Ti1aBa 4. MeToabl HCCJIEA0OBAHUSA MATEMATHYIECKHUX
MoOaeJeH

1. BappuanuoHHbIe METOAbI PellIeHUA KpaeBbIX

3a/1a4 U onpeaeeHUuss COOCTBEHHbIX 3HAYEHM I

1. MpyvHunMn Aupuxne
PaccMoTpuM (pyHKLMOHanN:

D(u(x,y))= j F (X, y,u,u,,u,)dxdy. (1)

YpaBHeHue Jujiepa:

5 5
F, —&{Fp}——{F =0, p=u,q=u,. ©



YpaBHenue Jlamiaca Au(x,y)=0 ecTb ypaBHeHHe Jiljiepa

3ala4¥ HAa MUHUMYM MHTerpaJsa Jlupuxie

D(u)= I(ux2 +u,”)dxdy. (3)
D

HenpepbiBHBIE B [) QYHKIHH, KyCOYHO-HENPePbIBHO An(pdepeH-
IupyeMble B D , KOTOpble NPUHUMAKOT Ha KpuBoii I' uznyrpu D
3a/laHHbI¢ HelPpepbIBHbIC 3HAYEHUA ¢(X, Y) M mHTerpaa Jdupuxie

OT KOTOPBIX KOHEYEH, HA3bIBAKTCH 10NYCTUMBIMUA PYHKIUAMUA.

‘Au=0, M eD, (4)
u(p)=¢(p), pel. ()

IlepBass BapumanuMoOHHAas 32/1a4a. CpeAM AONMYCTUMBIX (PYHKIHMN
HAUTH TAaKyl, KOTOpas [I0CTABJSET MHHHUMYM HWHTErpay
JdupuxJe.




Teopema.
Ecau 3agannas Ha kpuBoii I' pynkumsa ¢(p) rakoBa, 4To Kjiace
OMYCTUMBIX (PYHKIHI1 He sIBJIsIeTCS MYCThIM, TO 3a1a4ya J{upuxJe

(4), (5) v nepBasi BApHAMOHHAA 3212492 IKBUBAJIEHTHBDI.

Jloka3zaTrejbCTBO:

1) Oyers u(x,y)eC®(D)NCY(D) - pemenue nepsoii
BapuanuoHHO 3aj1a4yu. Kirace jonyctumMbIiX QyHKIUHA HMIEM B

BH/€.

u(x,y)+eh(x,y), (6)

rie h(x,y)eC®(D)nC® (D) » HHTerpai (3) or N KoHeueH U

h(p)=0, pel, ¢ - TPOU3BOJIbHANA NOCTOSIHHASI.



D(u+&h)=D(u)+2¢D(u,h)+&°D(h)=0, (7)

me D(u,h)= j (ueh, +u,h Ydxdy. (8)
DyHKIMA U T0CTABJISIET MI/IHI/IM[;M uHTerpagy (3), cjaeaoBarejabHO
9 b(u+sh) =2D(u,h)=0= D(u,h)=0.
de =0
3anumeM nepByio ¢popmyay I'puna aas ¢yHkouii U u h:
ou (9)
jhAudxdy = j h—do- j grad u grad h dxdy.
D r on D

M @) u h(p)=0, peF:jh Au dxdy =-D(u,h)=0, 0
D

U(M) eC®? (D) = AU € C(D), h(X, y) - NIPpOu3BOJIbHASA QyHKIUA —>
Au(x,y) =0. (11)



2) Ilycts Tenmepb y(x,y) - peuieHne 3agaqu (4),(5),

a u(x,y)+eh(x,y) - K1acc 10nNycTUMBIX PYHKIMH, IPUYEM /LIS

u(x,y) m h(x,y) mmeer mecto opmy.ia

uh Ih do — jhAudxdy (12)

M3 (12) u Toro, urto h(p)=0, pel u u(M) rapmonuveckas

(pynknust crexyet, 4ro D(u,h)=0. Mesromy u3 (7) =>
D(u) < D(u+¢h), (13)

TO ecTh GyHKIUS U MUHUMHU3UPYeET HHTEerpaa JAupuxie u

SIBJISIETCS pellieHueM MepPBoii BAPUAIMOHHOM 3a1a4M.



