʶ ʥʘ ʙʦʣʴʰʦʤ ʠʥʪʝʨʚʘʣʝ 

ʚʨʝʤʝʥʠ.  

ɺʦʟʥʠʢʘʶʱʠʝ ʟʘʪʨʫʜʥʝʥʠʷ, ʧʨʝʦʜʦʣʝʚʘʶʪʩʷ ʨʘʟʣʠʯʥʳʤʠ ʤʝʪʦʜʘʤʠ, 

ʦʜʥʠʤ ʠʟ ʢʦʪʦʨʳʭ ʷʚʣʷʝʪʩʷ ʤʝʪʦʜ ʦʩʨʝʜʥʝʥʠʷ. ɺ ʬʠʟʠʢʝ ʝʛʦ ʯʘʩʪʦ 

ʥʘʟʳʚʘʶʪ ʤʝʪʦʜʦʤ ʤʝʜʣʝʥʥʦ ʤʝʥʷʶʱʠʭʩʷ ʘʤʧʣʠʪʫʜ. ʉʫʱʝʩʪʚʝʥʥʳʡ ʚʢʣʘʜ 

ʚ ʝʛʦ ʨʘʟʚʠʪʠʝ ʚʥʝʩʣʠ ʅ.ʄ.ʂʨʳʣʦʚ ʠ ʅ.ʅ.ɹʦʛʦʣʶʙʦʚ.  

ʌʦʨʤʘʣʠʟʤ ʤʝʪʦʜʘ. 

ʈʘʩʩʤʦʪʨʠʤ ʩʠʩʪʝʤʫ ʚ ʪʘʢ ʥʘʟʳʚʘʝʤʦʡ ʩʪʘʥʜʘʨʪʥʦʡ ʬʦʨʤʝ:  

( ), ,
dx

X x t
dt
e e=          (5) 

ʛʜʝ x  - ʠʩʢʦʤʳʡ ʚʝʢʪʦʨ, ʘ X  - ʟʘʜʘʥʥʘʷ ʚʝʢʪʦʨ-ʬʫʥʢʮʠʷ. ʆʪʥʦʩʠʪʝʣʴʥʦ X  

ʧʨʝʜʧʦʣʘʛʘʝʪʩʷ, ʯʪʦ ʦʥʘ ʜʦʩʪʘʪʦʯʥʦ ʛʣʘʜʢʘʷ ʠ ʜʦʧʫʩʢʘʝʪ ʦʩʨʝʜʥʝʥʠʝ ʧʦ t, 

ʪʦ ʝʩʪʴ ʩʫʱʝʩʪʚʫʝʪ ʬʫʥʢʮʠʷ ( ),X xe , ʦʧʨʝʜʝʣʷʝʤʘʷ ʩʣʝʜʫʶʱʠʤ 

ʦʙʨʘʟʦʤ: ( ) ( )
0

1
, lim , ,

T

T
X x X x t dt

T
e e

­¤
= ñ . ʀʥʪʝʛʨʘʣ ʙʝʨʝʪʩʷ ʧʦ ʷʚʥʦ 

ʚʭʦʜʷʱʝʡ ʧʝʨʝʤʝʥʥʦʡ t  ʧʨʠ ʬʠʢʩʠʨʦʚʘʥʥʦʤ ʧʘʨʘʤʝʪʨʝ x. ɽʩʣʠ X  2p- 

ʧʝʨʠʦʜʠʯʝʩʢʘʷ ʬʫʥʢʮʠʷ ʧʝʨʝʤʝʥʥʦʡ t, ʪʦ ʦʩʨʝʜʥʝʥʥʘʷ ʬʫʥʢʮʠʷ ( ),X xe  

ʦʧʨʝʜʝʣʷʝʪʩʷ ʠʟ ʩʦʦʪʥʦʰʝʥʠʷ: 
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( ) ( )
2

0

1
, , ,

2
X x X x t dt

p

e e
p

= ñ       (6) 

ɿʘʜʘʯʘ ʟʘʢʣʶʯʘʝʪʩʷ ʚ ʪʦʤ, ʯʪʦʙʳ ʧʦʣʫʯʠʪʴ ʨʘʚʥʦʤʝʨʥʦʝ 

ʘʩʠʤʧʪʦʪʠʯʝʩʢʦʝ ʧʨʠʙʣʠʞʝʥʠʝ ʨʝʰʝʥʠʝ ()x t  ʩʠʩʪʝʤʳ (5) ʥʘ ʙʦʣʴʰʠʭ 

ʠʥʪʝʨʚʘʣʘʭ ʚʨʝʤʝʥʠ 1T e- . 

ʈʘʟʣʦʞʠʤ ʧʨʘʚʫʶ ʯʘʩʪʴ (5) ʧʦ ʩʪʝʧʝʥʷʤ ʧʘʨʘʤʝʪʨʘ e: 

( ) ( ) ( )1 2, , , , ...X x t X x t X x te e= + +     (7) 

ʌʫʥʢʮʠʠ ()iX t  ʙʫʜʝʤ ʚ ʜʘʣʴʥʝʡʰʝʤ ʩʯʠʪʘʪʴ 2ˊ-ʧʝʨʠʦʜʠʯʝʩʢʠʤʠ ʧʦ 

ʧʝʨʝʤʝʥʥʦʡ t ʠ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʧʦʣʴʟʦʚʘʪʴʩʷ ʩʨʝʜʥʠʤʠ ʚʠʜʘ (6). 

ʈʘʩʩʤʦʪʨʠʤ ʟʘʤʝʥʫ: 

( ) ( )2

1 2, , ...x u t u tx e x e x= + + +      (8) 

ɿʜʝʩʴ ( )tx  ʤʝʜʣʝʥʥʦ ʤʝʥʷʶʱʘʷʩʷ ʬʫʥʢʮʠʷ ʧʝʨʝʤʝʥʥʦʡ t , 

ʫʜʦʚʣʝʪʚʦʨʷʶʱʘʷ ʩʠʩʪʝʤʝ ʚʠʜʘ: 

() ()2

1 2 ...
d

A A
dt

x
e x e x= + +       (9) 

ʉʠʩʪʝʤʫ (9) ʥʘʟʳʚʘʶʪ ʫʩʨʝʜʥʝʥʥʦʡ ʩʠʩʪʝʤʦʡ ʜʣʷ ʩʠʩʪʝʤʳ (1). 

ʉʠʩʪʝʤʘ (9) ʧʨʦʱʝ ʠʩʭʦʜʥʦʡ ʩʠʩʪʝʤʳ (5) ʙʣʘʛʦʜʘʨʷ ʪʦʤʫ, ʯʪʦ ʷʚʣʷʝʪʩʷ 

ʘʚʪʦʥʦʤʥʦʡ, ʪ.ʝ. ʝʝ ʧʨʘʚʘʷ ʯʘʩʪʴ ʥʝ ʟʘʚʠʩʠʪ ʦʪ t .  

ʌʫʥʢʮʠʠ ( ),iu tx , ()iA x  ʧʦʜʣʝʞʘʪʴ ʦʧʨʝʜʝʣʝʥʠʶ. ʏʪʦʙʳ 

ʧʨʝʜʩʪʘʚʣʝʥʠʝ (8) ʤʦʛʣʦ ʩʣʫʞʠʪʴ ʠʩʪʦʯʥʠʢʦʤ ʨʘʚʥʦʤʝʨʥʳʭ 

ʘʩʠʤʧʪʦʪʠʯʝʩʢʠʭ ʧʨʠʙʣʠʞʝʥʠʡ ʧʝʨʝʤʝʥʥʦʡ x, ʬʫʥʢʮʠʠ ( ),iu tx  ʜʦʣʞʥʳ 

ʙʳʪʴ ʦʛʨʘʥʠʯʝʥʥʳʤʠ.  
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ɼʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ʬʫʥʢʮʠʡ ( ),iu tx  ʠ ()iA x  ʧʦʜʩʪʘʚʣʷʝʤ (8) ʚ 

ʩʠʩʪʝʤʫ (5). ʋʯʠʪʳʚʘʷ (7) ʠ (9), ʧʦʣʫʯʘʝʤ: 

() ()
( ) ( )

()

( )
( ) ( )

( )
( )

1 12 3 2 3

1 2 1

2 12 3 2 2 3

1 2 1

, ,
... ...

, ,
... , , , ...

u t u t
A A A

t

u t X t
X t X t u t

t

x x
e x e x e e e x e

x

x x
e e e x e x e x e

x

µ µ
+ + + + + +

µ µ

µ µ
+ = + + +

µ µ

 

ʇʨʠʨʘʚʥʠʚʘʷ ʯʣʝʥʳ  ʧʨʠ eʠ 2e, ʠʤʝʝʤ: 

()
( )

( )
1

1 1

,
,

u t
A X t

t

x
x x

µ
+ =

µ
      (10) 

()
( )

( )
( )

( )
( )

() ( )

2

2

11

2 1 1 2

,

, ,
, , ,

u t
A

t

X t u t
X t u t A t

x
x

x x
x x x x

x x

µ
+ =

µ

µ µ
= + - =F

µ µ

 (11) 

ɼʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ʠʟ ʦʜʥʦʛʦ ʩʦʦʪʥʦʰʝʥʠʷ (10) ʜʚʫʭ ʬʫʥʢʮʠʡ ( )1 ,u tx  ʠ 

()1A x, ʧʨʝʜʩʪʘʚʠʤ ʧʨʘʚʫʶ ʯʘʩʪʴ (10) ʚ ʚʠʜʝ: 

() ( ) ()( )1 1 1,X X t Xx x x+ - , ʛʜʝ ʩʨʝʜʥʝʝ ʟʥʘʯʝʥʠʝ 

( ) ( )
2

1 1

0

1
, ,

2
X x X x t dt

p

e
p

= ñ
 

 ʥʝ ʟʘʚʠʩʠʪ ʷʚʥʦ ʦʪ t . 

ʇʦʩʣʝ ʵʪʦʛʦ ʧʨʠʨʘʚʥʠʚʘʝʤ ʜʨʫʛ ʜʨʫʛʫ ʬʫʥʢʮʠʠ, ʥʝ ʟʘʚʠʩʷʱʠʝ ʦʪ t  ʠ 

ʟʘʚʠʩʷʱʠʝ ʦʪ t : 

() ( )1 1 ,A X tx x=  

( )
( ) ()

1

1 1

,
,

u t
X t X

t

x
x x

µ
= -

µ
 



63 

 

ʆʪʩʶʜʘ   

( ) ( ) ()( )1 1 1

0

, ,

t

u t X t X dtx x x= -ñ       (12) 

(ʧʨʠ ʠʥʪʝʛʨʠʨʦʚʘʥʠʠ ʧʝʨʝʤʝʥʥʘʷ x ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʢʘʢ ʧʘʨʘʤʝʪʨ). 

ʀʥʪʝʛʨʠʨʦʚʘʥʠʝ ʧʦ t  2p-ʧʝʨʠʦʜʠʯʝʩʢʦʡ ʬʫʥʢʮʠʠ ʩ ʥʫʣʝʚʳʤ ʩʨʝʜʥʠʤ ʜʘʝʪ 

ʦʛʨʘʥʠʯʝʥʥʫʶ ʬʫʥʢʮʠʶ ( )1 ,u tx . 

ʇʦʩʣʝ ʦʧʨʝʜʝʣʝʥʠʷ ( ),iu tx  ʠ ()iA x  ʨʘʚʝʥʩʪʚʦ (11) ʧʨʠʦʙʨʝʪʘʝʪ ʪʫ 

ʞʝ ʩʪʨʫʢʪʫʨʫ, ʯʪʦ ʠ (10) ʩ ʠʟʚʝʩʪʥʦʡ ʧʨʘʚʦʡ ʯʘʩʪʴʶ ( )2 ,txF . ʇʨʠʨʘʚʥʠʚʘʷ 

ʦʧʷʪʴ ʯʣʝʥʳ, ʥʝ ʟʘʚʠʩʷʱʠʝ ʦʪ t  ʠ ʟʘʚʠʩʷʱʠʝ ʦʪ t  ʬʫʥʢʮʠʠ, ʧʦʣʫʯʘʝʤ:  

() ( )2 2 ,A tx x= F  

( )
( ) ()

2

2 2

,
,

u t
t

t

x
x x

µ
=F - F

µ
 

ʆʪʩʶʜʘ ʥʘʭʦʜʠʪʩʷ ʦʛʨʘʥʠʯʝʥʥʘʷ ʬʫʥʢʮʠʷ ( )2 ,u tx  ʠ ʪ.ʜ. 

ʇʝʨʚʦʝ ʧʨʠʙʣʠʞʝʥʠʝ: 

ʆʪʙʨʘʩʳʚʘʷ ʚ (8) ʯʣʝʥʳ ʧʦʨʷʜʢʘ e ʠ ʩʣʝʜʫʶʱʠʝ ʠ ʦʙʦʟʥʘʯʘʷ ʯʝʨʝʟ 

1x  ʨʝʰʝʥʠʝ ʩʠʩʪʝʤʳ  

()1
1

d
A

dt

x
e x=          (13)  

ʧʦʣʫʯʘʝʤ: 
21d d

dt dt

x x
e- . ʄʦʞʥʦ ʦʞʠʜʘʪʴ, ʯʪʦ ʥʘ ʙʦʣʴʰʦʤ ʠʥʪʝʨʚʘʣʝ  

1
T
e

 ʙʫʜʝʪ ʩʧʨʘʚʝʜʣʠʚʘ ʦʮʝʥʢʘ 1x x e- . ʊʘʢ ʢʘʢ ʧʨʠ ʧʦʜʩʪʘʥʦʚʢʝ  1x  

ʚʤʝʩʪʦ x ʚ (8) ʧʦʛʨʝʰʥʦʩʪʴ ʧʦʨʷʜʢʘ e ʚʦʟʥʠʢʘʝʪ ʫʞʝ ʚ ʧʝʨʚʦʤ ʩʣʘʛʘʝʤʦʤ, 

ʪʦ ʫʜʝʨʞʠʚʘʪʴ ʯʣʝʥ 
1ue  ʠ ʩʣʝʜʫʶʱʠʝ ʥʝ ʠʤʝʝʪ ʩʤʳʩʣʘ. ʌʫʥʢʮʠʶ 

1 1x x= , 
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ʜʣʷ ʢʦʪʦʨʦʡ 1 1x x x x e- = - , ʝʩʪʝʩʪʚʝʥʥʦ ʥʘʟʳʚʘʪʴ ʧʝʨʚʳʤ 

ʧʨʠʙʣʠʞʝʥʠʝʤ ʜʣʷ x, ʩʠʩʪʝʤʫ (13) ï ʫʩʨʝʜʥʝʥʥʦʡ ʩʠʩʪʝʤʦʡ ʧʝʨʚʦʛʦ 

ʧʨʠʙʣʠʞʝʥʠʷ, ʘ ʩʦʦʪʚʝʪʩʪʚʫʶʱʫʶ ʪʝʦʨʝʤʫ, ʚ ʢʦʪʦʨʦʡ ʧʨʠʚʦʜʠʪʩʷ 

ʦʙʦʩʥʦʚʘʥʠʝ ʵʪʦʡ ʦʮʝʥʢʠ, ʪʝʦʨʝʤʦʡ ʦ ʧʝʨʚʦʤ ʧʨʠʙʣʠʞʝʥʠʠ ʜʣʷ ʩʠʩʪʝʤ ʚ 

ʩʪʘʥʜʘʨʪʥʦʡ ʬʦʨʤʝ.  

