Jlexnuga 1
HUHTETPAJI JJEBETA U IIPOCTPAHCTBA JIEBETA.

Wurerpan Jlebera, KOHEUHO, CTPOUTHLCS He IJist BCeX (PYHKILHE, a TOJbKO
IS TaK HasblBAaeMblX M3MepUMbIX. B masibHeiiliem 1Jist ymoOGCTBa BMECTO
tpoiikn (X, A,, p*) Mbl Gymem mucarts mpocto (X, A, p), moHMMas mox
A yXe TONYYEHHYIO o—ajrebpy H3MEPUMbIX MHOXKECTB, a MOL [ YkKe
npoaoJKeHHyIo 1o Jlebery mepy.

§ 1. Usmepumblie no Jlebery ¢pyHKuIMH.

Htak, mycTh y Hac HMeeTcsl H3MepPUMOe MpPOCTPAHCTBO C Mepo
(X, A, u). Danum onpenesnenue.

Onpenenenne 1. @ynxyus f(x): X — R! naseieaemcs usmepu-
Mmoti, ecau 045 8cakozo ¢ € R mnorcecmso

{reX: f(z)<c} €A

CnpaBenJinBa cjefyollas JeMma:
Jlemma 1. Credyrowue muoxmcecmsa usmepumvt OAsL UBMEPUMOL

PyrsiuL: {z: a0 < flz)<c}, {z: f(z) >},
{z: o< f(z) <}, {z: f(z) <al,
{z: e < f(z)<c}, {z:c < fz) <l

Jloka3aTeabCTBO.
IeticTBurenbHo, nycth f(x) uamepuma, Toraa

Ay ={z: f(x)<a}, Aa={z: f(z)<c} €A,
B,={z: f(z)<ec —1/n} €A
Torna W3MepUMOCTb YKAa3aHHBIX MHOXKECTB CJEAyeT M3 CeAyLHX (hop-
MyJI:

AsANAy={z: a1 < f(z) <}, A3X\Ay={z: o < f(x)},
+o0o
A>3 UBn:B:{x: f(z) <atl,

n=1



2 Jlekuusi 1. Uuterpan JleGera u mpoctpancrsa Jlebera.

As{z: flz)<atn{z: f(z)<ec}={z: c < f(z) <},
{z: e < f(z) <} =(X\A)NBeA

JleMmMa nokasaHa.

[Ipumep 1. BDopesneBckUe MHOXeCTBAa U HeNpepbIBHLIE
GyHKOMU. PaccMOTPUM Bce OTKPHITHIE MHOXKecTBa B mpocTpaHcTee RY,
T.€. TaKHe MHOXecTBa B, KoTopble BMecTe C KaXAOH TOUKOH zp € B
colep:KaT HEKOTOPHIH Lap

O(xo,r)={z eRY : |z —xo| <7}, r>0.

Paccmotpum anre6py B(RY), nopoxneHHYH BCEMH OTKPBHITHIMH MHOMKe-
ctBamu u3 RV, T.e. paccMOTpPUM BCeBO3MOXKHBIE KOHEUHble MX Mepecede-
HUSl, I0MOJIHEeHHs 10 Bcero mpocTpaHcTBa RY 1 KoHeuHble 06beMHeHHs, a
3aTeM 100aBUM pe3ysnbTaThl 3TUX ONepaluil K ceMelCcTBY, KOTOpoe U 000-
sHauaem uepes B(RY). Onnako Ham HyxHo u3 anre6psl B(RY) noctpouts
TaKOe paclIMpeHHe, N00aBUB ellle CUeTHble OObeNIUHEHHS MPOU3BOJbHBIX
mHoxects u3 RY . Takoe pacimpeHHe 1 ecTb Tak HasbiBaeMas bopesieBckas
o—anre6pa B(RY).

Jlagum omnpeneneHye 6opeseBckoil o—anre6psl B RY .

