'naBa 3. MaTtemaTtuyeckoe moaenupoBaHue

HeJIMHENHbIX OOBLEKTOB U NpPoLeccoB

1. MaTtemaTun4yeckue Mogenu npoueccos
HesIMHEeMHOU TensionpPoBOAHOCTUN U FOPEeHUA

1. KpaeBble 3agauM Onsa  KBa3sUJIMHEMHOro  ypaBHEHUS

TensaonpoBoaoHOCTHU
PaCCMOTpVIM KBa3uJIMHEMNHoe yYpaBHEeHUe TennonpoBoaHOCTU.
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NMapabonunyeckoe ypaBHeHue (1) c KoacpcpumumeHTOM K(u),
ypoBneTBopsitowum ycrnosuio K(0)=0, Ha3biBaeTcs BbIpOXAaoLWKUMCH.
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ABTOMOAENbHLIMU pelleHusiMnU ypaBHeHUs (1) Mbl OyaemMm HasbiBaTb Takue ero
YacTHble pelleHuMs cneuuanbHOro BuAa, KOTOpPble MOFyT ObiTb MONYy4YeHbl
nyTeM WHTErpupoBaHUA HEKOTOPbIX OOLIKHOBEHHbIX AuddepeHUnanbHbIX

ypaBHEHUN, apryMmeHTbl UCKOMbIX (PYHKLUN KOTOPbLIX MpeactaBnsaoT COOOU
KOMOMHaLNIO He3aBUCUMBbIX NEePEeMEHHbIX X U t.

Hangem aBToMogenbHoe pelweHUMe YypaBHeHusi (1) yaoBneTBopsioliee

. u(0,t) =u, u(x,0)=u, (2)
e £=%, UKD =0G)=0(). (3)
C((k(9) O) =—2cpte), >0, (4)
9(0)=u,, O(c0)=U, (5)

3apaya (4),(5) umeeT eAMHCTBEHHOE pelleHUe, KOoTopoe B obLlieMm cnyvae
Haxo4uUTCA YNCIEHHO.



PaccmoTpum aBTOmMogernbHoe peweHue ypaBHeHUA (1) Tuna Oerywewn
BOJIHbI:

E=x-Dt, u(x,t)=0(x—Dt)=06(%). (6)
U3 (1) n (6) nonyuum:  (k(0)0')' =—-Dcpl’, —wo<E<o (7)

Uwem HenpepbiBHOe pelleHUe, obnapawowee HenpepbIBHbLIM
«TensIoBbIM NOTOKOMY '

ou(x,t)

K(O) @' = W (x1)=—k(u(x1)) (8)

MycTtb Oerywas BonHa Ha4vyana ABWXeHME Mo HyneBoMmy ¢OHY
TeMnepaTypbil:

(&) >0, & —>owo; k(B)F —0, & — . (9)

Toraa us dopmyn (7) n (9) nony4ymm ypaBHeHuMe:

k() do
0 de B

—Dcp (10)



Nycts K(U) =k,u?, K, >0,0 >0 (npuo Z% nonyvyaem koadcpuumeHT
3NEeKTPOHHOU TensionpoBOAHOCTM B MNONMHOCTbKO MWOHU3OBaAHHOM
nna3me). Torga peweHue ypaBHeHus (10) nmeeT BUA:

( 1

oDcp o
6(5)=<[ K (‘5)}’ =<0 )

0

0, &> 0.
U3 cbopmyn (6) n (11) nonyuum:

ut-(1-X)7, 0<x<Dt,
u(x,t)y=<"° 1-pp) (12)
0, X > Dt,
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dPyHkuma (12) - obOoOweHHoe  pelleHne  KBa3UNIMHEMHOro
BblpoXxaawlLlierocss napadonnyeckoro ypaBHeHusl, obnapgarowas
crneayroWMUMMN CBOUCTBaMM.

a) cdyHkuma (12) duvHUTHA nNo X B NHOOOU KOHEYHbIA MOMEHT
BpeMEeHMU: cylLecTByeT NocTosiHHaa A>0 Takas, 4to u(x,t)=0 npu X = A;

6) dyHKkuma (12) He mmeeT BcClOAQY HeNpepbIBHbIX MPOU3BOAHDbIX,
BXOAALMX B ypaBHeHue (1): npu & = 1 oHM nmeloT pa3pbIB NepBoro
poaa, Nnpu g = 2 - pa3pbIB BTOPOro poaa Ha npsimon X =

3ameyvyaHue. TennoBoOM NOTOK:

kUt 1 X \%

Tt CL_W) y OSXS Dt,
0, X > Dt

W (X, 1) =1 (13)

\§

asnaeTca HenpepbiBHon dpyHkumen: W (Dt —0,t) =W (Dt +0,t) =0;

B) OTSINYMTENIbHON OCOBEHHOCTbLIO BblpOXAaaroLwmxca ypaBHeHUn (1)
ABNAETCA TO, YTO OHM MOryT OMNUCbIBaTb MNpoLEeCCbl C KOHEeYHOM
CKOPOCTbIO pacnpocTpaHeHns1 BO3MYLUEHUS.