ʋʣʫʯʰʝʥʥʦʝ ʧʝʨʚʦʝ ʧʨʠʙʣʠʞʝʥʠʝ:  

ʕʪʦʪ ʥʝʩʢʦʣʴʢʦ ʞʘʨʛʦʥʥʳʡ ʪʝʨʤʠʥ ʦʪʥʦʩʠʪʩʷ ʢ ʢʦʥʩʪʨʫʢʮʠʠ ʚʠʜʘ:  

( )1 1 1 1,x u tx e x= + ,         (14) 

ʛʜʝ ( )1 1,u tx  ʦʧʨʝʜʝʣʷʝʪʩʷ ʬʦʨʤʫʣʦʡ (12), ʪʦ ʝʩʪʴ ʥʘʭʦʜʠʪʩʷ ʧʦʩʣʝ ʨʝʰʝʥʠʷ 

ʫʩʨʝʜʥʝʥʥʦʡ ʩʠʩʪʝʤʳ ʧʝʨʚʦʛʦ ʧʨʠʙʣʠʞʝʥʠʷ (13).  

ʇʦʥʷʪʥʦ, ʯʪʦ ʝʩʣʠ 
1x x e- , ʪʦ ʠ  11x x e- , ʪ.ʝ. 1x   ʥʝ ʜʘʝʪ 

ʙʦʣʴʰʫʶ ʪʦʯʥʦʩʪʴ ʜʣʷ x. ʅʦ ʩ ʬʠʟʠʯʝʩʢʦʡ ʪʦʯʢʠ ʟʨʝʥʠʷ ʙʳʚʘʝʪ ʧʦʣʝʟʥʦ 

ʥʝ ʧʨʝʥʝʙʨʝʛʘʪʴ ʙʳʩʪʨʦʡ ʧʦʧʨʘʚʢʦʡ 
1ue  ʢ ʤʝʜʣʝʥʥʦʡ ʩʦʩʪʘʚʣʷʶʱʝʡ 

ʧʨʠʙʣʠʞʝʥʥʦʛʦ ʨʝʰʝʥʠʷ.  

 

ɺʪʦʨʦʝ ʧʨʠʙʣʠʞʝʥʠʝ: 

ʆʪʙʨʘʩʳʚʘʷ ʚ (8) ʯʣʝʥʳ ʧʦʨʷʜʢʘ 
2e ʠ ʩʣʝʜʫʶʱʠʝ ʠ ʦʙʦʟʥʘʯʘʷ ʯʝʨʝʟ 

2x ʨʝʝhʥʠʝ ʩʠʩʪʝʤʳ:  

() ()22
1 2 2 2

d
A A

dt

x
e x e x= +        (15)  

ʧʦʣʫʯʘʝʤ 
32 ~

d d

dt dt

x x
e- . ʊʦʛʜʘ ʤʦʞʥʦ ʦʞʠʜʘʪʴ, ʯʪʦ ʥʘ ʙʦʣʴʰʦʤ 

ʠʥʪʝʨʚʘʣʝ 
1

~T
e

 ʙʫʜʝʪ ʩʧʨʘʚʝʜʣʠʚʘ ʦʮʝʥʢʘ 
2

2 ~x x e- . ʊʝʧʝʨʴ ʧʨʠ 

ʧʦʜʩʪʘʥʦʚʢʝ 2x ʚʤʝʩʪʦ x ʚ (8) ʚ ʧʝʨʚʦʤ ʩʣʘʛʘʝʤʦʤ ʚʦʟʥʠʢʘʝʪ ʧʦʛʨʝʰʥʦʩʪʴ 

ʧʦʨʷʜʢʘ 
2e. ɿʥʘʯʠʪ, ʫʜʝʨʞʠʚʘʪʴ ʯʣʝʥ 2

2ue  ʠ ʩʣʝʜʫʶʱʠʝ ʥʝ ʠʤʝʝʪ ʩʤʳʩʣʘ. 
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ʌʫʥʢʮʠʶ ( )2 2 1 2,x u tx e x= + , ʜʣʷ ʢʦʪʦʨʦʡ ( ) 2
2 2 1 2, ~x x x u tx e x e- = - - , 

ʝʩʪʝʩʪʚʝʥʥʦ ʥʘʟʳʚʘʪʴ ʚʪʦʨʳʤ ʧʨʠʙʣʠʞʝʥʠʝʤ ʜʣʷ x, ʘ ʩʠʩʪʝʤʫ (15) ï 

ʫʩʨʝʜʥʝʥʥʦʡ ʩʠʩʪʝʤʦʡ ʚʪʦʨʦʛʦ ʧʨʠʙʣʠʞʝʥʠʷ.  

ʋʣʫʯʰʝʥʥʦʝ ʚʪʦʨʦʝ ʧʨʠʙʣʠʞʝʥʠʝ:  

ʋʣʫʯʰʝʥʥʳʤ ʚʪʦʨʳʤ ʧʨʠʙʣʠʞʝʥʠʝʤ ʥʘʟʳʚʘʝʪʩʷ ʢʦʥʩʪʨʫʢʮʠʷ ʚʠʜʘ: 

( ) ( )2

2 2 1 2 2 2, ,x u t u tx e x e x= + +  

ʆʥʘ, ʦʧʷʪʴ ʞʝ, ʥʝ ʧʦʚʳʰʘʝʪ ʧʦʨʷʜʦʢ ʧʦʛʨʝʰʥʦʩʪʠ 
2

2 ~x x e- , ʥʦ 

ʫʯʠʪʳʚʘʝʪ ʬʫʥʢʮʠʶ 
2u , ʢʦʪʦʨʫʶ ʤʦʞʥʦ ʥʘʡʪʠ ʧʦʩʣʝ ʨʝʰʝʥʠʷ ʦʩʨʝʜʥʝʥʥʦʡ 

ʩʠʩʪʝʤʳ ʚʪʦʨʦʛʦ ʧʨʠʙʣʠʞʝʥʠʷ (15). 

ʇʦʩʪʨʦʝʥʠʝ ʜʘʣʴʥʝʡʰʠʭ ʧʨʠʙʣʠʞʝʥʠʡ ʧʨʦʩʤʘʪʨʠʚʘʝʪʩʷ ʫʞʝ ʚʧʦʣʥʝ 

ʦʪʯʝʪʣʠʚʦ. 

 

ʇʨʠʤʝʨ 

ɺ ʟʘʜʘʯʝ (1) ʤʝʪʦʜ ʦʩʨʝʜʥʝʥʠʷ ʤʦʞʝʪ ʙʳʪʴ ʠʩʧʦʣʴʟʦʚʘʥ ʩʣʝʜʫʶʱʠʤ 

ʦʙʨʘʟʦʤ. ʉʥʘʯʘʣʘ ʧʝʨʝʧʠʰʝʤ ʟʘʜʘʯʫ (1) ʚ ʚʠʜʝ ʩʠʩʪʝʤʳ ʫʨʘʚʥʝʥʠʡ ʧʝʨʚʦʛʦ 

ʧʦʨʷʜʢʘ: 

() ()

( )2

0

0

0

1

0

t

t

y t z t

z y z y

y y

z

e

=

=

¡ë =
î
¡= - -îî
ì

=î
î

=îí

        (16) 

ʇʨʠ 0e= : () ( )cosy t a t q= + , () ( )sinz t a t q=- +, a const= , 

constq= . 

ʇʨʠ 0ȩ  ʙʫʜʝʤ ʠʩʢʘʪʴ ʨʝʰʝʥʠʝ ʚ ʚʠʜʝ:  
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() () ()( )

() () ()( )

cos

sin

y t a t t t

z t a t t t

q

q

ë = +î
ì

=- +îí

       (17) 

ʇʦʜʩʪʘʚʣʷʷ (17) ʚ ʩʠʩʪʝʤʫ (16), ʧʦʩʣʝ ʥʝʩʣʦʞʥʳʭ ʧʨʝʦʙʨʘʟʦʚʘʥʠʡ 

ʧʦʣʫʯʘʝʤ ʩʣʝʜʫʶʱʫʶ ʩʠʩʪʝʤʫ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ ʧʝʨʚʦʛʦ 

ʧʦʨʷʜʢʘ: 

( ) ( )

( ) ( )

2 3

2 3

0

0 0

1 cos2 cos4
2 4 2 8

1
1 sin2 sin4

2 4 8

, 0
t t

a a a a
a t t

a a
t t

a y

e q q

q e q q

q
= =

ë è øå õ
¡= - - + + +î é ùæ ö

ç ÷ê úî
î

è øå õî
¡= - + - +ì é ùæ ö

ç ÷ê úî
î

= =î
îí

 

ʆʙʦʟʥʘʯʘʷ  

( ) ( )

( ) ( )

0

0

2 3

2 3

, ,
0

1 cos2 cos4
2 4 2 8

1
1 sin 2 sin 4

2 4 8

a y
x x

a a a a
t t

X
a a

t t

q

q q

q q

å õå õ
= =æ öæ ö
ç ÷ ç ÷

å õå õ
- - + + +æ öæ ö
ç ÷æ ö

=æ öè øå õ
æ ö- + - +é ùæ öæ ö
ç ÷ê úç ÷

   (18) 

ʧʦʣʫʯʘʝʤ ʟʘʜʘʯʫ 

( ) 00
, ,

t

dx
X x t x x

dt
e

=
= =        (19) 

ʉʠʩʪʝʤʘ, ʚʭʦʜʷʱʘʷ ʚ ʵʪʫ ʟʘʜʘʯʫ, ʷʚʣʷʝʪʩʷ ʩʠʩʪʝʤʦʡ ʚ ʩʪʘʥʜʘʨʪʥʦʡ 

ʬʦʨʤʝ, ʫʜʦʙʥʦʡ ʜʣʷ ʧʨʠʤʝʥʝʥʠʷ ʤʝʪʦʜʘ ʦʩʨʝʜʥʝʥʠʷ. 
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ɺ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʤ ʧʨʠʤʝʨʝ ʚʩʝ iX  ʜʣʷ 2i²  ʨʘʚʥʳ ʥʫʣʶ. ʇʦʵʪʦʤʫ 

1( , ) ( , )ʍ t ʍ tx x= . 

ʉʨʝʜʥʠʤʠ ʧʦ t  ʟʥʘʯʝʥʠʷʤʠ ʧʨʘʚʳʭ ʯʘʩʪʝʡ (18) ʷʚʣʷʶʪʩʷ ʠʭ ʥʫʣʝʚʳʝ 

ʛʘʨʤʦʥʠʢʠ. ʆʙʦʟʥʘʯʠʤ ʢʦʦʨʜʠʥʘʪʳ 1x ʢʘʢ ,a q. ʇʦʣʫʯʘʝʤ ʦʩʨʝʜʥʝʥʥʫʶ 

ʩʠʩʪʝʤʫ ʧʝʨʚʦʛʦ ʧʨʠʙʣʠʞʝʥʠʷ: 

()

11

1 1

1 1

2

11
1 1

1

1
2 4

0

aa
x

a a
ad d

X
dt dt

x
q q

x
e x e

q

å õå õ
= = =æ öæ ö
ç ÷ ç ÷

å õå õ
-å õ æ öæ ö

= = =æ ö ç ÷æ ö
ç ÷ æ ö

ç ÷

    (20) 

ɺ ʢʦʦʨʜʠʥʘʪʘʭ ʩʠʩʪʝʤʘ (20) ʠʤʝʝʪ ʚʠʜ: 

2

1 1
1

1

1
2 4

0

a a
a e

q

å õ
¡= -æ ö

ç ÷

¡=
       (21)

 

0

1 0t
a y
=
= , 

1 0
0

t
q

=
=        

ʀʥʪʝʛʨʠʨʫʷ ʫʨʘʚʥʝʥʠʝ (21) ʨʘʟʜʝʣʝʥʠʝʤ ʧʝʨʝʤʝʥʥʳʭ ʧʦʣʫʯʘʝʤ 

ʧʝʨʚʦʝ ʧʨʠʙʣʠʞʝʥʠʝ ʜʣʷ ()x t  - ʨʝʰʝʥʠʝ 
1x ʦʩʨʝʜʥʝʥʥʦʡ ʩʠʩʪʝʤʳ ʧʝʨʚʦʛʦ 

ʧʨʠʙʣʠʞʝʥʠʷ (20): 

()
( )

0
1 1

22

0 0

2
, 0

4 t

y
a t

y y ee
q

-

= =
+ -

     (22) 

ɺʦʟʚʨʘʱʘʷʩʴ ʢ ʠʩʭʦʜʥʦʡ ʧʝʨʝʤʝʥʥʦʡ ()y t  ʫʨʘʚʥʝʥʠʷ ɺʘʥ-ʜʝʨ-ʇʦʣʷ 

ʠ ʦʙʦʟʥʘʯʘʷ ʯʝʨʝʟ () () ()( )1 1 1cosy t a t t tq= +  ʝʝ ʧʝʨʚʦʝ ʧʨʠʙʣʠʞʝʥʠʝ, 

ʧʦʣʫʯʘʝʤ, ʯʪʦ ʧʨʠ t­¤ () ()1 1 2cosʩʪʘʮy t y t t­ = , 
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() ()1 1 2sinʩʪʘʮy t y t t¡ ¡­ =- . ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʠʟ ʬʦʨʤʫʣʳ (22) 

ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʦ ʚʠʜʥʦ, ʯʪʦ ʥʘ ʬʘʟʦʚʦʡ ʧʣʦʩʢʦʩʪʠ ( ),y y¡ ʠʥʪʝʛʨʘʣʴʥʳʝ 

ʢʨʠʚʳʝ ɺʘʥ-ʜʝʨ-ʇʦʣʷ ʩʪʨʝʤʷʪʩʷ ʢ ʦʢʨʫʞʥʦʩʪʠ 
2 2 4y y¡+ =. 