Onpenenenue 2. Munumarvnas c—arcebpa, nopoxcoenHas 8ce-
My omxpoimoimu mroxcecmeamu us RN, nasoieaemcs Bopenesckoii o~
anrzebpoti u obosnavaemca B(RY).

CnpaBensiuBa cienyollas BaxKHas JeMMma:

Jlemma 2. Heobxodumoim u 0oCmamouHbiM YCAOBUEM UIMEPUMO-
cmu pyukyuu f(x) seasemes credyrouiee:

f'(B)€ A 0asa scex B B(R.

Jloka3aTenbCTBO.

Heobxodumocmo. Ilycts f(x) usMmeprma, Torga B cuay Jemmbl 1 1jis
BCAKOTO OTKPBLITOro MHTepBana B na mpsamoit R! f~1(B) € A. Kpome Toro,
B CHUJIY TOH Ke JieMMbl 1 UMeT MecTo CcBOHCTBa

FYBiNBy), fT(BiUBy) € A

AJIs1 J0OBIX MHOXKeCTB By u By Buna |a, b]. [TosToMy HMeeT MecTO yTBep-
KIeHHEe JIeMMBI.
Hocmamourocms. Beenem caenymomiee 0603HaYeHHe:

e={BeBR"): [T (B)cA}.

Tokaxewm, uto € C B(R!) u & — 310 o-anrecpa.

JledcTBUTENBHO,
+oo +oo
A UBL = By ee, B,eBRY,
n=1 =1

fTHRNB) = X\f!(B) €&.



2. Humeepan Jlebeea. 3

Hakonell, B cuiy pe3ynbTaToB JieMMbl | MHOXKECTBO & CONEPXKHUT BCe
OTKpHITBIe MHOXkecTBa. Caenoatesbho, & C B(R!) u & — 310 o—asretpa,
a nockonbky B(R!) — 3To MuHMManbHas o-anrebpa, comepikallas BCe
OTKPHIThIE MHOXKECTBA, TO

& = B(RY).

JlemMa gokaszaHa.

CrnenctBue. Besakas Henpepol8Has QyHKUUSL U3MEPUMA.

O JlokasaTe/JbCTBO OCHOBAHO Ha TOM, (DakTe, YTO B CHJIy HEMpepbIBHO-
CTH MHOXeCTBa

{z: flz)<e}, {z:a<flz)<e}, {z: flx)>c}

SIBJISIIOTCSI OTKPHITHIMU W 3HAUUT GOPEJEBCKUMH U B CHJY JeMMbl | mosy-
yaeMm yTBepkuaeHue. X

HetpynHo nokasaTb mpocTeiiive CBOHCTBA H3MEPUMBIX (PYHKUHH, a
MMEHHO, UTO HM3MepUMble (YHKUHU 00pasyloT JHMHEHHOe MPOCTPAHCTBO.
Kpome Toro, kommosuuusi ¢ o f HempepeBHOH (yHKunu ¢(y), KoTopas,
KaK MBI JIOKa3aJjH, TOXe U3MepuMa, ¥ H3MepuMoH QyHKumu f(x) sBasercs
ToXKe u3Mepumoii. [IpousBeneHne uaMepuMbix (YyHKUHE H3Mepumo. Yact-
Hoe f(z)/g(x) mByX HU3MepUMBIX (YHKLUHHA H3MEPUMO MPH €CTECTBEHHOM
ycaoBu, uto g(z) # 0.

§ 2. UHrerpaa JleGera.

s nanpHeilIero HaM HeOOXONUMO BBECTH TaK Ha3blBaeMble TPOCTHIE
¢yukuuu. [yctb
{A}iL C A,

a x4, (z) — 310 XapakrepucTHUecKas (yHKUHsT MHOXKecTBa A;, T.e.

(z) = 1, npu € A;;
XA =10, mpu  x ¢ A;.