3aMeuyaHue
CyumiecTBYylOT M JApyrde KpaeBble 3aJa4yd JI ypaBHEHUS
Jlamiaca, Koropble MMEIOT 3KBHBAJIEHTHbIEe MM BapHAllUOHHbIE

3aJa4d JJs uHTerpaja /lupuxie, Hanpumep 3agadya Heiimana.

MeToa cBeaeHHMs KpaeBbIX 3aja4 s ypaBHeHus Jlammaca K
JKBUBAJICHTHBIM UM BAapUHAIMOHHBLIM 32/1a4aM HOCUT Ha3BaHUe

npuHouna J;lupuxiie.



2. 3a1a4a 0 COOCTBeHHBIX 3HAYCHUAX

AU+ Au=0,M eD, (14)
<u(P)=0, per, (15)
u(M)eC?®(D)nCP(D). (16)

Bropas BapuanmoHHas 3aj1a4a: cpeau A0MYCTUMBIX QYHKIIMM,

YVAOBJIETBOPAIOINUX YCJI0BUIO (15), HAUTH Ty, 1JsI KOTOPOI

(PYHKIMOH
YHKIMOHAJI e D(u), a7
H (u)
A€
H (u) = j u“(x, y)dxdy, (18)

IIPUHUMACT HAUMCHbBIICC 3HAYCHUC.



Teopema 1.
Ecau U(X,y) - pelieHue BTOPOii BapuauMoHHO# 3aaa4u, To U(X,Y)

sBJIsieTcHa pemnenueM 3agaum (14) - (16).

Jloka3aTrejbCTBO:

IIycTh U - pemieHue BTOPOM BAPMALIMOHHON 321244, IPpUYeM

HauMeHbIee 3HaueHue J(U) y10BJIeTBOPAET YCJI0BHIO:

D(u)
H (u)

Jast kiiacca gomycTuMbIX yHKmuHd  u(x, y) +ch(x,y),

J(u) = =A>0. (19)

I1e ¢ - IPOU3BOJILHAsI MOCTOSIHHAS, N(X,Y) - MPOU3BOJIbHAA

nonycrumas pynkuus, h(p)=0, p eI, umeem



F ()

1€

H(u,h):juhdxdy.
D

Tak kak F(¢) npu é=0 umMmeeT MEHHAMYM, TO

H(u)D(u,h)-D(u)H(u,h)
H? (u) )
(19) => D(u) = A H(u).

Ioacragisiem (23) B (22):

0.

F'(0) = 2

_ D(u+&h) D(u)+2&D(u,h)+e& *D(h) S5
CH@u+é&h) H@U)+2¢H(u,h)+g2H()

(20)

(21)

(22)

(23)

H(u)Du,h)-—Du)H(u,h)=H (u){D(u, h)—AH(u, h)} =0. (24)



Tak xak H(u)=0 , To U3 (24) =>

D(u,h)— A H(u,h)=0. (25)
Ecitn u,heC®(D)NC" (D) u xoutyp I' 1ocTaTOMHO IIAAKHIA,
TO
D(u,h) = [ (uh, +u,h )dxdy =—[ Auh dxdy ~ (26)
u u3 (20) nonyqa%M: 7
D(u,h)— A H(u,h) = —j(Au + Au) hdxdy =

D =—H (Au+ Au,h)=0. (27)
Mockoasky ueC”(D)=>AueC(D) u h

NMPOU3BOJIbHAA (PYHKIHUS, TO U3 (27) ciaeayer, 4To

AU+ AU = 0. (28)



Teopema 2.
Cpenu coOcTBeHHBIX 3HaYeHnl 3aga4u (14) — (16) narigeHHoe
COOCTBEHHOE 3HAYEHHE SIBJIAECTCS MUHUMAJIbHBIM.

Jloka3arejibCTBO:

Iycth 1 # A HEKOTOpPOe COOCTBEHHOE 3HAYeHue U (X, Y) —

COOTBETCTBYHOILAs cOOCTBeHHast PyHKkuus. Toraa:

H (AT + A 0,0) = j AGadxdy + A j G2dxdy =
D D

=ja—l’]da—j(a’f+l]’§)dxdy+ZH(L’]’)= (29)
Fan D

=-D(0) +AH (1) =0

)



u u3 (29) nmosryuaem, 4To

F=3)=o, 30)
H (u)
a Tak Kak
A= min J(u), (31)
ueP

rae P — kiacce 1onycTuMbIX (PYHKIIUH, TO

A< (32)



2. HexoTopble aJIropuTMbl NPOEKIUOHHOIO
MeTo/1a

1. O6was cxeMa aiIrOpMTMOB

PaccmoTpum ypaBHeHME:
Lu=Au+Bu=f, feH, (1)

rae A, B — inHerHbIe oneparopbl B TJIbOEPTOBOM IMPOCTPAHCTBE
H; D(A), D(B) — od1actu ux onpeneaenusi. D(A) - niaorno B H.
Beenem oneparop K: D(K) > D(A).