ʄʥʦʞʝʩʪʚʘ ʪʦʯʝʢ ʥʘ ʬʘʟʦʚʦʡ ʧʣʦʩʢʦʩʪʠ, ʧʨʠʪʷʛʠʚʘʶʱʠʝ ʢ ʩʝʙʝ 

ʠʥʪʝʛʨʘʣʴʥʳʝ ʢʨʠʚʳʝ, ʥʘʟʳʚʘʶʪʩʷ ʘʪʪʨʘʢʪʦʨʘʤʠ. ɺ ʜʘʥʥʦʤ ʩʣʫʯʘʝ 

ʘʪʪʨʘʢʪʦʨʦʤ ʜʣʷ ʠʥʪʝʛʨʘʣʴʥʳʭ ʢʨʠʚʳʭ ʫʨʘʚʥʝʥʠʷ ɺʘʥ-ʜʝʨ-ʇʦʣʷ ʚ ʧʝʨʚʦʤ 

ʧʨʠʙʣʠʞʝʥʠʠ ʷʚʣʷʝʪʩʷ ʦʢʨʫʞʥʦʩʪʴ ʨʘʜʠʫʩʘ 2 ʩ ʮʝʥʪʨʦʤ ʚ ʥʘʯʘʣʝ 

ʢʦʦʨʜʠʥʘʪ.  

ʅʝ ʧʨʠʙʝʛʘʷ ʢ ʪʦʯʥʦʤʫ ʨʝʰʝʥʠʶ (22), ʩʪʘʮʠʦʥʘʨʥʫʶ ʘʤʧʣʠʪʫʜʫ 

ʤʦʞʥʦ ʥʘʡʪʠ ʢʘʢ ʪʦʯʢʠ ʧʦʢʦʷ ʫʨʘʚʥʝʥʠʷ (21), ʪ.ʝ. ʢʘʢ ʨʝʰʝʥʠʷ ʫʨʘʚʥʝʥʠʷ  

2

1 11 0
2 4

a aå õ
- =æ ö
ç ÷

 

ʊʘʢʠʭ ʨʝʰʝʥʠʷ ʜʚʘ: 
1 0a =  ʠ 

1 2a = .  

ɼʣʷ ʧʝʨʚʦʡ ʪʦʯʢʠ ʠʤʝʝʤ: 
()

1

1 1

1
0

1
0

2
a

X a

a
=

µ
= >

µ
. ɼʣʷ ʚʪʦʨʦʡ: 

()

1

1 1 2

1
2

1 3 1
2 0

2 8 2
a

X a

a
=

µ
= - =- <

µ
. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʩʪʘʮʠʦʥʘʨʥʘʷ ʪʦʯʢʘ 
1 0a =  

ʥʝʫʩʪʦʡʯʠʚʘ, ʘ ʪʦʯʢʘ 
1 2a =  - ʫʩʪʦʡʯʠʚʘ. 

ʀʥʪʝʛʨʘʣʴʥʳʝ ʢʨʠʚʳʝ ʫʜʘʣʷʶʪʩʷ ʦʪ ʥʘʯʘʣʘ 

ʢʦʦʨʜʠʥʘʪ ʬʘʟʦʚʦʡ ʧʣʦʩʢʦʩʪʠ ʠ ʧʨʠʪʷʛʠʚʘʶʪʩʷ ʢ 

ʦʢʨʫʞʥʦʩʪʠ ʨʘʜʠʫʩʘ 2.  
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ʈʘʩʩʤʦʪʨʠʤ ʪʝʧʝʨʴ ʧʝʨʚʦʝ ʫʣʫʯʰʝʥʥʦʝ ʧʨʠʙʣʠʞʝʥʠʝ. ʆʥʦ ʠʤʝʝʪ ʚʠʜ 

(14), ʛʜʝ ʢʦʦʨʜʠʥʘʪʳ 
1x ʦʧʨʝʜʝʣʷʶʪʩʷ ʬʦʨʤʫʣʘʤʠ (22), ʘ ʫʨʘʚʥʝʥʠʷ ʜʣʷ 

1

1

1

au
u

uq

å õ
=æ ö
ç ÷

 ʚʳʛʣʷʜʷʪ ʪʘʢ:  

( ) ( )

( ) ( )

3

1 1
1 1

1
1 1 2 3

1 1
1 1

cos2 cos4
2 8

1
1 sin 2 sin 4

2 4 8

a a
t t

u
X X

t a a
t t

q q

q q

å õ
- + + +æ ö

µ æ ö= - =
æ öè øå õµ

- + - +æ öé ùæ öæ ö
ç ÷ê úç ÷

 

ʀʥʪʝʛʨʠʨʫʷ ʧʦ t  ʧʨʘʚʳʝ ʯʘʩʪʠ, ʧʦʣʫʯʘʝʤ: 

( ) ( )

( ) ( )

3

1 1
1 1

1

2 2
1 1 1

1 1

sin 4 sin 2
32 4

1
cos4 1 cos2

32 4 4

a

a a
t t

u

u a a
t t

q

q q

q q

å õ
+ - +æ ö

å õ
æ ö=æ ö
æ öå õç ÷ + - - +æ öæ ö

ç ÷ç ÷

   (23) 

ɺʪʦʨʦʝ ʧʨʠʙʣʠʞʝʥʠʝ ʚʳʯʠʩʣʷʝʪʩʷ, ʠʩʭʦʜʷ ʠʟ ʩʠʩʪʝʤʳ (15). ɺ ʩʚʷʟʠ ʩ 

ʪʝʤ, ʯʪʦ ʚʳʢʣʘʜʢʠ ʧʦʣʫʯʘʶʪʩʷ ʜʦʚʦʣʴʥʦ ʛʨʦʤʦʟʜʢʠʤʠ, ʚʳʧʠʰʝʤ ʩʨʘʟʫ 

ʧʦʣʫʯʘʶʱʠʝʩʷ ʫʨʘʚʥʝʥʠʷ ʜʣʷ ʦʧʨʝʜʝʣʝʥʠʷ 2a  ʠ 2q:  

2

2 2
2

2 4
2 2 2

2

1
2 4

1 7

8 8 256

a a
a

a a

e

q e

ë å õ¡= -î æ ö
î ç ÷
ì

å õî¡=- - +æ öî
ç ÷í

       (24) 

ɺʪʦʨʦʝ ʧʨʠʙʣʠʞʝʥʠʝ, ʩʦʛʣʘʩʥʦ (16), ʠʤʝʝʪ ʚʠʜ 

() ()2 2 1 2 2 1,aa t a u t uqe q q e= + = +, ʛʜʝ 2a  ʠ 2q ʦʧʨʝʜʝʣʷʶʪʩʷ ʩʠʩʪʝʤʦʡ 

(24), ʘ ʢʦʤʧʦʥʝʥʪʳ 
1u  ʫʢʘʟʘʥʳ ʚ (23). 

ʋʨʘʚʥʝʥʠʝ ʜʣʷ 2a  ʚ (24) ʥʝ ʠʟʤʝʥʠʣʦʩʴ ʧʦ ʩʨʘʚʥʝʥʠʶ ʩ ʧʝʨʚʳʤ 

ʧʨʠʙʣʠʞʝʥʠʝʤ, ʧʦʵʪʦʤʫ ʩ ʪʝʯʝʥʠʝʤ ʚʨʝʤʝʥʠ ʠ 
2 2a ­ . ʇʨʠ ʵʪʦʤ 
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ʫʨʘʚʥʝʥʠʝ ʜʣʷ 2q ʧʨʠʥʠʤʘʝʪ ʚʠʜ: 
2

2

1

16
q e¡=- . ʆʪʩʶʜʘ, 

2

2 0

1

16
tq e q=- +. 

ʇʦʣʫʯʘʝʤ ʩʪʘʮʠʦʥʘʨʥʦʝ ʨʝʰʝʥʠʝ: 

() ( ) ( )

() ( ) ( )

2 0 0

2

2 0 0 0

2 sin 2 sin 4
2 4

cos2 cos4
16 4 8

ʩʪʘʮ

ʩʪʘʮ

a t t t

t t t t

e e
w q w q

e e e
q q w q w q

= - + + +

å õ
= - + + + +æ ö
ç ÷

  (25) 

ʛʜʝ 

2

1
16

e
w= - .  

ʇʦʜʩʪʘʚʣʷʷ ʬʦʨʤʫʣʳ (25) ʚ ʚʳʨʘʞʝʥʠʝ 

() () ( )cosʩʪʘʮ ʩʪʘʮ ʩʪʘʮy t a t t q= +  ʠ ʫʜʝʨʞʠʚʘʷ ʩʣʘʛʘʝʤʳʝ ʧʦʨʷʜʢʘ e, 

ʧʦʣʫʯʘʝʤ ʚʪʦʨʦʝ ʧʨʠʙʣʠʞʝʥʠʝ ʩʪʘʮʠʦʥʘʨʥʦʛʦ ʢʦʣʝʙʘʪʝʣʴʥʦʛʦ ʨʝʰʝʥʠʷ 

ʫʨʘʚʥʝʥʠʷ ɺʘʥ-ʜʝʨ-ʇʦʣʷ: 

() ()
2 2

0 02cos 1 sin3 1
16 4 16

ʩʪʘʮ

t
y t y t t t

e e e
q q

­¤

å õ å õå õ å õ
½½½­ = - + - - +æ ö æ öæ ö æ ö

ç ÷ ç ÷ç ÷ ç ÷
 

ʅʘ ʬʘʟʦʚʦʡ ʧʣʦʩʢʦʩʪʠ ʘʪʪʨʘʢʪʦʨ ʧʨʝʜʩʪʘʚʣʷʝʪ 

ʩʦʙʦʡ ʦʢʨʫʞʥʦʩʪʴ ʩ ʮʝʥʪʨʦʤ ʚ ʥʫʣʝ ʠ ʨʘʜʠʫʩʦʤ, 

ʨʘʚʥʳʤ 2, çʧʦʤʷʪʫʶè ʥʘ ʚʝʣʠʯʠʥʫ ~e.  

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʫʪʦʯʥʷʝʪʩʷ ʚʠʜ ʘʪʪʨʘʢʪʦʨʘ. 
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Ä3. ʄʝʪʦʜ ɺʂɹ (ɺʝʥʮʝʣʷ, ʂʨʘʤʝʨʩʘ ʠ ɹʨʠʣʣʶʵʥʘ) 

ʇʫʩʪʴ ʪʨʝʙʫʝʪʩʷ ʥʘʡʪʠ ʬʫʥʜʘʤʝʥʪʘʣʴʥʫʶ ʩʠʩʪʝʤʫ ʨʝʰʝʥʠʡ 

ʫʨʘʚʥʝʥʠʷ  

()
() ()

2
22

2
0

d y x
Q x y x

dx
m + =è øê ú       (1) 

ʥʘ ʦʪʨʝʟʢʝ a x b¢ ¢, ʧʨʠ ʵʪʦʤ m - ʥʝʢʦʪʦʨʦʝ ʤʘʣʦʝ ʯʠʩʣʦ, ʘ () 0Q x >  - 

ʟʘʜʘʥʥʘʷ ʜʚʘʞʜʳ ʥʝʧʨʝʨʳʚʥʦ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘʷ ʬʫʥʢʮʠʷ. ʊʘʢʠʝ 

ʫʨʘʚʥʝʥʠʷ ʚʦʟʥʠʢʘʶʪ, ʥʘʧʨʠʤʝʨ, ʚ ʢʚʘʥʪʦʚʦʡ ʤʝʭʘʥʠʢʝ, ʢʦʛʜʘ ʪʨʝʙʫʝʪʩʷ 

ʨʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ ʐʨʝʜʠʥʛʝʨʘ, ʧʨʠ ʫʩʣʦʚʠʠ ʯʪʦ ()E U x> : 

()
()( )()

22

2
0

2

d x
E U x x

m dx

y
y+ - = 

ʈʝʰʝʥʠʝ ʚʳʨʦʞʜʝʥʥʦʛʦ ʫʨʘʚʥʝʥʠʷ (1) (ʧʨʠ 0m= ) ʪʦʞʜʝʩʪʚʝʥʥʦ 

ʨʘʚʥʦ ʥʫʣʶ. ʇʦʵʪʦʤʫ, ʧʨʝʞʜʝ ʚʩʝʛʦ, ʥʫʞʥʦ ʪʘʢ ʧʨʝʦʙʨʘʟʦʚʘʪʴ (1), ʯʪʦʙʳ 

ʤʦʞʥʦ ʙʳʣʦ ʚʳʜʝʣʠʪʴ ʦʩʥʦʚʥʫʶ ʯʘʩʪʴ ʨʝʰʝʥʠʷ, ʚʦʢʨʫʛ ʢʦʪʦʨʦʡ ʩʪʨʦʷʪʩʷ 

ʜʦʧʦʣʥʠʪʝʣʴʥʳʝ ʘʩʠʤʧʪʦʪʠʯʝʩʢʠ ʤʘʣʳʝ ʜʦʙʘʚʢʠ. ɼʣʷ ʵʪʦʛʦ ʚ ʫʨʘʚʥʝʥʠʠ 

(1) ʩʜʝʣʘʝʤ ʟʘʤʝʥʫ ʠʩʢʦʤʦʡ ʬʫʥʢʮʠʠ: 