Janum omnpeneseHue.
Onpenenenune 2. Qynkyus

n
h(z) =Y eixa(z), ¢ eR!
i=1
Ha3bl8aemcs npocmotl.

OueBUAHO, UTO NPOCTble (PYHKLUUHM H3MEPHUMbl, MOCKOJBKY H3MEPUMBI
MHOXeCTBa B ONpeAeJJeHUH NMPOCTOH (PYHKLUHHU. 3aMETHM Telepb, YTO BCS-
KYI0 (PYHKLHIO

f(z): X — R!

MOXKHO IPEeACTaBUTb B CJAeAYIOLIeM BUIE:

fz) = fr(z) = f-(2), (2.1)



4 Jlekuusi 1. Uuterpan JleGera u mpoctpancrsa Jlebera.

rie
fr(z) = max{f(x),0}, [f-(x) =max{—f(x),0}. (2.2)
OueBHAHO, YTO U3MepUMOCTb (DYHKUMH f(z) SKBHBaJEeHTHa M3MEPHUMOCTH
Kaxnoi u3 gpyukuni fi(z) u f_(x).
Tenepb Mbl B COCTOSIHMHM JaTh OmnpefiesieHre nHTerpasa Jlebera.
[Iycte Mepa p siBnsieTcst HeoTpuuartesbHoi. CHauasna onpenesuM HMHTe-
rpan JleGera ot npocTod QPYHKLUHUH CJAEAYIOLUM 06pa3oM:

J h(z) dp = Z cip(4;). (2.3)
e i=1
Tenepb npenrno/okuM, 4To Hamepumast GyHKLUs f(x) siBIseTCs HeOTpHLa-

TesbHOU. Torma ompenenum uHterpan JleGera ot 3Tod QyHKUHM CJenyio-
KM o6pasom

j F(@)ulda) =

X
= sup Jh(x) dulh(z) > 0n f(z) > h(z) p—n. Be. p . (2.4)
h

31ech Mbl BBeJM HOBOE MOHSTHE <«[4—II.BC.», KOTOPOE O3HAUaeT, UTO
MHOKECTBO, Ha KOTOPOM He BBITIOJIHSIETCS] HEKOTOPOE CBOWCTBO MMeEET HyJle-
Bylo Mepy. Terepb ocTa/och paclnpocTpaHUTb MHTerpaJ JleGera Ha ciaydaid
MPOU3BOJIbHBIX U3MEPHUMBIX (DyHKUUH. [lenaeTcs 3To caenyoLUM 06pasom:

J{ Fa) dp = J{ Fol) dp— J{ I (@) dp.

Hec/ioxxHo nmoKas3aTh, 4TO MHOJNCecm8o ummeepupyemolx no Jlebezy
Qyukyuti obpasyem aunetinoe npocmparcmeo L(X, p). OnHako, Hysnem
9TOr0 JIUHEHHOro MPOCTPAHCTBA SIBJSIETCS] (PYHKILHS TOXAECTBEHHO paBHAs
HYJII0 Ha MHOXecTBe X .

3ameTuM, 4TO B OTJHYME OT HHTerpajta PuMmaHa [J/s HHTerpUpyeMOCTH
no JleGery gyHkuun f(x) cnpaBensiuBo cieymoliee HeOGXOAUMOe U 10CTa-
TOUHOE YCJIOBHE:

Teopema 1. [as moco umobor usmepumas ¢yukyus f(x) €
€ L(X,pn), neobxodumo u docmamouro, umobol ¢ynkyus |f(z)| €
€ L(X, p) 6viaa unmeepupyema no Jlebeey. lpuuem umeem mecmo cie-
Oyroujee Hepasencmao:

Jf(:v) du| < Jlf(x)|du.

X

ﬂOKa3aT€ﬂbCTBO.