BBeaém cucremy 0a3uCHBIX (KOOPAMHATHBIX) PYHKIIUIA:

{¢|(N)}’ ¢i(N) c D(A)’ | :1’2,__N; N :1’2,"_’
Hy — J1uHeiiHas 000/104Ka ¢I(N),i =12,...N, {¢i('\')} - pasuc B Hy
Ipeanmonoxum, 4To:

1)  npwu awéom N pyHKIMHA ¢i(N) 1=12,...N JTHHEHHO He3aBHCUMBI;

2) nmocs1e10BaTeIbHOCTh MOANPOCTPAHCTB { H, } npeaeasno noana B H:

mavue H J0,eH,, N=12,.., wuro
lu—ay|=infllu-@|<eu,N), e H,, (2)
()]
S(U, N) —>0, N > oo, g(u, N) - OLIEHKA MOTPEHIHOCTH aANMPOKCUMAIIMH.

BBeaeM Takike 0asucHble (PYHKIMM: {Wi}, y; € D(K)



Ninem npudau:kenHoe pemenue (1) B Buge
N
Uy = ad, (3)
=1
rme a,l=12,.. N onpeneisiercs u3 cucTeMbl ypaBHEHUIA:

(Auy +Buy —f,Ky;)=0, J=12,.,N, (4)

rae (u,v) - ckaasiproe npoussenenne B Hu |u| = (u, U)%.

PaspemmuMocThs cucTemMbl (4) 1 CXOMUMOCTh UyK U NP N —> o0

3aBHMCAT OT CBOMCTB oneparopoB A, B u Be100opa oneparopa K

u cucrem QyHkumi {4}, {z//j} .



2. MeToa Puta

Iycts nano ypaBuenune: Au=f,6 f eH, (5)
rae (Au,v) = (u, Av), (Au,u)=>y? ||u||2 y>0, u,veD(A).

1) BeiGupaercs 6a3uc {¢. }, ¢ €D(A), i=12,..N;
2) Ilpudan:xeHHOe pemieHue umiercsa B Buae (3).

3) KoadgduuueHThl 3 HAXOAATCH U3 CUCTEMbI YPABHEHUH

(A, 8) = (F.6), 1 =1 2,0 o
Aa =D, AZ{A”-}, A =(Ag,9;),

a=(a,..a,)", b=(f,., f), f=(f¢4), ©
i j=12,....N.



BapuanuonHas TpakroBka Meroaa Purna.

PaccMoTpuM KBaApaTUYHBIN (PYHKIIMOHAJ JHEPTr AU
F(u)=(Au,u)—2(u, f). (8)

Teopema. [l TOro, 4T00bI HEKOTOPBIH 31eMeHT U, € D(A)
C0001112)1 MUHHMAJIbHOE 3HaUeHHe (PYHKIMOHATY dHepruu F(U),
HEe00X0AUMO U JOCTATOYHO , YTOOBI 3TOT JJIEMEHT YI0BJIETBOPSII

ypaBHeHUIO (5). Takou 3/ieMEeHT eIMHCTBECHHBbIH.



Bapuanuonnas 3aga4a: HAUTH QYHKIHMIO Uy TaKyl0, YTO

F(uy)=minF(v), uy,veH,. )
Tak KaKU:ZN:ajgzﬁj , TO F(uN):rr;_in F() >

me F(v)=F(a,..a,)= Zaiaj(A¢i,¢j)—ZZaj(f P) =

i, j=1

oF (v)
oa.

J

:O, J:1,2,,N (10)

N3 (10) caenyer (7)) m (6) —






Teopema.
Ecaun pis 1r000i gpyHkonu U € D(A) MOKHO MOCTPOUTH TAKYIO

N

10CJ1e/10BATEJILHOCTD 3J1€EMEHTOB U = Zém eH,,N=12.,4T0
=1

HA(U0 -0, )H —> 0 mpu N — oo , TO HpuO/IHIKeHHbIE pemeHus: Uy

CXOAATCH K TOYHOMY pemieHuio Uy ypasuenust (S) npu N — oo H

MMeeT MECTO OLEHKA
lu, —uy[<C rrlln |A(U, —0Ty).

rae C >(Q He 3aBucuT oTr Ug 1 U .