()
()

()

x
y x

Q x

j
=          (2) 

ʊʦʛʜʘ  

2

3/2 3/2 5/2
3

2

xx x x xx x
xx

Q Q Q
y

Q Q QQ

j j j j
= - - + .     (3) 

ʊʝʧʝʨʴ ʩʜʝʣʘʝʤ ʟʘʤʝʥʫ ʘʨʛʫʤʝʥʪʘ: 

()
1

x

a

t Q dx x
m
= ñ          (4) 
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ʇʨʠ ʵʪʦʤ: 

x t

Q
j j

m
=

 
 ʠ   

2

t x
xx tt

QQ j
j j

m m

å õ
= +æ ö
ç ÷

     (5) 

ʇʦʜʩʪʘʚʣʷʷ ʬʦʨʤʫʣʳ (2) ï (5) ʚ ʫʨʘʚʥʝʥʠʝ (1), ʧʨʝʦʙʨʘʟʫʝʤ ʝʛʦ ʢ ʚʠʜʫ: 

()( )21 0tt P xj m j+ - =       (6) 

ʛʜʝ ʧʝʨʝʤʝʥʥʳʝ x ʠ t  ʩʚʷʟʘʥʳ ʩʦʦʪʥʦʰʝʥʠʝʤ (4), ʘ ()P x  - ʧʨʝʜʩʪʘʚʣʷʝʪ 

ʩʦʙʦʡ ʠʟʚʝʩʪʥʫʶ ʥʝʧʨʝʨʳʚʥʫʶ ʬʫʥʢʮʠʶ: 

()
2

3 4
3

2

xx xQ Q
P x

Q Q
= -   

ɺʳʨʦʞʜʝʥʥʳʤ ʨʝʰʝʥʠʝʤ ʫʨʘʚʥʝʥʠʷ (6) (ʧʨʠ ʫʩʣʦʚʠʠ, ʯʪʦ 0m= ) 

ʙʫʜʝʪ ʬʫʥʢʮʠʷ () sin cost A t B tj = + . ʉʨʘʚʥʠʤ ()tj  ʠ ()tj  ʪʘʢʠʝ, ʯʪʦ  

() ()a aj j= , () ()a aj j¡ ¡=        (7)  

ʈʘʩʩʤʦʪʨʠʤ ʨʘʟʥʦʩʪʴ () () ()r t t tj j= - . ʇʦʜʩʪʘʚʣʷʷ ()r t  ʚ 

ʫʨʘʚʥʝʥʠʝ (6), ʩ ʫʯʝʪʦʤ ʛʨʘʥʠʯʥʳʭ ʫʩʣʦʚʠʡ (7), ʧʦʣʫʯʠʤ ʩʣʝʜʫʶʱʫʶ 

ʟʘʜʘʯʫ ʂʦʰʠ: 

( )

() ()

2 P r

0 0 0

ttr r

r r

m jë + = +î
ì

¡= =îí
  

ɽʝ ʨʝʰʝʥʠʝ ʜʘʝʪʩʷ ʬʦʨʤʫʣʦʡ: 

() () ( )() ()2

0

sin

t

r t r t P d F tm t t t t= - +ñ      (8) 

ʛʜʝ () () ( )()2

0

sin

t

F t t P dm j t t t t= -ñ  



73 

 

ʆʙʦʟʥʘʯʠʤ () 0sup
a x b

P x P
¢ ¢

= , 1sup
a x b

P Cj
¢ ¢

= , 2( ) sup
a x b

b a Q C
¢ ¢

- = , 

() 0sup
a x b

r x r
¢ ¢

= . 

ʀʟ ʬʦʨʤʫʣʳ (4) ʩʣʝʜʫʝʪ 2C
t
m

¢ . ʉ ʫʯʝʪʦʤ ʵʪʦʛʦ, ʠʟ (8) ʧʦʣʫʯʘʝʤ 

2 2

0 0 1 0 0 2 1 2( )r t tr P tC r PC C Cm m m m¢ + ¢ + . ʕʪʘ ʦʮʝʥʢʘ ʚʳʧʦʣʥʝʥʘ ʜʣʷ 

ʣʶʙʦʛʦ ( )r t , ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʠ ʜʣʷ 
0r . ʇʦʣʫʯʘʝʤ, ʯʪʦ 

1 2
0

0 2

( )
1

C C
r O

PC

m
m

m
¢ =
-

.  

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʩ ʪʦʯʥʦʩʪʴʶ ʜʦ ʯʣʝʥʦʚ ʧʦʨʷʜʢʘ m ʬʫʥʜʘʤʝʥʪʘʣʴʥʘʷ 

ʩʠʩʪʝʤʘ ʨʝʰʝʥʠʡ ʫʨʘʚʥʝʥʠʷ (1) ʙʫʜʝʪ ʚʳʛʣʷʜʝʪʴ ʪʘʢ: 

()

() () ()

()

1 1
sin cos

x x

a a

A Q d B Q d O

y x
Q x

x x x x m
m m

å õ å õ
+ +æ ö æ ö

ç ÷ ç ÷=

ñ ñ
  

ɼʝʡʩʪʚʫʷ ʘʥʘʣʦʛʠʯʥʳʤ ʦʙʨʘʟʦʤ, ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ, ʯʪʦ ʜʣʷ ʫʨʘʚʥʝʥʠʷ 

() ()()2 2 0xx x Q x xm f f- =  

ʬʫʥʜʘʤʝʥʪʘʣʴʥʘʷ ʩʠʩʪʝʤʘ ʨʝʰʝʥʠʡ ʙʫʜʝʪ ʠʤʝʪʴ ʚʠʜ 

 ()

() () ()

()

1 1
exp exp

x x

a a

A Q d B Q d O

x
Q x

x x x x m
m m

f

å õ å õ-
+ +æ ö æ ö

ç ÷ ç ÷=

ñ ñ
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ɻʣʘʚʘ 4. ʅʝʢʦʪʦʨʳʝ ʥʦʚʳʝ ʦʙʲʝʢʪʳ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ ʤʦʜʝʣʠʨʦʚʘʥʠʷ 

Ä1.  ɺʝʡʚʣʝʪ-ʘʥʘʣʠʟ. 

ʈʘʩʩʤʦʪʨʠʤ ʧʨʠʤʝʨ, 

ʠʟ ʢʦʪʦʨʦʡ ʧʦʥʷʪʥʦ 

ʩʦʜʝʨʞʘʥʠʝ ʠ ʩʤʳʩʣ 

ʚʝʡʚʣʝʪ-ʘʥʘʣʠʟʘ. ʉ ʥʘʯʘʣʘ 

17 ʚʝʢʘ ʧʦ ʥʘʩʪʦʷʱʝʝ 

ʚʨʝʤʷ ʘʩʪʨʦʥʦʤʳ ʚʝʜʫʪ 

ʥʘʙʣʶʜʝʥʠʷ ʟʘ ʠʟʤʝʥʝʥʠʝʤ 

ʩʦʣʥʝʯʥʦʡ ʘʢʪʠʚʥʦʩʪʠ, 

ʠʟʫʯʘʷ ʧʷʪʥʘ ʥʘ ʩʦʣʥʮʝ, 

ʧʦʨʦʞʜʝʥʥʳʤʠ  ʚʳʙʨʦʩʘʤʠ ʧʣʘʟʤʳ.                          ʈʠʩ. 1 

ʆʙʦʟʥʘʯʠʤ ʩʨʝʜʥʝʛʦʜʦʚʦʝ ʢʦʣʠʯʝʩʪʚʦ ʧʷʪʝʥ ʢʘʢ( )f t . ʍʘʨʘʢʪʝʨ ʵʪʦʡ 

ʬʫʥʢʮʠʠ ʠʟʦʙʨʘʞʝʥ ʥʘ ʨʠʩʫʥʢʝ. ʉʦʣʥʝʯʥʘʷ ʘʢʪʠʚʥʦʩʪʴ ʤʝʥʷʝʪʩʷ, ʩ 

ʧʝʨʠʦʜʦʤ ʧʨʠʤʝʨʥʦ ʚ 11 ʣʝʪ. ʅʦ ʵʪʦ ʠʟʤʝʥʝʥʠʝ ʥʝ ʷʚʣʷʝʪʩʷ ʩʪʨʦʛʦ 

ʧʝʨʠʦʜʠʯʥʳʤ.   

ɺʦʟʥʠʢʘʝʪ ʚʦʧʨʦʩ ï ʠʤʝʶʪʩʷ ʣʠ ʢʦʣʝʙʘʥʠʷ ʜʨʫʛʠʭ ʧʝʨʠʦʜʦʚ? 

ʅʘʠʙʦʣʝʝ ʧʨʦʩʪʦʡ ʧʫʪʴ ʧʦʠʩʢʘ ʦʪʚʝʪʘ ʥʘ ʧʦʩʪʘʚʣʝʥʥʳʡ ʚʦʧʨʦʩ ï ʵʪʦ 

ʧʨʠʤʝʥʠʪʴ ʨʘʟʣʦʞʝʥʠʝ ʚ ʩʧʝʢʪʨ ʌʫʨʴʝ: 

() ()
2

1

t
i t

t

F f t e dtww =ñ         (1) 

ʛʜʝ 1t  ʥʘʯʘʣʦ ʥʘʙʣʶʜʝʥʠʡ -1610 ʛʦʜ, ʢʦʛʜʘ ɻʘʣʠʣʝʡ ʥʘʧʨʘʚʠʣ ʥʘ ʉʦʣʥʮʝ 

ʩʚʦʶ ʧʦʜʟʦʨʥʫʶ ʪʨʫʙʫ, ʘ 2t  ʥʘʩʪʦʷʱʝʝ ʚʨʝʤʷ. ʆʜʥʘʢʦ ʪʘʢʦʡ ʧʫʪʴ ʠʤʝʝʪ 

ʩʫʱʝʩʪʚʝʥʥʳʝ ʥʝʜʦʩʪʘʪʢʠ. ʇʝʨʚʳʡ ʠʟ ʥʠʭ ʩʦʩʪʦʠʪ ʚ ʪʦʤ, ʯʪʦ ʨʘʟʣʦʞʝʥʠʝ 

(1) ʤʦʞʝʪ ʜʘʚʘʪʴ ʠʩʢʘʞʝʥʥʳʝ ʨʝʟʫʣʴʪʘʪʳ. ʂʘʢ ʠʟʚʝʩʪʥʦ, ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ 

ʌʫʨʴʝ ʙʫʜʝʪ ʩʪʨʦʛʠʤ, ʝʩʣʠ ʙʨʘʪʴ ʠʥʪʝʛʨʘʣ ʧʦ ʚʩʝʡ ʜʝʡʩʪʚʠʪʝʣʴʥʦʡ ʧʨʷʤʦʡ: 

() ()i tF f t e dtww

¤

-¤

=ñ    
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ɺ ʩʚʷʟʠ ʩ ʦʪʩʫʪʩʪʚʠʝʤ ʜʘʥʥʳʭ ʧʨʠʭʦʜʠʪʩʷ ʙʨʘʪʴ ʠʥʪʝʛʨʘʣ ʧʦ ʦʪʨʝʟʢʫ 

( 1t , 2t ), ʘ ʥʝ ʧʦ ʚʩʝʡ ʯʠʩʣʦʚʦʡ ʧʨʷʤʦʡ, ʯʪʦ ʵʢʚʠʚʘʣʝʥʪʥʦ ʚʥʝʩʝʥʠʶ 

ʠʩʢʘʞʝʥʠʷ ʚ ( )f t . ʇʦʩʢʦʣʴʢʫ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ ʌʫʨʴʝ ʷʚʣʷʝʪʩʷ 

ʥʝʢʦʨʨʝʢʪʥʦʡ ʟʘʜʘʯʝʡ, ʪʦ ʵʪʦ ʤʦʞʝʪ ʧʨʠʚʦʜʠʪʴ ʢ ʙʦʣʴʰʠʤ ʧʦʛʨʝʰʥʦʩʪʷʤ ʚ 

ʦʧʨʝʜʝʣʝʥʠʠ ()F w, ʚ ʪʦʤ ʯʠʩʣʝ ʢ ʧʦʷʚʣʝʥʠʶ ʣʠʰʥʠʭ ʧʠʢʦʚ, ʥʝ ʠʤʝʶʱʠʭ 

ʧʦʜ ʩʦʙʦʡ ʬʠʟʠʯʝʩʢʦʛʦ ʩʦʜʝʨʞʘʥʠʷ.  

ɺʪʦʨʦʡ ʥʝʜʦʩʪʘʪʦʢ ʩʦʩʪʦʠʪ ʚ ʪʦʤ, ʯʪʦ ʬʫʥʢʮʠʷ ()F w
 
ʭʘʨʘʢʪʝʨʠʟʫʝʪ 

ʩʧʝʢʪʨʘʣʴʥʳʡ ʩʦʩʪʘʚ ʩʨʘʟʫ ʟʘ ʚʝʩʴ ʧʝʨʠʦʜ ʥʘʙʣʶʜʝʥʠʷ, ʢʘʢ ʙʳ ʚ ʩʨʝʜʥʝʤ, ʘ 

ʥʘ ʨʠʩ.1 ʚʠʜʥʦ, ʯʪʦ ʠʥʪʝʥʩʠʚʥʦʩʪʴ ʢʦʣʝʙʘʥʠʡ ( )f t  ʤʝʥʷʣʘʩʴ ʦʪ ʚʝʢʘ ʢ 

ʚʝʢʫ. ʇʨʝʜʩʪʘʚʣʷʝʪ ʠʥʪʝʨʝʩ ʚʦʧʨʦʩ ʦ ʪʦʤ, ʢʘʢ ʤʝʥʷʶʪʩʷ ʯʘʩʪʦʪʥʳʝ 

ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ ʩ ʪʝʯʝʥʠʝʤ ʚʨʝʤʝʥʠ. 