3. Cxodumocmu noumu 8cto0y u no mepe. 5

dcHo, uto ecan GyHKUMA f(x) U3MepHMa, TO BCErna H3MEPHMO MHO-
xeetBo {r € X —c< f(z) <c} ={zr € X : |z| < c}. CnenoBarenbHo,
¢yuruns |f(z)| Toxke usmepuma. Hakoneu, ¢pyHkums f(x) uHTErpHpyema,
TOTa W TOJNBKO TOTH4, KOTAA HHTerpupyembl (yHKRuuu fi(x) u f_(x).
Kpome Toro, umeer Mecto oleHKa

[ r@yau] = || re@yan— | r-@ an| <

<iﬁmmwiﬁme—£ﬂmmu

TeopeMa JOKas3aHa.

§ 3. CxoguMoCTH MOYTH BCIOAY U IO Mepe.

Jlo cux mop B Kypce BEIleCTBEHHOr0 aHaJu3a y HAC MMEJIOCh 1Ba BUAA
CXOMMMOCTeH (PYHKIHOHAJBHBIX MOCJaenoBatebHocTed { f(z)} — 210 TO-
TOUeYHast U paBHOMepHasi. B CBf3U C BBeleHHEM H3MePHUMOTrO MPOCTPAHCTBA
¢ Mepoi, T. e. Tpoiiku (X, A, (1) MOXKHO BBECTH ellle BA THIA CXOAUMOCTEH
— 3TO CXONMUMOCTb 0 MEPE f U CXOAUMOCTb (—IIOUTH BCIOMY.

Onpepnenenue 3. QyuKyuoHarbHAS — NOCAE008AMEALHOCTb
{fn(z)} Hasvieaemces cxodswelics no mepe p k pyukyuu f(x), ecau 0is
scakoeo ¢ > 0 umeem mecmo npedenvioe paseHcmseo
lim p({ze X [falz) = fl2)] > c}) =0.

n

Onpepnenenue 4. O@yuKkyuoHnarvhas  nocaed08amMesbHOCHb
{fn(z)} Haseieaemcs cxodawetics p—noumu 6ctody k pynkuuu f(z),
ecau mHoxcecmeo mouek u3 X, HQ KOMOPuLXx NOCAE008AMEAbHOCMb
{fn(x)} He cxodumes k Qynkyuu f(x) umeem Hyresyto pu—mepy.

BosHuKkaeT ecTecTBeHHbIH BONPOC O TOM, KaK CBsi3aHbl 3TH 4YeThIpe
THMAa CXOMUMOCTeH (DYHKIMOHAJBHBIX MocjenoBaTespHOCTeld. MMeeT MecTo
cJefytoulas 1enoyka cBsizedl 3TUX MOHATUH:

‘ paBHOMEpHAd CXOAUMOCTb ‘ = ’ nmorodyeyHad CXOAUMOCTb ‘ =

= ‘ CXOOUMOCTbB II. BC. | = ‘ CXOOMOCTH IO Mepe ‘

OkaselBaeTcsi, UTO €CTb B HEKOTOPOM CMBICJIe M 00paTHast CBf3b ITHUX
noHATHH. Tak okaselBaeTcsi, YTO Y BCAKOH cxonslledcss Mo Mepe (yHK-
LIHOHA/bHOR MOCJIeI0BaTeNbHOCTH { f,,(2)} CyluecTBYyeT Moanoc/e10Bare/b-
HOCTb { fy,, ()}, cXoxsillasicst MOYTH BCIOLY.

Kpowme Toro, cnpasensnusa usectHas teopema . @. Eroposa



6 Jlekuusi 1. Uuterpan JleGera u mpoctpancrsa Jlebera.

Teopema EropoBa. ¥ kamdoii noumu scrody cxodawetics Qyrk-
yuonarvroti nocaedosamenvrocmu { fn(x)} 0as scaxoeo € > 0 naiidemes
makoe noomHoxcecmso X, € A, umo

n(X\X:)<e

u {fn(x)} cxodumcs paswomepro na X..

JloKa3aTeabCTBO.