Jloka3arejbCTBO:

Ilyctb 0 € D(A) - npou3BosibHAsA PYHKIIHS.
(A(u, —v),u, —v) = (Au,,Uu,) + (Av,0) —2(Au,, V) =
= (Au,,U,)+ (Av,v)-2(f,v) = F(v)+(Au,,u,) —
—-F (uo) +F (uo) =F (U) -F (uo) T 2(Auo’uo) o 2(”0’ f ) =
=F()-F(,) = (AU, —v),u,—v) =F () —-F(U,)
ITockoabky U, MUHUMH3HpPYeT pyHkunoHaa F() na D(A), a Uy

MUHMMU3UpPYeT F(v) Ha Hy , TO
(A(uo _UN)’UO _UN) = F(UN)_ F(uo) <
< F(UN)_ F(uo) :N(A(uo _UN)’UO _UN)

NpU NPOU3BOJLHOH PYHKIMH Ly = ZC% mw H, =
i1



}/2 HUO_UNH2 S(’A‘(uo_UN),UO—UN)S

< (AU, —0y ), AA (U, =0y ) < | A7 Adup — 0| =

B cuiy npou3BosibHOCTH BbIOOpa ko3¢ dunuentos C, , i=1,2,....N B
Pa3JI0KEeHUH Uy , MOJIOKHUB Dy =iy MOJIy4YaeM YTBepKIeHHe

TeopeMbl.



3ameuanue. IIpu paccMOTpeHNH KJIaCCUUYECKON POPMYJTUPOBKU
MeToaa Purna pemeHne BApuanMOHHON 3a1a4U MOKET He
CYylIeCTBOBATh.

Beenem B D(A) 3HepreTuueckoe CKaJsipHOe MPOU3BeeHNe H

HOpMY [u, v]=(Au, v), [ul{u,u]” (11)

n nonoaHuM D(A) mo 3HepreTnueckoil Hopme.

IMosyuum 3HepreTuyeckoe NpocTpaHcTeo H ,, mopoxkaaeMoe ore-

partopom A. B H, MOryT nosiIBUThCSI pe/ieibHbIE DJIeMEHThI He

npuHagaexamme D(A).

Paciuupum ¢pyHKkmnuona sueprua Ha H
F(u)=[u,u]-2(f,u) (12)

1 OyneM MCKaTh ero MUHUMYM Ha /1



Ilycthb MUHHMYM JocTHraerca Ha U, e H, . Ecam u, ¢ D(A), 10

Uj - 0000mennoe pemenue (35), ecan u, € D(A) » TO U - K1accH-

yeckoe pemenue (3).

KpaeBble ycJI0BHSI KOTOPBIM YIOBJIETBOPSAIOT 3j1eMeHThI u3 D(A),
HAa3bIBAIOTCH €CTeCTBEHHLIMHU JJIs oneparopa A, a KpaeBble
YCJI0BHS, KOTOPBIM YIOBJIETBOPSAIOT KaK 3J1eMeHThI n3 D(A), Tak
1 eMeHThl u3 H ,, Ha3pIBaloTCcs iaBHbIMU. ba3ucHbie GpyHKINH

BblIOMparorcs u3 H .



3. Metoa I'anépxkuna

OCHOBHOM HEIOCTATOK MeToAa PUTHA: OH IPMMEHHUM TOJIBKO IJIsI
CAMOCONPSIKEHHBIX IOJI0KUTEIBHO ONpeIe/IeHHBIX OIIePaTOPOB.

Meton byoHoBa - I'asiépkuna
Lu=Au+Bu=f, f eH, (13)

1) BeiOupaercs 6a3uc {¢, }, ¢ €D(A), 1=1,2,..N;
2) IlpubaukeHHoe penieHue umercs B Buje (3);

3) KoddppumueHTsI 8 HAXOAATCSH U3 YCIOBHSI OPTOrOHAJIbHOCTH
HeBs3kM LU, — f K ¢, 4,,...,4,

(Luy,—f,¢)= O|_12 (14)
3ameuanue. Eciim ko3 (pUUUEHTHI &; ONPeAeIsai0TCd U3 YCI0BUA
(Luy, —f,;)=0,i-122..n (15)

rae {t//i} c H, HekoTOpBIK 0a3HC , TO METO HA3BIBAETCH METOI0M
Tl'anépkuna - Ilerposa.