ɺ 1980 ʛʦʜʫ ʄʦʨʣʝ ʧʨʝʜʣʦʞʠʣ ʩʣʝʜʫʶʱʝʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ: 

( ) ()( )
2

1

0 0, , ,

t

t

F t f t t t dtw y w=ñ       (2) 

 ʢʦʪʦʨʦʝ ʩʪʘʣʦ ʥʘʟʳʚʘʪʴʩʷ ʚʝʡʚʣʝʪ-ʧʨʝʦʙʨʘʟʦʚʘʥʠʝʤ. ʄʦʨʣʝ ʠʩʧʦʣʴʟʦʚʘʣ 

ʷʜʨʦ ( ) ( ) ( )
2

0 0

0, ,
i t t a t t

t t e e
w

y w
- - -

= . ʌʫʥʢʮʠʷ ( )0, ,t ty w  ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ 

ʚʦʣʥʦʚʦʡ ʧʘʢʝʪ ʩ ʦʛʠʙʘʶʱʝʡ 
( )

2

0a t t
e
- -

, ʢʦʪʦʨʘʷ ʫʙʳʚʘʝʪ ʧʨʠ ʦʪʢʣʦʥʝʥʠʠ t  

ʦʪ 
0t . ʇʦʵʪʦʤʫ ʬʫʥʢʮʠʷ ( )0,F tw  ʜʘʝʪ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʦ ʯʘʩʪʦʪʥʳʭ 

ʩʦʩʪʘʚʣʷʶʱʠʭ ʬʫʥʢʮʠʠ ( )f t  ʚ ʦʢʨʝʩʪʥʦʩʪʠ 
0t . ʂʨʦʤʝ ʪʦʛʦ, ʦʪʩʫʪʩʪʚʠʝ 

ʠʥʬʦʨʤʘʮʠʠ ʦʙ ( )f t  ʧʨʠ ( )1 2,t t tÎ  ʥʝ 

ʩʢʘʟʳʚʘʝʪʩʷ ʥʘ ( )0,F tw , ʧʨʠ 
0t  

ʜʘʣʝʢʠʭ ʦʪ ʢʦʥʮʦʚ ʠʥʪʝʨʚʘʣʘ 

ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ.   

ʅʘ ʨʠʩʫʥʢʝ ʧʨʠʚʝʜʝʥ ʧʨʠʤʝʨʥʳʡ 

ʚʠʜ ʧʦʣʫʯʘʝʤʦʛʦ ʨʝʟʫʣʴʪʘʪʘ. 

ɿʘʪʝʤʥʝʥʠʝ ʦʧʨʝʜʝʣʷʝʪ ʚʝʣʠʯʠʥʫ 
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( )0,F tw . ɺʠʜʥʦ, ʯʪʦ ʢʨʦʤʝ ʧʝʨʠʦʜʘ ʚ 11 ʣʝʪ ʚ ʩʦʣʥʝʯʥʦʡ ʘʢʪʠʚʥʦʩʪʠ 

ʧʨʠʩʫʪʩʪʚʫʶʪ ʠ ʜʨʫʛʠʝ ʧʝʨʠʦʜʳ, ʩʘʤʳʡ ʩʫʱʝʩʪʚʝʥʥʳʡ ʠʟ ʥʠʭ ʧʦʨʷʜʢʘ 100 

ʣʝʪ. ɸʤʧʣʠʪʫʜʘ ʩʧʝʢʪʨʘʣʴʥʳʭ ʭʘʨʘʢʪʝʨʠʩʪʠʢ ʤʝʥʷʝʪʩʷ. ʅʘʧʨʠʤʝʨ, ʟʘʤʝʪʥʦ 

ʧʘʜʝʥʠʝ, ʧʨʠʭʦʜʷʱʝʝʩʷ ʥʘ ʤʠʥʠʤʫʤ ʄʘʫʥʜʝʨʘ.  

ʉʠʣʴʥʦʡ ʩʪʦʨʦʥʦʡ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʌʫʨʴʝ ʷʚʣʷʝʪʩʷ ʧʨʦʩʪʦʪʘ ʝʛʦ 

ʦʙʨʘʪʥʦʛʦ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ. ʄʦʞʥʦ ʧʦʢʘʟʘʪʴ, ʯʪʦ ʜʣʷ ʚʝʡʚʣʝʪ-

ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʪʘʢʞʝ ʩʫʱʝʩʪʚʫʝʪ ʦʙʨʘʪʥʦʝ, ʝʩʣʠ 

( )0, , 0t t dty w

¤

-¤

=ñ         (3) 

ʋ ʄʦʨʣʝ ʫʩʣʦʚʠʝ (3) ʩʪʨʦʛʦ ʥʝ 

ʚʳʧʦʣʥʷʝʪʩʷ, ʥʦ ʧʨʠ ʤʘʣʳʭ ʟʥʘʯʝʥʠʷʭ 

ʢʦʵʬʬʠʮʠʝʥʪʘ a  ʚʳʧʦʣʥʷʝʪʩʷ ʧʨʠʙʣʠʞʝʥʥʦ. 

ʋʩʣʦʚʠʝ (3) ʩʪʨʦʛʦ ʚʳʧʦʣʥʷʝʪʩʷ, ʥʘʧʨʠʤʝʨ, 

ʜʣʷ ʩʣʝʜʫʶʱʝʡ ʬʫʥʢʮʠʠ, ʧʨʦʟʚʘʥʥʦʡ ʟʘ 

ʬʦʨʤʫ ʛʨʘʬʠʢʘ çʤʝʢʩʠʢʘʥʩʢʦʡ ʰʣʷʧʦʡè:  

( ) ( )( )
( )

2
2

022 2
0 0, , 1

t t

t t t t e
w

y w w
- -

= - -   

ʇʨʠ ʚʳʧʦʣʥʝʥʠʠ (3) ʦʙʨʘʪʥʦʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ ʩʫʱʝʩʪʚʫʝʪ, ʥʦ ʚʠʜ ʝʛʦ 

ʜʦʩʪʘʪʦʯʥʦ ʩʣʦʞʥʳʡ. ʇʫʩʪʴ ( )0( )t ty y w= -  ʠ ʠʟʚʝʩʪʥʘ ʬʫʥʢʮʠʷ 

( ) () ( )*

0 0

1
, ( )W t f t t t dtw y w

w

¤

-¤

= -ñ . ʊʦʛʜʘ ʦʙʨʘʪʥʦʝ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ 

ʠʤʝʝʪ ʚʠʜ: 

() ( ) ( )5/ 2

0 0 0

0

1
( ) ,f t t t W t dt d

c
w y w w w

¤ ¤

-¤

å õ
= -æ ö

ç ÷
ñ ñ  

ʛʜʝ 
()

c dt
y w

w

¤

-¤

=ñ , ʘ () ( )i tt e dtwy w y w
¤

-¤

=ñ . 
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ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʜʦʩʪʦʠʥʩʪʚʦʤ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʛʦ ʧʦʜʭʦʜʘ ʷʚʣʷʝʪʩʷ 

ʠʤʝʥʥʦ ʧʨʷʤʦʝ ʚʝʡʚʣʝʪ-ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ, ʜʘʶʱʝʝ ʙʦʣʴʰʫʶ ʠʥʬʦʨʤʘʮʠʶ ʦ 

ʩʧʝʢʪʨʘʣʴʥʳʭ ʭʘʨʘʢʪʝʨʠʩʪʠʢʘʭ, ʯʝʤ ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ ʌʫʨʴʝ. ɺ ʪʦ ʞʝ ʚʨʝʤʷ, 

ʢʦʨʨʝʢʪʥʦʩʪʴ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ (2) ʧʦʟʚʦʣʷʝʪ ʠʩʧʦʣʟɹʦʚʘʪʴ ʬʫʥʢʮʠʶ 

( )0,F tw  ʜʣʷ ʧʦʣʫʯʝʥʠʷ ʜʦʧʦʣʥʠʪʝʣʴʥʦʡ ʠʥʬʦʨʤʘʮʠʠ.  ʈʘʩʩʤʦʪʨʠʤ ʵʪʦ ʥʘ 

ʩʣʝʜʫʶʱʝʤ ʧʨʠʤʝʨʝ. 

ɼʣʷ ʮʝʥʪʨʘʣʴʥʦʡ ɸʥʛʣʠʠ ʠʤʝʶʪʩʷ ʜʘʥʥʳʝ ʥʘʙʣʶʜʝʥʠʡ 

ʩʨʝʜʥʝʛʦʜʦʚʦʡ ʪʝʤʧʝʨʘʪʫʨʳ, ʥʘʯʠʥʘʷ ʩ 1659 ʛʦʜʘ. ʆʥʠ ʠʤʝʶʪ ʧʨʠʤʝʨʥʦ 

ʪʘʢʦʡ ʞʝ ʚʠʜ, ʢʘʢʦʡ ʠʟʦʙʨʘʞʝʥ ʥʘ ʨʠʩʫʥʢʝ 1. 

ʇʦʜʚʝʨʛʥʫʚ ʠʤʝʶʱʫʶʩʷ ʟʘʚʠʩʠʤʦʩʪʴ ʚʝʡʚʣʝʪ-ʧʨʝʦʙʨʘʟʦʚʘʥʠʶ ʙʳʣʘ 

ʧʦʣʫʯʝʥʘ ʬʫʥʢʮʠʷ ( )0,F tw . ɼʣʷ 

ʚʝʡʚʣʝʪ-ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ 

ʘʥʘʣʦʛʦʤ ʌʫʨʴʝ-ʦʙʨʘʟʘ ʙʫʜʝʪ 

ʬʫʥʢʮʠʷ: () ( )
2

1

0 0,

t

t

A F t dtw w=ñ . 

ɺ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʤ ʧʨʠʤʝʨʝ ʦʥʘ 

ʠʤʝʝʪ ʚʠʜ, ʧʦʢʘʟʘʥʥʳʡ ʥʘ 

ʨʠʩʫʥʢʝ. ʆʙʥʫʣʷʷ ʬʫʥʢʮʠʶ ()A w  ʣʝʚʝʝ ʧʫʥʢʪʠʨʘ ʥʘ ʨʠʩʫʥʢʝ (ʦʪʩʝʢʘʷ ʪʝʤ 

ʩʘʤʳʤ ʢʦʣʝʙʘʥʠʷ ʚʳʩʦʢʦʡ ʯʘʩʪʦʪʳ - ʧʦʨʷʜʢʘ 10 ʣʝʪ)  ʠ ʩʦʚʝʨʰʘʷ ʦʙʨʘʪʥʦʝ  

ʧʨʝʦʙʨʘʟʦʚʘʥʠʝ ʜʣʷ ʦʩʪʘʚʰʝʡʩʷ ʯʘʩʪʠ ʬʫʥʢʮʠʠ ()A w, ʧʦʣʫʯʘʝʤ 

ʧʨʝʜʩʪʘʚʣʝʥʠʷ ʦ ʤʝʜʣʝʥʥʳʭ ʠʟʤʝʥʝʥʠʷʭ ʢʣʠʤʘʪʘ. 

ɹʳʣʦ ʧʦʣʫʯʝʥʦ, ʯʪʦ 

ʧʦʪʝʧʣʝʥʠʝ ʥʘʯʘʣʦʩʴ ʜʦ ʥʘʯʘʣʘ 

ʠʥʪʝʥʩʠʚʥʦʡ ʠʥʜʫʩʪʨʠʘʣʴʥʦʡ 

ʜʝʷʪʝʣʴʥʦʩʪʠ ʯʝʣʦʚʝʯʝʩʪʚʘ, ʘ 

ʟʥʘʯʠʪ ʦʥʦ ʥʝ ʩʚʷʟʘʥʦ ʩ 

ʟʘʛʨʷʟʥʝʥʠʝʤ ʦʢʨʫʞʘʶʱʝʡ 

ʩʨʝʜʳ. 
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Ä2.  ʌʨʘʢʪʘʣʳ. 

ʌʨʘʢʪʘʣʳ ï ʵʪʦ ʩʪʨʫʢʪʫʨʳ, ʩʦʩʪʦʷʱʠʝ ʠʟ ʯʘʩʪʝʡ, ʢʦʪʦʨʳʝ ʚ ʢʘʢʦʤ-ʪʦ 

ʩʤʳʩʣʝ ʧʦʜʦʙʥʳ ʮʝʣʦʤʫ. ɽʱʝ ʚ 1883 ʛ. ɻʝʦʨʛ ʂʘʥʪʦʨ ʦʧʠʩʘʣ ʤʥʦʞʝʩʪʚʦ, 

ʢʦʪʦʨʦʝ ʪʝʧʝʨʴ ʥʘʟʳʚʘʶʪ ʤʥʦʞʝʩʪʚʦʤ ʂʘʥʪʦʨʘ ʠʣʠ ʧʳʣʴʶ ʂʘʥʪʦʨʘ. 

ʈʘʩʩʤʦʪʨʠʤ ʦʪʨʝʟʦʢ ʝʜʠʥʠʯʥʦʡ ʜʣʠʥʳ. ʈʘʟʜʝʣʠʤ ʝʛʦ ʥʘ ʪʨʠ ʯʘʩʪʠ ʠ 

ʫʜʘʣʠʤ ʠʟ ʥʝʛʦ ʦʪʢʨʳʪʫʶ ʩʨʝʜʥʶʶ ʯʘʩʪʴ, ʦʩʪʘʚʠʚ ʝʝ ʢʦʥʮʝʚʳʝ ʪʦʯʢʠ. 

ʇʦʣʫʯʠʤ ʜʚʘ ʦʪʨʝʟʢʘ ʜʣʠʥʦʡ ʧʦ 1/3 ʢʘʞʜʳʡ. ɺʳʨʝʞʝʤ ʩʨʝʜʥʶʶ ʪʨʝʪʴ ʠʟ 

ʢʘʞʜʦʛʦ ʦʪʨʝʟʢʘ ʠ ʙʫʜʝʤ ʧʦʚʪʦʨʷʪʴ ʵʪʫ ʧʨʦʮʝʜʫʨʫ ʩ ʚʥʦʚʴ ʧʦʣʫʯʝʥʥʳʤʠ 

ʦʪʨʝʟʢʘʤʠ ʜʦ ʙʝʩʢʦʥʝʯʥʦʩʪʠ.  