JloKkasaTesbCTBO MPOBEAEM 32 HECKOJIBKO I1aros.

IHlae 1. Ilo ompenesieHHI0 CXOAMMOCTH TMOUYTH BCIOLY Haiiercss Takoe
u3Mepumoe MHOXKecTBO X C X, 4To

fn(x) — f(x) noroueuno ma X, pu(X)u(X).

3amerum, uto f(r) usmeprma Ha X. J[eHCTBHTENBHO, PACCMOTPUM IMpPH
no6om ¢ € R! MHOXecTBO

+o00
Ay ={zeX: folx)<c}, A3 [(NAn={zeX: flz)<c},
n=1

a M3MEepUMOCTH T0C/Ie/IHEr0 MHOXKeCTBa CJIe/lyeT, UTO H3MEPHMO MHOKECTBO
{reX: flx)<c}.

C npyro#i croponsl, mockosbky u(X\X) =0, To mHoxkectBo X\X € A,
MO3TOMY

p{reX: fx)<c)=p({zeX: flx)<c}).

CJeoBaTesibHO,
{reX: f(x) <c}eA.

Hlae 2. Tlo onpeneneHHI0 CXOAMMOCTH TIOYTH BCIOAY HaHzercs Takoe (W3-
Mepumoe) MHOXKecTBO X C X, 4To

fn(z) — f(x) Beopy na X, p(X\X)=0.
[Mockonbky fi(x) u f(x) namepumnl Ha X, To

Aimz{xeX: fi(x)—f(x)|<%}6A:>Bnm= ﬂAim €A

izn
Hocneﬂﬂee CBA3aHO C 0—aAAUTHUBHOCTbIO A u ﬂBOﬁCTBeHHOCTH
ABX\UAzm: ﬂAzm
izn izn

lae 3. CnpaBeJIMBO OUYEBHIHOE BJIOXKEHHE U MpPEACTaBJIeHHE

Bum C Bugim, X = (Do Bnm> Jx\X).
n=1
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4. Ceoticmsa unmeepara Jlebeea.

IefictButenbHo, 60 x € X\X au6o x € X. Y npu mo6oM GUKCHPOBaH-

HoM m > | HaiineTcs Tako#l Homep ng € N, uto npu ¢ > ng
+oo

n=1

1 _
|f(x) = fi(z)] < —, i>2no=2 € Bypym =X = UB”m'

llaz 4. Tlyctb € > 0 — ¢ukcupoBanHoe. Torma Haiimercs m € N u

Homep n = n(m) € N, yto B cuny

+oo
m=1

CHpaBeILJH/IBa caenyrouias neno4yka HEepaBeHCTB:

p(X\Xe) < p(XN\Xe) + (X \Xe) = p(XA\Xe) =
+o00 +o00
=1 m=1

[Tpuuem CXONHMOCTb HA MHOXKecTBe X, paBHOMepHas:
folx) = f(x) nHa X..

Teopema nokasaHa.
O[LHAKO, UYTO MOXKHO IPHUBECTH IpPUMeEP

Sameyanue. Ormerum,
(pyHKUHOHAJIBHON nocsenoBatesbHOCTH { fr ()}, cxompsiieiicst mo mepe, HO

He CXOASIIeHCs MOUTH BCIOAY.

§ 4. CpoiicTBa uHTerpasa Jledera.

Jlokaxxem cHauana o—ajiJMTHBHOCTL MHTerpana JleGera.
Teopema 1. Ecau A=, A, — KoHeunoe uru cuemroe ob6vedurerie

HenepecekQrouuxcs usmepumolx mHoxcecms u gynxkuus f(r) unmeepu-
pyema no Mnoofcecmey A, mo 6€pHO paeeucmeo
jf(z) =3 j f(x) dn,
A A,
npuyvem u3 Cyu,ecmeos8anus UHmezpara 8 Aesol wacmu ciedyem cyuie-

cmeosarnue ecex urmeeparos 8 npaeoﬂ wacmu u cXo00UMOCMb pﬂda‘

IIOKa?;aTeJIbCTBO.