Ecmn (Au,v) = (U, Av), (Au,u) > »° HUHZ, y >0, u,oe D(A) ,TO

MO’KHO BBECTH JHeprerudeckoe npocrpancrso H ,. Torna (14) =>
lu,v]+(Bu,v)=(f,v), veH,. (16)

1) Boioupaem 6a3uc {¢, } ¢ €D(A), 1=12,..N;
2) IIpubam:xenHoe pemeHue uiercs B Buae (3);

3) KoagpuumeHTsl a; onpeaeasilorcs U3 CUCTEMbl YPABHEHUM:

[uy, @]+ (Buy, @) =(f,4) i-12.. (17)

La=b, L=(L;), L;=|4.4; |+(Bs.4) g
a=(a,...ay), b=(f,..f)", f.=(f.d), ii-12..n



4. 0606L1eHHbIN METOA MOMEHTOB
Au+Bu=f, feH,
211y 12 2 2.,

(Au,Ku) = y*|ul”, (Au,Ku)=g%|Kul"; », >0,
ue D(A) c D(K) - oneparop A siBasercsas K—1m010KUTEILHO
onpeaeIeHHbIM.

1) BriOupaercs 6a3uc {¢. } ¢ €D(A), i=12,..N;
2) Ilpudam:keHHOe pemieHHe uinercs B Buae (3);

3) KoddppunueHTsl 8; onpeneasitoTcs U3 CUCTEMbl YPABHEHUIA:

(Au, +Bu, — T, Kg@)=0, i-12..n (19)



3ameuanue. MeToq MOMEHTOB IIMPOKO HUCIOJIb3YyeTCH IJIs1 pele-

HUS MHTErPaJbHbIX YPABHEHUM:

u(x)—ij‘K(x,.ff)u(é)d.f:f(x), as<x<b (20

Niem npulJIuKeHHOE pellieHre B BUAe Pa3J0KeHUs M0 MOJTHOU

cucreMe (PyHKI[HIA {¢; (X)} :

u, (x) = f(x) +/1_ZN: a.¢ (X). (21)

Koa¢ppuueHnTsl a;, onpeaeaaoTcsa U3 OPTOrOHAIBLHOCTH HEBA3ZKH

KO BceM (pyHKIHAM {¢; (X)}::

D e T

{UN (x)—/IIK(x,;:)uN (£)dE - f(x)}¢j (x)dx =0, j=12..n, (22)



9TO NPpUBOAUT K CUCTCMC.

N

Aa:b, A=(A,j), i j=12..N,
A s = [.008,(0dx— [ [ K(x, ) (£)¢; () dxd, (23)
a=(a,...a,)", b=(b,..b)",

b = j j K (X, &) (X) f(E)dXdE, i-12...n.

3ameuanne. Eciin cucrema{g (X)} oproronanbnasi, o MeTox
MOMEHTOB IKBHBAJIEHTEH 3aMeHe A/Ipa Ha CelHATbHOE BbIPOK-
IeHHOe SIAPO:

K9 =2 40P () ?(6) = [K(x. ) (x)ax @4



5. MeToa HAaMMEHBIINX KBAJAPATOB

IlycTs oneparop B (5) mMeeT orpaHuYeHHbIH 00paTHBIH A7,

1) BbiOupaercsi 6a3uc {¢I }, ¢ €D(A), 1=1,2,..N;
2) IlpubaukeHHoe pelieHue umercs B Buje (3);
3) KoadduuueHTsl 8; onpeneasioTcs U3 CUCTEMbI YPABHEHHUIA:

(Au,,Ag)=(T,Ap), i-12..n, (25)
Aa=b, A=(A,), A, =(A4,Ag), A=A,
=128, a=(a,,...,ay) , b=(f,.., f)",

f.=(f,Ad), i-=12..n\.

3ameuanune. CooTHOIIEHUH (25) MOKHO MOJTYYUTH U3 YCIOBUS

MUHUMH3AIME PpyHKIronaaa Hessisku J (U) = HAU — f H2 Ha Hy,.