 

ʕʪʘʧʳ ʧʦʩʪʨʦʝʥʠʷ ʤʥʦʞʝʩʪʚʘ ʂʘʥʪʦʨʘ 

ʇʦʣʫʯʝʥʥʦʝ ʚ ʙʝʩʢʦʥʝʯʥʦʤ ʧʨʝʜʝʣʝ ʤʥʦʞʝʩʪʚʦ ʥʘʟʳʚʘʶʪ 

ʤʥʦʞʝʩʪʚʦʤ ʂʘʥʪʦʨʘ. ʆʥʦ ʦʙʣʘʜʘʝʪ ʨʷʜʦʤ ʥʝʦʙʳʯʥʳʭ ʩʚʦʡʩʪʚ. ʕʪʦ 

ʤʥʦʞʝʩʪʚʦ ʠʤʝʝʪ ʤʦʱʥʦʩʪʴ ʢʦʥʪʠʥʫʫʤʘ, ʚ ʪʦ ʚʨʝʤʷ ʢʘʢ ʝʛʦ ʤʝʨʘ ʨʘʚʥʘ 

ʥʫʣʶ. ʂʘʞʜʳʡ ʠʟ ʬʨʘʛʤʝʥʪʦʚ ʤʥʦʞʝʩʪʚʘ ʂʘʥʪʦʨʘ ʚʳʛʣʷʜʠʪ, ʢʘʢ ʚʩʝ 

ʤʥʦʞʝʩʪʚʦ ʚ ʮʝʣʦʤ. ɻʦʚʦʨʷʪ, ʯʪʦ ʪʘʢʦʝ ʤʥʦʞʝʩʪʚʦ ʩʘʤʦʧʦʜʦʙʥʦ. 

ɺ 1886 ʛ. ʂʘʨʣ ɺʝʡʝʨʰʪʨʘʩʩ ʧʦʩʪʨʦʠʣ ʥʝʧʨʝʨʳʚʥʫʶ ʬʫʥʢʮʠʶ, ʥʝ 

ʠʤʝʶʱʫʶ ʧʨʦʠʟʚʦʜʥʦʡ ʥʠ ʚ ʦʜʥʦʡ ʪʦʯʢʝ: () ( )
0

cosn n

n

y x A B xp
¤

=

=ä  ʛʜʝ 

0 1A< <, ʘ ʧʨʦʠʟʚʝʜʝʥʠʝ AB ʜʦʩʪʘʪʦʯʥʦ ʚʝʣʠʢʦ. ɻʨʘʬʠʢ ʵʪʦʡ ʬʫʥʢʮʠʠ ï 

ʙʝʩʢʦʥʝʯʥʦ ʠʟʣʦʤʘʥʥʘʷ ʣʠʥʠʷ. ʇʨʠ ʫʚʝʣʠʯʝʥʠʠ ʣʶʙʦʡ ʫʯʘʩʪʦʢ ʵʪʦʡ 

ʢʨʠʚʦʡ ʚʳʛʣʷʜʠʪ ʧʦʜʦʙʥʦ ʚʩʝʡ ʢʨʠʚʦʡ. ʄʦʞʥʦ ʧʦʩʪʨʦʠʪʴ ʤʥʦʞʝʩʪʚʦ 

ʨʘʟʥʦʦʙʨʘʟʥʳʭ ʬʫʥʢʮʠʡ, ʧʦʜʦʙʥʳʭ ʬʫʥʢʮʠʠ ɺʝʡʝʨʰʪʨʘʩʩʘ. 

ɺ 1904 ʛ. ʍʝʣʛʝ ʬʦʥ ʂʦʭ ʨʘʩʩʤʦʪʨʝʣ ʥʝʦʙʳʯʥʫʶ ʢʨʠʚʫʶ. ʏʘʩʪʦ ʝʝ 

ʧʨʠʚʦʜʷʪ ʚ ʢʫʨʩʝ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ ʘʥʘʣʠʟʘ ʢʘʢ ʧʨʠʤʝʨ ʥʝʧʨʝʨʳʚʥʦʡ, ʥʦ 

ʥʝʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʡ ʢʨʠʚʦʡ. ʈʘʩʩʤʦʪʨʠʤ ʦʪʨʝʟʦʢ ʝʜʠʥʠʯʥʦʡ ʜʣʠʥʳ. 
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ʋʜʘʣʠʤ ʠʟ ʥʝʛʦ ʩʨʝʜʥʶʶ ʪʨʝʪʴ ʠ ʜʦʧʦʣʥʠʤ ʜʚʫʤʷ ʦʪʨʝʟʢʘʤʠ ʜʣʠʥʦʡ 1/3. 

ʆʪʨʝʟʦʢ ʧʨʝʚʨʘʪʠʪʴʩʷ ʚ ʣʦʤʘʥʥʫʶ ʠʟ 4 ʟʚʝʥʴʝʚ. ʇʨʠʤʝʥʠʤ ʪʫ ʞʝ ʩʘʤʫʶ 

ʧʨʦʮʝʜʫʨʫ ʢ ʢʘʞʜʦʤʫ ʠʟ ʦʪʨʝʟʢʦʚ ʣʦʤʘʥʥʦʡ. ɹʫʜʝʤ ʧʦʚʪʦʨʷʪʴ ʵʪʫ 

ʧʨʦʮʝʜʫʨʫ ʙʝʩʢʦʥʝʯʥʦʝ ʯʠʩʣʦ ʨʘʟ. 

 

 

ʕʪʘʧʳ ʧʦʩʪʨʦʝʥʠʷ ʢʨʠʚʦʡ ʂʦʭʘ. 

ʄʦʞʥʦ ʪʘʢʞʝ ʧʦʩʪʨʦʠʪʴ ʩʥʝʞʠʥʢʫ ʂʦʭʘ ʠʣʠ ʦʩʪʨʦʚ ʂʦʭʘ, ʠʩʧʦʣʴʟʫʷ 

ʚ ʢʘʯʝʩʪʚʝ ʥʘʯʘʣʴʥʦʛʦ ʦʙʲʝʢʪʘ ʨʘʚʥʦʩʪʦʨʦʥʥʠʡ ʪʨʝʫʛʦʣʴʥʠʢ. ʃʝʛʢʦ ʧʦʥʷʪʴ, 

ʯʪʦ ʪʘʢʘʷ ʩʥʝʞʠʥʢʘ ʙʫʜʝʪ ʠʤʝʪʴ ʙʝʩʢʦʥʝʯʥʳʡ ʧʝʨʠʤʝʪʨ, ʥʦ ʦʛʨʘʥʠʯʠʚʘʪʴ 

ʙʫʜʝʪ ʧʨʠ ʵʪʦʤ ʢʦʥʝʯʥʫʶ ʧʣʦʱʘʜʴ. 

ɺ 1915 ʛ. ɺʘʮʣʘʚ ʉʝʨʧʠʥʩʢʠʡ ʧʨʠʜʫʤʘʣ ʥʝʩʢʦʣʴʢʦ ʠʥʪʝʨʝʩʥʳʭ 

ʢʦʥʩʪʨʫʢʮʠʡ, ʥʘʟʚʘʥʥʳʭ ʚʧʦʩʣʝʜʩʪʚʠʠ ʝʛʦ ʠʤʝʥʝʤ. ʇʨʦʢʣʘʜʢʘ 

ʉʝʨʧʠʥʩʢʦʛʦ ʠʣʠ ʩʘʣʬʝʪʢʘ ʉʝʨʧʠʥʩʢʦʛʦ ʧʦʣʫʯʘʝʪʩʷ ʠʟ ʨʘʚʥʦʩʪʦʨʦʥʥʝʛʦ 

ʪʨʝʫʛʦʣʴʥʠʢʘ. ʇʨʦʚʝʜʝʤ ʚ ʪʨʝʫʛʦʣʴʥʠʢʝ ʩʨʝʜʥʠʝ ʣʠʥʠʠ ʠ ʫʜʘʣʠʤ 

ʦʛʨʘʥʠʯʝʥʥʫʶ ʠʤʠ ʮʝʥʪʨʘʣʴʥʫʶ ʯʘʩʪʴ ʪʨʝʫʛʦʣʴʥʠʢʘ. ʇʦʚʪʦʨʠʤ ʵʪʫ 

ʧʨʦʮʝʜʫʨʫ ʧʦ ʦʪʥʦʰʝʥʠʶ ʢ ʢʘʞʜʦʤʫ ʠʟ ʧʦʣʫʯʝʥʥʳʭ ʪʨʝʫʛʦʣʴʥʠʢʦʚ ʠ ʪʘʢ 

ʜʦ ʙʝʩʢʦʥʝʯʥʦʩʪʠ. 
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ʕʪʘʧʳ ʧʦʩʪʨʦʝʥʠʷ ʧʨʦʢʣʘʜʢʠ ʉʝʨʧʠʥʩʢʦʛʦ. 

ʇʦʜʦʙʥʳʤ ʞʝ ʦʙʨʘʟʦʤ ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʢʦʚʝʨ ʉʝʨʧʠʥʩʢʦʛʦ, 

ʠʩʧʦʣʴʟʫʷ ʚ ʢʘʯʝʩʪʚʝ ʠʩʭʦʜʥʦʛʦ ʦʙʲʝʢʪʘ ʢʚʘʜʨʘʪ. ʄʦʞʥʦ ʧʦʩʪʨʦʠʪʴ ʠ 

ʪʨʝʭʤʝʨʥʳʝ ʘʥʘʣʦʛʠ ʵʪʠʭ ʦʙʲʝʢʪʦʚ. ʀʭ ʯʘʩʪʦ ʥʘʟʳʚʘʶʪ ʛʫʙʢʘʤʠ. 

ʊʘʢʠʭ ʧʨʠʤʝʨʦʚ ʤʦʞʥʦ ʧʨʠʚʝʩʪʠ ʜʦʚʦʣʴʥʦ ʤʥʦʛʦ. 

ɽʩʣʠ ʨʘʟʜʝʣʠʪʴ ʝʜʠʥʠʯʥʳʡ ʦʪʨʝʟʦʢ ʥʘ N  ʨʘʚʥʳʭ ʯʘʩʪʝʡ ʜʣʠʥʦʡ l, ʪʦ 

ʦʯʝʚʠʜʥʦ, ʯʪʦ ʜʣʠʥʘ ʠʩʭʦʜʥʦʛʦ ʦʪʨʝʟʢʘ ʙʫʜʝʪ ʨʘʚʥʘ 1 Nl= . ɽʩʣʠ ʨʘʟʙʠʪʴ 

ʝʜʠʥʠʯʥʳʡ ʢʚʘʜʨʘʪ ʥʘ N  ʨʘʚʥʳʭ ʢʚʘʜʨʘʪʦʚ ʩʦ ʩʪʦʨʦʥʦʡ 
1

l
N

= , ʪʦ 

ʧʣʦʱʘʜʴ ʠʩʭʦʜʥʦʛʦ ʢʚʘʜʨʘʪʘ ʙʫʜʝʪ ʨʘʚʥʘ 
21 Nl= . ɽʩʣʠ ʨʘʟʙʠʪʴ ʝʜʠʥʠʯʥʳʡ 

ʢʫʙ ʥʘ N  ʨʘʚʥʳʭ ʢʫʙʦʚ ʩʦ ʩʪʦʨʦʥʦʡ 
3

1
l

N
= , ʪʦ ʧʣʦʱʘʜʴ ʠʩʭʦʜʥʦʛʦ 

ʢʚʘʜʨʘʪʘ ʙʫʜʝʪ ʨʘʚʥʘ 
31 Nl= . ɺʦ ʚʩʝʭ ʩʣʫʯʘʷʭ ʚʳʧʦʣʥʷʣʦʩʴ ʩʦʦʪʥʦʰʝʥʠʝ 

1dNl =, ʛʜʝ d  ï ʨʘʟʤʝʨʥʦʩʪʴ ʩʘʤʦʧʦʜʦʙʠʷ. ɺ ʨʘʩʩʤʦʪʨʝʥʥʳʭ ʩʣʫʯʘʷʭ ʦʥʘ 

ʚʳʨʘʞʘʣʘʩʴ ʮʝʣʳʤ ʯʠʩʣʦʤ ʠ ʩʦʚʧʘʜʘʣʘ ʩ ɽʚʢʣʠʜʦʚʦʡ ʨʘʟʤʝʨʥʦʩʪʴʶ. ɺ 

ʦʙʱʝʤ ʩʣʫʯʘʝ ʨʘʟʤʝʨʥʦʩʪʴ ʩʘʤʦʧʦʜʦʙʠʷ ʤʦʞʝʪ ʙʳʪʴ ʚʳʯʠʩʣʝʥʘ ʧʦ 

ʬʦʨʤʫʣʝ: 

ln

ln

N
d

l
=-  

ʅʘʡʜʝʤ ʨʘʟʤʝʨʥʦʩʪʴ ʩʘʤʦʧʦʜʦʙʠʷ ʜʣʷ ʤʥʦʞʝʩʪʚʘ ʂʘʥʪʦʨʘ. 

ln2 ln2
0.6309

1 ln3
ln

3

d=- = º . ʈʘʟʤʝʨʥʦʩʪʴ ʩʘʤʦʧʦʜʦʙʠʷ ʦʢʘʟʘʣʘʩʴ ʜʨʦʙʥʦʡ. 
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ɸʥʘʣʦʛʠʯʥʦ ʧʦʣʫʯʘʝʤ, ʯʪʦ ʜʣʷ ʩʘʣʬʝʪʢʠ ʉʝʨʧʠʥʩʢʦʛʦ 

ln3 ln3
1.5850

1 ln2
ln

2

d=- = º  ʠ ʜʣʷ ʢʨʠʚʦʡ ʂʦʭʘ 
ln4 ln4

1.2618
1 ln3

ln
3

d=- = º . 