JlokaxkeM TeopeMy B HECKOJIBKO LIaroB.
Ilacz 1. CHauana gokaxkeM agiWTUBHOCTb UHTerpasa JleGera. IelcTBu-

TeJIbHO, MMYCTb
A=A1UA, ANA =0, A,A €A



8 Jlekuusi 1. Uuterpan JleGera u mpoctpancrsa Jlebera.

CHauasia npeanooxum, uto f(z) > 0 noutu Beiopy Ha A, Toraa NoCKOJbKY
n06asi mpoctast GyHKIMs h(xr) Ha A MOXKHO MPENCTABUTh B CJAEAYIOIIEM
BUJE:
hi(z), ecim € Ay
h(z) =
ho(x), ecim x € Ay,

rae hy(z) u ho(x) — ato nmpousBosibHBIE MpocThie (GyHKUMK Ha A u Ay
cooTBeTcTBeHHO. [loaToMy coriiacHO ompenesneHuio uHTerpasna Jlebera or
HEOTPHLATeNbHOH GYHKUMH f () MOJyYUM PaBEHCTBO

if@ﬂu-if@ﬂu+if@ﬂw

llae 2. JlokaxkeM Ternepb CYETHYIO aJJIMTHBHOCTb MHTerpasa Jlebera.
[Tyctb
+oo
A=|JAn AyN4,, =9, A, €A ni#ny.

n=1

Torma
+oo N
A=|JA,=B,UCN, By=|JAw COn=A4\By.
n=1 n=1

Tokaxem, uto ecnu f(z) u3MepUMa U HHTErpHpyeMa Ha MHOXecTBe A, TO

N +o00o
=Y [1@di= Y | f@da=1= | 5@
nzlAn nzlAn A
npu N — +oo. CnpaBensiMBa cjeayolasi Lenouka HepaBeHCTB:
v=11=| | 1@ < | 1f@)dn (1)
CN CN

JlokaxeM, 4TO MOCJHEAHNH HHTErpa CTPEMUTCS K Hymw mpud N — +00.

C 9TOH LesbI0 3aMETHM, YTO B CHJIY MHTErpUpyeMocTH GYHKUMH f(x)
Ha A pas mo6oro £ > 0 Hafimercst Takasi HeOTpHIATeNbHAsT IPOCTast PYHK-
uusi he(x), 4to

[1r@I=he@n <5, n< e
A

Kpome Toro, mpu 3ToM Hafizercs moctatouno Gosbinoe N € N, uto

,me<M@me§

Cn

M(e)u(Cn) <

NO| ™



4. Ceoticmsa unmeepara Jlebeea. 9

CJieoBaTeJbHO,
[ r@ldn <
Cn

Teopema nokasaHa.

Tenepb noxaxkem Teopemy O JOCTAaTOUHOM YCJOBHHM HHTETPHPYEMOCTH
uHTerpasna Jlebera.
Teopema 2. Ecau A=/, A, — KoHeunoe uru cuemroe o6vedurerue
HenepecekaiouUXcs usmepumolx muoxecms, pynkyus f(x) unmeepupy-
ema no Kaxoomy u3 muoxcecms A, u pso

> | 1@ (4.2

"A,

cxodumes, mo f uumezpupyema Ha A u 8epHO paseHcmseo

lf(fv) =3 | rwn

n
n

Jloka3aTeabCTBO.

Jlnsi JoKkasaTesibcTBa 3TOH TEOpeMbl JOCTATOUHO BOCIOJNb30BAaThCs Hepa-
BeHcTBOM (4.1).

Teopema nokaszaHa.