PeweHunna Bumpa (3) n (6) — eQUHCTBEHHbIe TUMbl HETPUBUASIbHbIX
aBTOMOAesbHbIX pelleHMn, KOTopble AonyckaeT ypaBHeHue (1) npwu
npousBoOSibHbIX Ko3dgdpuumeHtax k(u). HoBble TUNbI aBTOMOAENbHbLIX
peLeHnn NOABASIOTCA TONMbKO Npu crneunanbHom Buae dyHKumm k(u).

PaccmoTtpum 3apauy:.

(ou 0 ou

—=—(k,u°—), x>0, t>0, 14
ot 8x(° ax) 14
qu(x,0)=0, x>0, (15)
u(0,t) =u,t™, t>0, m>0. (16)

AeTomopenkHoe pewenne: £ = —2——  u(x,t) =ut"9(&)  (17)

K,2U,2t
Ana doyHkuumn & (£ )nonyvaem sagavy:
(0°0") +1(1+mo)Ed —-mo =0, &£>0, (18)
0(0)=1, 6(0)=0, (19)

o N/
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NMpnu M = J_lpel.uel-me (17) coBnapaeTt ¢ Gerywen BonHou (11). Mpwm

M # o '3apava (18),(19) pelaeTcs YncneHHo.
MoxHo nokasatk, 4To npu nioGom m>0 cywectayet takoe (M, g)>0,
yTO H(f) = (0 npm 5 > 50 " H(f) >0 npn 0<& <&, Pewenne
(17) — TennoBas BOfiHa, ABUXYLLAACA MO HEBO3MYLIEHHOMY (OHY
TemnepaTtyp. ®POHT BOMHbI Xo (1):

o limo

Xo (t) — fokoguo?t i

ycKopsieT CBOé ABvmxeHne u npu L —>00  HarpeBaeT [0 GECKOHEUHO
Gonblnx TemnepaTyp Bcto nonynpsamyro X > ().

PewweHne acumntoTnyecku yctonumBo npu t — > COTHOCUTESNLHO
ManbIX N3MEHEHUU HaYarbHbIX 3HAY€HUU N ManblX OTKITOHEHUN k(U)
OT cTeneHHou 3aBMcuMocTu. MNMpun HeaHaYNTENbHbIX U3BMEHEHUN YCITOBUMN

(15),(16) ocHOBHble 3aKOHOMEPHOCTU Mpouecca HarpeBa, KOTOpble AaeT
NPOCTPaAaHCTBEHHO-BPEeMeHHas CTPYKTypa aBToMmoaesibHOro pewweHus (17),

OXPaHAIOTCA.

(20)



2. PexxuMmbl ¢ obocTpeHnem

PexxuMmom c ob6ocTpeHuem Ha3bliBaeTCA TaKOM 3aKOH WU3MeHeHUs
HEeKOTOPOM BESIMYUHBLI, KOTOPbIN obecrneynmBaeT €€ HeorpaHu4YeHHoe
BO3pacTaHMe B Te4eHne KOHEeYHOro BPpeMeHM.

Paccmotpum 3apayy Kowm gna ogHOMEpPHOro YypaBHEHMSA
TensonpoBOAHOCTM:

u, =k,(u’u), +qu’, -o<x<owo, 0<t<T, (1)
U(x,0) =uy(x), -oo<x<wo, k;>0, q,>0. (2)

KoHKypeHUus HeNMIMHEeMHbIX TMpoueccoB Tennonepenayn w
TennoBblgeneHusa:. 23ddgekT rnokanusauMm npouecca ropeHus
(nposiBneHue npouecca camMmoopraHusauumu HeNMMHEeUHOM
AauccunatuBHon cpeabl). BosHMKHOBeHMe B cpepe uenoro Habopa
pa3fnYHbIX CTPYKTYP, He B3aMMOAENCTBYHOLNX APYr C APYyroMm.