ʉʘʤʦʧʦʜʦʙʥʳʝ ʩʪʨʫʢʪʫʨʳ ʜʨʦʙʥʦʡ ʨʘʟʤʝʨʥʦʩʪʠ ʥʘʟʳʚʘʶʪʩʷ 

ʬʨʘʢʪʘʣʘʤʠ. 

ʄʥʦʞʝʩʪʚʦ ʬʠʟʠʯʝʩʢʠʭ ʦʙʲʝʢʪʦʚ ʠʤʝʶʪ ʬʨʘʢʪʘʣʦʧʦʜʦʙʥʫʶ 

ʩʪʨʫʢʪʫʨʫ. ʊʠʧʠʯʥʳʝ ʧʨʠʨʦʜʥʳʝ ʬʨʘʢʪʘʣʳ ï ʜʝʨʝʚʴʷ, ʨʝʢʠ, ʦʙʣʘʢʘ, 

ʙʝʨʝʛʦʚʘʷ ʣʠʥʠʷ. ʌʨʘʢʪʘʣʘʤʠ ʷʚʣʷʶʪʩʷ ʜʝʥʜʨʠʪʳ (ʦʪ ʛʨʝʯ. ʜʝʥʜʨʦʥ ï 

ʜʝʨʝʚʦ). ɼʝʥʜʨʠʪʦʧʦʜʦʙʥʳʝ ʩʪʨʫʢʪʫʨʳ ʚʦʟʥʠʢʘʶʪ ʚ ʨʘʟʣʠʯʥʳʭ ʦʙʣʘʩʪʷʭ 

ʬʠʟʠʢʠ, ʥʘʧʨʠʤʝʨ, ʧʨʠ ʢʨʠʩʪʘʣʣʠʟʘʮʠʠ ʤʝʪʘʣʣʦʚ. ɼʝʥʜʨʠʪʦʧʦʜʦʙʥʫʶ 

ʩʪʨʫʢʪʫʨʫ ʠʤʝʝʪ ʦʙʳʢʥʦʚʝʥʥʘʷ ʩʥʝʞʠʥʢʘ. 

ʂ ʬʨʘʢʪʘʣʴʥʳʤ ʩʪʨʫʢʪʫʨʘʤ ʤʦʞʥʦ ʦʪʥʝʩʪʠ ʪʘʢʞʝ ʪʘʢ ʥʘʟʳʚʘʝʤʳʝ 

ʘʵʨʦʛʝʣʠ ï ʪʚʝʨʜʳʝ ʪʝʣʘ, ʩʦʩʪʦʷʱʠʝ ʠʟ ʩʚʷʟʘʥʥʳʭ ʤʝʞʜʫ ʩʦʙʦʡ 

ʤʠʢʨʦʯʘʩʪʠʮ, ʩʦʩʪʘʚʣʷʶʱʠʭ ʞʝʩʪʢʠʡ ʢʘʨʢʘʩ, ʢʦʪʦʨʳʡ ʟʘʥʠʤʘʝʪ ʣʠʰʴ 

ʤʘʣʫʶ ʯʘʩʪʴ ʦʙʱʝʛʦ ʦʙʲʝʤʘ.  

ɺ ʯʝʣʦʚʝʯʝʩʢʦʤ ʦʨʛʘʥʠʟʤʝ ʤʥʦʞʝʩʪʚʦ ʬʨʘʢʪʘʣʴʥʳʭ ʦʙʨʘʟʦʚʘʥʠʡ ʚ 

ʩʪʨʫʢʪʫʨʝ ʜʳʭʘʪʝʣʴʥʦʡ, ʢʨʦʚʝʥʦʩʥʦʡ ʠ ʥʝʨʚʥʦʡ ʩʠʩʪʝʤ, ʛʫʙʯʘʪʦʡ 

ʩʪʨʫʢʪʫʨʝ ʢʦʩʪʝʡ.  

ʇʨʠ ʤʦʜʝʣʠʨʦʚʘʥʠʠ ʬʠʟʠʯʝʩʢʠʭ ʧʨʦʮʝʩʩʦʚ ʩ ʦʙʲʝʢʪʘʤʠ, ʠʤʝʶʱʠʤʠ 

ʬʨʘʢʪʘʣʴʥʫʶ ʩʪʨʫʢʪʫʨʫ, ʯʘʱʝ ʚʩʝʛʦ ʚʩʪʘʝʪ ʚʦʧʨʦʩ ʦ ʩʦʦʪʥʦʰʝʥʠʠ ʤʝʞʜʫ 

ʧʣʦʱʘʜʷʤʠ ʧʦʚʝʨʭʥʦʩʪʠ ʠ ʦʙʲʝʤʘʤʠ ʬʨʘʢʪʘʣʴʥʦʡ ʩʪʨʫʢʪʫʨʳ ʠ ʝʝ ʯʘʩʪʝʡ  

ʧʨʠ ʨʘʟʣʠʯʥʦʡ ʧʦʜʨʦʙʥʦʩʪʠ ʦʧʠʩʘʥʠʷ ʦʙʲʝʢʪʘ. 

Ä3.  ɼʝʪʝʨʤʠʥʠʨʦʚʘʥʥʳʡ ʭʘʦʩ. 

ʅʝ ʙʳʣʦ ʛʚʦʟʜʷ - ʧʦʜʢʦʚʘ ʧʨʦʧʘʣʘ. 

ʅʝ ʙʳʣʦ ʧʦʜʢʦʚʳ ï ʣʦʰʘʜʴ ʟʘʭʨʦʤʘʣʘ. 

ʃʦʰʘʜʴ ʟʘʭʨʦʤʘʣʘ ï ʢʦʤʘʥʜʠʨ ʫʙʠʪ. 

ʂʦʥʥʠʮʘ ʨʘʟʙʠʪʘ ï ʘʨʤʠʷ ʙʝʞʠʪ. 

ɺʨʘʛ ʚʩʪʫʧʘʝʪ ʚ ʛʦʨʦʜ, ʧʣʝʥʥʳʭ ʥʝ ʱʘʜʷ, 

ʆʪʪʦʛʦ, ʯʪʦ ʚ ʢʫʟʥʠʮʝ ʥʝ ʙʳʣʦ ʛʚʦʟʜʷ. 

ʉ.ʗ.ʄʘʨʰʘʢ 
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ʄʳ ʧʨʠʚʳʢʣʠ ʢ ʪʦʤʫ, ʯʪʦ ʟʘʜʘʥʠʝ ʥʘʯʘʣʴʥʳʭ ʫʩʣʦʚʠʡ ð ʢʦʦʨʜʠʥʘʪ 

ʠ ʠʤʧʫʣʴʩʦʚ ð ʦʜʥʦʟʥʘʯʥʦ ʦʧʨʝʜʝʣʷʝʪ ʧʦʩʣʝʜʫʶʱʫʶ ʵʚʦʣʶʮʠʶ 

ʤʝʭʘʥʠʯʝʩʢʦʡ ʩʠʩʪʝʤʳ. ʀʟʚʝʩʪʥʦ ʠʟʨʝʯʝʥʠʝ ʃʘʧʣʘʩʘ: "ɼʘʡʪʝ ʤʥʝ 

ʥʘʯʘʣʴʥʳʝ ʫʩʣʦʚʠʷ, ʠ ʷ ʧʨʝʜʩʢʘʞʫ ʙʫʜʫʱʝʝ ʤʠʨʘ". ɺ ʩʦʟʥʘʥʠʠ 

ʙʦʣʴʰʠʥʩʪʚʘ ʝʩʪʝʩʪʚʦʠʩʧʳʪʘʪʝʣʝʡ, ʚʧʣʦʪʴ ʜʦ ʥʝʜʘʚʥʝʛʦ ʚʨʝʤʝʥʠ, 

ʩʦʭʨʘʥʷʣʘʩʴ ʵʪʘ ʫʚʝʨʝʥʥʦʩʪʴ ʚ ʧʨʝʜʩʢʘʟʫʝʤʦʩʪʠ ʧʦʚʝʜʝʥʠʷ ʩʠʩʪʝʤ, 

ʦʧʠʩʳʚʘʝʤʳʭ ʢʣʘʩʩʠʯʝʩʢʦʡ ʤʝʭʘʥʠʢʦʡ. ʆʜʥʘʢʦ ʠʩʩʣʝʜʦʚʘʥʠʷ ʧʦʩʣʝʜʥʠʭ 

50 ʣʝʪ ʧʦʢʘʟʘʣʠ, ʯʪʦ ʥʝ ʚʩʝ ʪʘʢ ʧʨʦʩʪʦ. ɺʩʪʨʝʯʘʶʪʩʷ ʟʘʜʘʯʠ, ʚ ʢʦʪʦʨʳʭ 

ʧʨʦʮʝʩʩ ʧʦʜʯʠʥʝʥ ʦʧʨʝʜʝʣʝʥʥʳʤ ʟʘʢʦʥʘʤ, ʥʦ ʚʳʛʣʷʜʠʪ, ʢʘʢ 

ʙʝʩʧʦʨʷʜʦʯʥʳʡ. ʋʚʝʨʝʥʥʦʩʪʴ ʚ ʚʦʟʤʦʞʥʦʩʪʠ ʧʨʝʜʩʢʘʟʘʥʠʷ ʧʦʚʝʜʝʥʠʷ 

ʜʝʪʝʨʤʠʥʠʨʦʚʘʥʥʦʡ ʩʠʩʪʝʤʳ ʟʠʞʜʝʪʩʷ ʥʘ ʠʥʪʫʠʪʠʚʥʦʤ ʧʨʝʜʩʪʘʚʣʝʥʠʠ ʦ 

ʪʦʤ, ʯʪʦ ʤʘʣʳʝ ʠʟʤʝʥʝʥʠʷ ʥʘʯʘʣʴʥʳʭ ʫʩʣʦʚʠʡ ʚʝʜʫʪ ʢ ʤʘʣʦʤʫ ʠʟʤʝʥʝʥʠʶ 

ʨʝʰʝʥʠʷ. ɽʩʣʠ ʵʪʦ ʥʝ ʪʘʢ ʠ ʤʘʣʳʝ ʬʣʫʢʪʫʘʮʠʠ ʥʘʯʘʣʴʥʳʭ ʫʩʣʦʚʠʡ 

ʧʨʠʚʦʜʷʪ ʢ ʩʫʱʝʩʪʚʝʥʥʦʤʫ ʠʟʤʝʥʝʥʠʶ ʨʝʰʝʥʠʷ, ʪʦ ʩʦʟʜʘʝʪʩʷ ʚʧʝʯʘʪʣʝʥʠʝ 

ʦ ʪʦʤ, ʯʪʦ ʨʝʰʝʥʠʝ ʭʘʦʪʠʯʥʦ. 

ɽʱʝ ʚ ʢʦʥʮʝ XIX ʚʝʢʘ ʬpʘʥʮʫʟʩʢʠʡ ʤʘʪʝʤʘʪʠʢ ɸ. ʇʫʘʥʢʘʨʝ 

ʦʙʥʘʨʫʞʠʣ, ʯʪʦ ʚ ʥʝʢʦʪʦʨʳʭ ʤʝʭʘʥʠʯʝʩʢʠʭ ʩʠʩʪʝʤʘʭ, ʵʚʦʣʶʮʠʷ ʢʦʪʦʨʳʭ 

ʦʧʨʝʜʝʣʷʝʪʩʷ ʫʨʘʚʥʝʥʠʷʤʠ ɻʘʤʠʣʴʪʦʥʘ, ʚʦʟʤʦʞʥʦ ʥʝʧʨʝʜʩʢʘʟʫʝʤʦʝ 

ʧʦʚʝʜʝʥʠʝ ʨʝʰʝʥʠʷ. ɺʧʦʩʣʝʜʩʪʚʠʠ ʙʳʣʦ ʧʦʢʘʟʘʥʦ, ʯʪʦ 

ʪʘʢʠʭ ʩʠʩʪʝʤ ʚ ʤʝʭʘʥʠʢʝ, ʥʘʟʚʘʥʥʳʭ 

ʥʝʠʥʪʝʛpʠpʫʝʤʳʤʠ, ʤʥʦʛʦ.  

ʇpʠʤʝp ð ʵʪʦ ʜʚʦʡʥʦʡ ʧʣʦʩʢʠʡ ʤʘʷʪʥʠʢ ʩ 

ʪʦʯʝʯʥʳʤʠ ʤʘʩʩʘʤʠ m1 ʠ m2, ʠʟʦʙʨʘʞʝʥʥʳʡ ʥʘ 

ʨʠʩʫʥʢʝ. ɼʚʝ ʩʪʝʧʝʥʠ ʩʚʦʙʦʜʳ ð ʵʪʦ ʜʚʘ ʫʛʣʘ ű1 ʠ ű2. 

ɽʩʣʠ ʦʪʢʣʦʥʝʥʠʝ ʦʪ ʧʦʣʦʞʝʥʠʷ 

ʨʘʚʥʦʚʝʩʠʷ ʤʘʣʦ, ʪʦ ʩʠʩʪʝʤʘ, ʢʘʢ ʠ ʚ 

ʩʣʫʯʘʝ ʧʨʦʩʪʦʛʦ ʤʘʷʪʥʠʢʘ, ʩʦʚʝʨʰʘʝʪ 

ʨʝʛʫʣʷʨʥʳʝ ʛʘʨʤʦʥʠʯʝʩʢʠʝ ʢʦʣʝʙʘʥʠʷ. 

ʆʜʥʘʢʦ ʧʨʠ ʫʚʝʣʠʯʝʥʠʠ ʧʦʣʥʦʡ ʵʥʝʨʛʠʠ 

ʥʘʩʪʫʧʘʝʪ ʪʘʢʦʡ ʤʦʤʝʥʪ, ʢʦʛʜʘ 

ʢʦʣʝʙʘʥʠʷ ʩʪʘʥʦʚʷʪʩʷ ʭʘʦʪʠʯʝʩʢʠʤʠ. 