CBepXMHTEeHCHBHOe ropenue: [ > L.



BBeném npeodbpasoBaHue nepemMeHHbIX:

t—>d[a, X —> X Ia% (3)

U npuBeaéem ypaBHeHue (1) K 6e3pasmepHomMy BuAYy:
_ (112 B
u =(u<wu,), +u” . (4)

CBoMuCTBa peLlueHnn ypaBHeH S (4) cyLecTBEHHO pa3fniu4yaloTca B

cnysaax [=3,0<3,0>3.

YacTHbIM criyyan ypaBHeHusn (4): Ut = (UZUX)X . (5)
NMony4ynm To4yHOEe aBTOMOAESNIbHOE pelueHne ypaBHeHuUA (5) Buaa:

Ut =06, =7 (6)

U3 dopmyn (5),(6) nonyyaem:

20°(£)0'(5) +30(8) =y (8), 28y (E)+w(£)=0.



PeweHue 3enbnoBuya — KomnaHenua — bapeH6narra:

1

_1l1f,e x5
u,(x,1) = & {2 [770 \/EJ:L_ ) (7)
e —ofS 2], —max{0.2), u(0.1)= 1%
0

U, (X,t) 0, Xe (-t nt?),

PelweHue (7) onucbiBaeT TennoBble BOSHbI. UA(X,t) - 3TO peLueHune
TUNa  MrHOBEHHOro  TOYeYHOro  MUCTOYHMKA  MowHocTn  Eo,
AencTBoBaBLero B Touke x=0 B MOMeHT t=0.

AIHlH

1) Myctb B cpeae wMMeeTCs WUCTOYHUK TEnJsIOBOW 3Hepruwm,
COOTBETCTBYIOLLMUA 1323:

ut — (UZUX)X + U3. (8)



Uwem aBTOMOAENbLHOE pelwueHue (8) B Buae:

_ 1
U= 75 O(X) (9)

U3 cdopmyn (8) u (9) cneayeT ypaBHeHue ans dpyHkuun & (X) :

O(x)0"(x) +2(0'(x))* +0°(x) =1 (10)

Popmynbl (9) n (10) onpenensaoT NIOKaNIM30BaHHbLIA PEXUM:

(11)

uA(x,t):ﬁ <




rae To — BpemMs CywecCTBOBaHUA peLueHus, LS — 1</ 3- ANuHa
HOCUTENSA peleHUus B 060N MOMEHT BPEeMEeHM.
Ls L

PeweHune nokanmsoBaHo B obnactu O = (_7 , 7) Mpn

t—>Ty, X€@, Uy(xt) >0, u,0t)=3 (T—B_t)—)oo, t>T,
0

TennoBas cTpykTypa (11) HasbiBaeTcs NOKann3oBaHHbIM S-pPeXXUMOM C
obocTpeHMeM U npeacTaBnsieT Co60M CTosIYYI0 TeMNepaTypPHYH BOJSTHY.

2) PaccmoTpum ypasHeHune (4)c [ =2

ut — (UZUX)X + U2 (12)
MUwem pelwleHue B BuAe:

U =00, EaxyT-t (13)

roe To- BpeMs cyLecTBOBaHUSA TENOBOU CTPYKTYPbI.




U3 dbopmyn (12) u (13) nonyvyaem ypaBHeHuUe:

(0%0'Y + 260 —0+6° =0. (14)
>

dyHkuma 0(E) crporo nonoxutensHa Ha MHTepBane (_50’50) n
paBHa Hynio BHe ero. ®yHkuusa @(£) u 50 onpenensitoTCA YNCNEHHO.

CBouncTBa peLueHuns:

a) peXxum ¢ obocTpeHuem: UA(O,'[) — Tl—’[ 0(0) — oo, t _>To;
0

0) B NtoGOM MOMEHT BpeMeHU TensioBas CTPYKTypa MMeeT KOHEeYHbIN
npasbIn X, (t) nneebin X (t) PpPOHTLI:

__& ___ &
=72 x@=-gEg 09



B) (DPOHTHLI ABMXYTCH C YBEJNIMYMBAKOLLENCA CKOPOCTLIO U B MOMEHT
obocTpeHuns t=To TennoBas CTPYKTypa oXBaTbIBaeT BCK NPAMYIO,
HarpeBasi eé Bcloay 00 6eCKOHeYHOU TeMnepaTypbl.