 

. 
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ɼʚʘ ʙʣʠʟʢʠʭ ʥʘʯʘʣʴʥʳʭ ʫʩʣʦʚʠʷ ʧʨʠʚʦʜʷʪ, ʚ ʢʦʥʮʝ ʢʦʥʮʦʚ, ʢ ʩʦʚʝʨʰʝʥʥʦ 

ʨʘʟʣʠʯʥʦʡ ʜʠʥʘʤʠʢʝ ʵʪʦʡ ʩʠʩʪʝʤʳ ʩ ʜʚʫʤʷ ʩʪʝʧʝʥʷʤʠ ʩʚʦʙʦʜʳ.  

ɼʨʫʛʦʡ ʢʣʘʩʩʠʯʝʩʢʠʡ ʧʨʠʤʝʨ 

ʥʝʠʥʪʝʛpʠpʫʝʤʦʡ ʩʠʩʪʝʤʳ ð ʵʪʦ 

ʠʟʚʝʩʪʥʘʷ ʟʘʜʘʯʘ ʪʨʝʭ ʪʝʣ. ʏʘʩʪʥʳʤ 

ʩʣʫʯʘʝʤ ʧʦʩʣʝʜʥʝʡ ʷʚʣʷʝʪʩʷ ʜʚʠʞʝʥʠʝ 

ʯʘʩʪʠʮʳ ʚ ʛʨʘʚʠʪʘʮʠʦʥʥʦʤ ʧʦʣʝ ʜʚʫʭ 

ʥʝʧʦʜʚʠʞʥʳʭ ʪʦʯʝʯʥʳʭ ʤʘʩʩ. ɼʘʞʝ ʝʩʣʠ 

ʜʚʠʞʝʥʠʝ ʧʨʦʠʩʭʦʜʠʪ ʚ ʦʜʥʦʡ 

ʧʣʦʩʢʦʩʪʠ, ʪʨʘʝʢʪʦʨʠʷ ʯʘʩʪʠʮʳ ʚʳʛʣʷʜʠʪ 

ʯʨʝʟʚʳʯʘʡʥʦ ʩʣʦʞʥʦʡ ʠ ʟʘʧʫʪʘʥʥʦʡ. ʆʥʘ 

ʪʦ ʦʙʚʠʚʘʝʪʩʷ ʚʦʢʨʫʛ ʦʜʥʦʡ ʠʟ ʤʘʩʩ, ʪʦ ʥʝʦʞʠʜʘʥʥʦ ʧʝʨʝʩʢʘʢʠʚʘʝʪ ʢ 

ʜʨʫʛʦʡ. ʅʘ ʨʠʩʫʥʢʝ ʚʚʝʨʭʫ ʧʦʢʘʟʘʥʘ ʥʘʯʘʣʴʥʘʷ ʯʘʩʪʴ ʪʨʘʝʢʪʦʨʠʠ, ʘ ʚʥʠʟʫ 

ʝʝ ʧʨʦʜʦʣʞʝʥʠʝ. ʇʝʨʚʦʥʘʯʘʣʴʥʦ ʙʣʠʟʢʠʝ ʪʨʘʝʢʪʦʨʠʠ ʦʯʝʥʴ ʙʳʩʪʨʦ 

ʨʘʩʭʦʜʷʪʩʷ.  

ʆʪʢʨr ʪʠʝ, ʩʜʝʣʘʥʥʦʝ ʇʫʘʥʢʘʨʝ, ʦʩʪʘʣʦʩʴ ʥʝʟʘʤʝʯʝʥʥʳʤ. ʉʧʫʩʪʷ 70 

ʣʝʪ ʝʛʦ ʧʦʚʪʦʨʠʣ ʤʝʪʝʦʨʦʣʦʛ ʕ.ʃʦʨʝʥʮ, ʨʝʰʘʷ ʩʦʚʝʨh ʝʥʥʦ ʜʨʫʛʫʶ ʟʘʜʘʯʫ 

ʦ ʪʝʧʣʦʚʦʡ ʢʦʥʚʝʢʮʠʠ ʞʠʜʢʦʩʪʠ. ʉʣʦʡ ʞʠʜʢʦʩʪʠ ʢʦʥʝʯʥʦʡ ʪʦʣʱʠʥʳ 

ʧʦʜʦʛʨʝʚʘʝʪʩʷ ʩʥʠʟʫ ʪʘʢ, ʯʪʦ ʤʝʞʜʫ ʚʝʨʭʥʝʡ ð ʭʦʣʦʜʥʦʡ ʠ ʥʠʞʥʝʡ ð 

ʛʦʨ̫ ʯʝʡ ʧʦʚʝʨʭʥʦʩʪʷʤʠ ʧʦʜʜʝʨʞʠʚʘʝʪʩʷ ʧʦʩʪʦʷʥʥʘʷ ʨʘʟʥʦʩʪʴ ʪʝʤʧʝʨʘʪʫʨ. 

ʅʘʛʨʝʪʘʷ ʞʠʜʢʦʩʪʴ ʚʙʣʠʟʠ ʜʥʘ, ʨʘʩʰʠʨ̫ ʷʩʴ, ʩʪʨʝʤʠʪʩʷ ʧʦʜʥʷʪʴʩʷ ʚʚʝʨʭ. ʀ 

ʥʘʦʙʦʨʦʪ, ʭʦʣʦʜʥʘʷ ʚʙʣʠʟʠ ʚʝʨʭʘ ʞʠʜʢʦʩʪʴ ð ʦʧʫʩʪʠʪʴʩʷ ʚʥʠʟ. 

ʄʘʢʩʠʤʘʣʴʥʦ ʫʧʨʦʱʘʷ ʫʨʘʚʥʝʥʠʷ Hʘʚʴʝ-ʉʪʦʢʩʘ, ʦʧʠʩʳʚʘʶʱʠʝ ʵʪʦ 

ʷʚʣʝʥʠʝ, ʃʦʨʝʥʮ ʩʣʫʯʘʡʥʦ ʥʘʪʢʥʫʣʩʷ ʥʘ ʪʦ, ʯʪʦ ʜʘʞʝ ʩʨʘʚʥʠʪʝʣʴʥʦ ʧʨʦʩʪʘʷ 

ʩʠʩʪʝʤʘ ʠʟ ʪʨʝʭ ʩʚʷʟʘʥʥʳʭ ʥʝʣʠʥʝʡʥʳʭ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ 1-ʛʦ 

ʧʦʨ̫ ʜʢʘ ʤʦʞʝʪ ʠʤʝʪʴ ʨʝʰʝʥʠʝʤ ʩʦʚʝʨh ʝʥʥʦ ʭʘʦʪʠʯʝʩʢʠʝ ʪʨʘʝʢʪʦʨʠʠ.  

ʕʪʘ ʩʠʩʪʝʤʘ ʫʨʘʚʥʝʥʠʡ, ʩʪʘʚʰʘʷ ʪʝʧʝʨʴ ʢʣʘʩʩʠʯʝʩʢʦʡ, ʠʤʝʝʪ ʚʠʜ:  

( ), ,
dx dy dz

y x x xz y xy z
dt dt dt
a b g= - = - - = -

 

ɿʜʝʩʴ ʧʝʨʝʤʝʥʥʘʷ x  ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʘ ʩʢʦʨʦʩʪʠ ʢʦʥʚʝʢʪʠʚʥʦʛʦ 

ʧʦʪʦʢʘ; y  ʦʧʠʩʳʚʘʝʪ ʨʘʟʥʦʩʪʴ ʪʝʤʧʝʨʘʪʫʨ ʜʣʷ ʧʦʪʦʢʦʚ ʚʚʝʨʭ ʠ ʚʥʠʟ; z  ð 
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ʭʘʨʘʢʪʝʨʠʟʫʝʪ ʦʪʢʣʦʥʝʥʠʝ ʧʨʦʬʠʣʷ ʪʝʤʧʝʨʘʪʫʨr  ʦʪ ʣʠʥʝʡʥʦʛʦ ʚ 

ʧʨʦʜʦʣʴʥʦʤ ʥʘʧʨʘʚʣʝʥʠʠ, ʚʜʦʣʴ ʧʨʠʣʦʞʝʥʥʦʛʦ ʛʨʘʜʠʝʥʪʘ ʪʝʤʧʝʨʘʪʫʨr ;  

a, b ʠ g ʧʘʨʘʤʝʪʨr . ʈʝʰʝʥʠʝ ʵʪʠʭ ʫʨʘʚʥʝʥʠʡ ð ʬʫʥʢʮʠʠ ()x t , ()y t  ʠ 

()z t  ð ʦʧʨʝʜʝʣʷʶʪ ʪʨʘʝʢʪʦʨʠʶ ʩʠʩʪʝʤʳ ʚ ʪʨʝʭʤʝʨʥʦʤ ʬʘʟʦʚʦʤ 

ʧʨʦʩʪʨʘʥʩʪʚʝ , ,x y z. ɺʚʠʜʫ ʦʜʥʦʟʥʘʯʥʦʩʪʠ ʬʫʥʢʮʠʡ, ʩʪʦʷʱʠʭ ʚ ʧʨʘʚʳʭ 

ʯʘʩʪʷʭ ʵʪʠʭ ʫʨʘʚʥʝʥʠʡ, ʪʨʘʝʢʪʦʨʠʷ ʩʝʙʷ ʥʠʢʦʛʜʘ ʥʝ ʧʝʨʝʩʝʢʘʝʪ.  

ʃʦʨʝʥʮ ʠʩʩʣʝʜʦʚʘʣ ʚʠʜ ʵʪʠʭ 

ʪʨʘʝʢʪʦʨʠʡ ʧʨʠ ʨʘʟʥʳʭ ʥʘʯʘʣʴʥʳʭ 

ʫʩʣʦʚʠʷʭ ʜʣʷ ʥʝʢʦʪʦʨʦʛʦ ʥʘʙʦʨʘ 

ʧʘʨʘʤʝʪʨʦʚ ( ), ,a b g. ʆʥ 

ʦʙʥʘʨʫʞʠʣ, ʯʪʦ ʪʨʘʝʢʪʦʨʠʷ 

ʭʘʦʪʠʯʝʩʢʠʤ ʦʙʨʘʟʦʤ ʙʣʫʞʜʘʝʪ ʠʟ 

ʧʦʣʫʧʨʦʩʪʨʘʥʩʪʚʘ 0x>  ʚ 

ʧʦʣʫʧʨʦʩʪʨʘʥʩʪʚʦ 0x< , ʬʦʨʤʠʨʫʷ 

ʜʚʝ ʧʦʯʪʠ ʧʣʦʩʢʠʭ, ʧʝʨʝʧʫʪʘʥʥʳʭ ʩʣʦʞʥʳʤ ʦʙʨʘʟʦʤ ʩʧʠʨʘʣʠ.  

ʅʘ ʨʠʩʫʥʢʝ ʧʦʢʘʟʘʥʘ ʧʨʦʝʢʮʠʷ ʵʪʠʭ ʩʧʠʨʘʣʝʡ ʥʘ ʧʣʦʩʢʦʩʪʴ xz ʜʣʷ 

ʥʝʢʦʪʦʨʦʛʦ ʥʘʯʘʣʴʥʦʛʦ ʫʩʣʦʚʠʷ. ʊʨʘʝʢʪʦʨʠʷ ʩʥʘʯʘʣʘ ʜʝʣʘʝʪ 1 ʦʙʦʨʦʪ 

ʩʧʨʘʚʘ, ʟʘʪʝʤ 20 ʩʣʝʚʘ, ʟʘʪʝʤ ʦʧʷʪʴ 1 ʩʧʨʘʚʘ, ʟʘʪʝʤ 4 ð ʩʣʝʚʘ ʠ ʪʘʢ ʜʘʣʝʝ. 

ʇʦʭʦʞʝʝ ʧʦʚʝʜʝʥʠʝ ʙʳʣʦ ʥʘʡʜʝʥʦ ʠ ʧʨʠ ʜʨʫʛʠʭ ʟʥʘʯʝʥʠʷʭ ʧʘʨʘʤʝʪʨʦʚ. 

ʀʟʥʘʯʘʣʴʥʦ ʙʣʠʟʢʠʝ ʢʨʠʚʳʝ ʩʠʣʴʥʦ ʨʘʩʭʦʜʷʪʩʷ. ʉʦʟʜʘʝʪʩʷ ʚʧʝʯʘʪʣʝʥʠʝ, 

ʯʪʦ ʧʨʦʮʝʩʩ ʥʦʩʠʪ ʧʨʦʠʟʚʦʣʴʥʳʡ ʥʝʧʨʝʜʩʢʘʟʫʝʤʳʡ ʭʘʨʘʢʪʝʨ, ʚ ʪʦ ʚʨʝʤʷ, 

ʢʘʢ ʥʘ ʩʘʤʦʤ ʜʝʣʝ ʦʥ ʜʝʪʝʨʤʠʥʠʨʦʚʘʥ. 

ʇʦʜʦʙʥʳʝ ʧʨʦʷʚʣʝʥʠʷ ʜʝʪʝʨʤʠʥʠʨʦʚʘʥʥʦʛʦ ʭʘʦʩʘ ʚʩʪʨʝʯʘʶʪʩʷ ʚʦ 

ʤʥʦʛʠʭ ʟʘʜʘʯʘʭ ʤʘʪʝʤʘʪʠʢʠ, ʬʠʟʠʢʠ, ʙʠʦʣʦʛʠʠ, ʠʥʬʦʨʤʘʪʠʢʠ, ʵʢʦʥʦʤʠʢʠ, 

ʬʠʥʘʥʩʦʚ. ʀʩʩʣʝʜʦʚʘʥʠʝ ʚʦʧʨʦʩʦʚ, ʩʚʷʟʘʥʥʳʭ ʩ ʵʪʠʤʠ ʟʘʜʘʯʘʤʠ ʷʚʣʷʝʪʩʷ 

ʦʜʥʠʤ ʠʟ ʥʦʚʳʭ ʥʘʧʨʘʚʣʝʥʠʡ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ ʤʦʜʝʣʠʨʦʚʘʥʠʷ. 
