Takon npouecc TropeHusi, oOnucbiBaeMbiu YypaBHeHuem (12),
Ha3bliBaeTcsA HS —peXxxumom.
3) PaccmoTpuM ypaBHeHue (4) npu [ =4

ut Z(UZUX)X+U4 (16)

MoOLHOCTbL UCTOYHUKA 3HEProBblAeNeHus %(u) — U* npu 6onbmx
TeMnepaTypax Bbllle, YeM B S-pexume (,B = 9) n HS-pexnme (,3 = 2)-

Takon TennoBou npouecc, onNUCbIBalOWUU CUNBHO JFIOKaNiIM30BaHHbIe
CTPYKTYpbIl, Ha3blBaeTcs LS-pexmmom.

Uwem pelieHne ypaBHeHus (16) B Buae:

__ 1 —_X
UA(X1t)_%/_ﬁ‘9(§)1 < Q/ﬁ’

rae To > 0 —BpemMsi 000CTpPEeHUs peLleHuUs.

(17)



U3 bopmyn (16) n (17) cneayet ypaBHeHuMe:

(0°0) -0 -20+6° =0,  0(£)>0, -0<é<oo. (18)
AcCMMNTOTHKA pelweHnAa nmeet BnA.

O(&)=C,—=, [£]|>
\5 B

rae C - NOCTOsAAHHAnA, onpegenssemMmas YNCIrieHHO.
A

Jlokanuszauua noHumMmaeTcAa B 3(*)(*)6KTVIBHOM CMbICne. peweHune Co
BpeéMeHeM pacTteT BO BCeX TOYKax, HO HeorpaHnM4eHHO pacTeT TOJIbKO

B Touke xX=0.

TemnepaTtypa orpaHuyeHa cBepxy npenenbHbIM pacnpeneneHueM:

Uy (%,8) <UL (6 T,) —‘C—‘ (19)
X



3aKknouyuTenbHble 3aMevyaHus.

3agaHue c nomolwbio (YHKUMU Uo(X) pacnpenersieHHOM B MPOCTPaHCTBE
cneumanbHbIM 0O0pa3omM HayaribHOW TEMJIOBOW 3HEpPruv NpPuUBOAUT K FOPEHUIo
cpeabl, NpuyYemM BBUAY HENIMHEMHOCTU ypaBHEeHUSA (1) MHTEHCUBHOCTb FOpeHus,
a TaKxe TensionepeHoc B pa3fiIMyHbIX y4acTKax MPAMON NPoOTeKarT pa3fiIMyHbIM
obpazom. C TeyeHUeM BpemMeHU B cpeae BO3HUKAKOT MeHALWwMuecsa B
NPOCTpaHCTBE W BpPEeMeHU pacnpegeneHnss Temnepatypbl, Ha3blBaemMble
TennoBbIMU CTPYKTYpaMM.

OOHMM M3 rNaBHbIX pPe3ynbTaTOB KOHKYPEHUUMW HeNWHEMHbIX npoueccoB
Tennonepenaym U TennoBblaeneHus sABnsAeTca 3ddekT nokanusauum
NPOLIECCOB ropeHusi, KOTOPbIM B AaHHOM cllyvyae BbICTynaeT KakK nposiBfieHue
npoLecca camMoopraHusauum HerIMHeMHoOW AuccunaTtuBHown cpedbl. OH MoXeT
NPUBOAUTL K BO3HUKHOBEHUIO B cpene LUenoro Habopa pasnu4HbIX CTPYKTYP,
He B3aUMoOAenCTBYIOLWMUX APYr C APYroMm.

Ecnn 3apadya gonyckaeT HeorpaHMYeHHoe pelleHue, TO OHa Ha3biBaeTcs
rmo6anbHO (N0 BpeMeHn) Hepa3peLunMOon.

UccnepoBaHne npoCTpaHCTBEHHO-BPEMEHHOU CTPYKTYpPbl HeorpaHM4YeHHbIX
peweHnn BONN3nM MOMeHTa 060CTpeHns CBA3aHbl C LULUPOKUM UCMNOSIb30BaHNEM
B npaktuke ¢PU3NYECKUX IKCNEepuMeHTOB pa3Hoobpa3HbiXx 3ccekToB,
nopoXxaaemMbiX CBepXObICTPbIMM  npoueccamum, Hanpumep, addekra
caMo(POKYCUPOBKU CBETOBbLIX MNYy4YKOB B HENIMHEMHOW cpepe, Konnanca
JNIeHrMHOpPOBCKUX BOJIH B MNiia3sme u psaaa apyrux.