CrpaBenyiMBa BaxKHasi TeopeMa Hepagercmso Yeboiuiesa.
Teopewma 3. Ilycmo (x) > 0 — cymmupyemas na A pynkyus, ¢ >0 —
npou3soabHOe nosoxcumenvroe uucao. Toeda

C
A

e Al px) > e} < 1jso<x> .

JlokasaTenbCTBO.

Inst pokasatenbcrBa o6osHaunm A’ = {x € A | p(x) > c}. Tpexne
BCErO CJIeyeT 3aMeTHTb, UTO MHOXKECTBO A’ M3MEPUMO B CHIIy H3MEPUMO-
CTU (YHKUHH @, KOTOpasi, HAIOMUHAEM, SBJSETCSI HEOOXONUMBIM YCJIOBUEM
MHTErpupyeMocTH. Temepb B CHJy TOJBKO YTO YCTAHOBJIEHHBIX CBOHCTB
aiIUTUBHOCTH UHTerpasa Jlebera umeem

lso(x) dp = J () dp+ A\L/ p(z)dp > J () du > cu(A').

OcTajsoch JMULb pas3fesnuTb MOJyuyeHHOE HEPABEHCTBO Ha IOJIOKHUTENbHOE
YUCJIO C.

Teopema nokasaHa.

CJienyioliee CBOHCTBO HCIOJb3YeTCs MPH A0KA3aTebCTBE TeOpeMbl Jle-
fera o TpelesbHOM Mepexole MOJA 3HAKOM HHTerpaja M HOCHT Ha3BaHHE
TeOpeMBl 0 a0COJIIOTHOH HeNpebPBHOCTH MHTerpana JleGera.



10 Jlexuus 1. Muterpan Jle6era u npoctpanctsa JleGera.

Teopewma 4. Ecau ¢ynxuus f(x) unmeepupyema na muoncecmse A, mo
0as ar060eco € > 0 naiidemces makoe § > 0, umo 04 8CAKO2O UBMEPUMO20
mroscecmsa e C A ¢ p(e) < 0 umeem mecmo oyeHka

Jf(x) du| <e.

€

Jloka3aTenbCTBO.
Jlerko BUIETH, 9TO [JIsl OTPAHUUEHHON (PYHKIUU yTBEPXKAEHHUE TEOPEMBI
TpUBHAJBbHO. [leHCTBUTEIBHO, CIIPABEIINBO HEPABEHCTBO

jf@»wL<Jdﬂznmw<qu@><cw@>—s.

e e

B o61ieM xe cayyae MoJoxuM

N
A, ={zeA|n<|f(®)]<n+1}, By=|JA4s Cnx=A\By,
n=0
npuyeM sicHo, uto Ay, N A,, = & npu n; # ne.
B cuny teopembl 0 0—agoUTUBHOCTH UHTerpasa Jlebera numeem

+o00
ﬁmmm=zjvww»
A n=0 A,

U, B YaCTHOCTH, pSil B MPaBOH YaCTH CXOOUTCs. Torma MOKHO BHIOpAThb
Takoe yucsao NN, 4to

+oo
;%ljummm=Jﬁﬂmwu<§. 43)
n= A, Cn

Bribepem ere
€

Torna npu p(e) < 9, e C A umeem

[r@an < [ir@lan= | @ld+ | r@ld<G+5=-

e e eNBn eNCn
rae nmepBoe cjaraeMoe Mbl OLEHHJIM B CUJTY
e
By) < YAV N +1,
/L(eﬂ N) N(e) < 2(N+ 1) |f(z)|BN < +

a BTOpoe — B CHJy ycJjoBus (4.3).
Teopema nokasana.
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3ameuanue. Ha o-anrebpe A cemelicTBa NOIMHOXECTB MHOXKeCTBA
X MOXHO BBeCTH TOMHUMO BHellHeH Mepbl JleGera i elle MHOro APYrux
Mep TMOPOXKIEHHBIX MOUTH BCIOAY HEOTPHULIATENbHBIMH, U3MEPUMBIMH U HH-
TerpupyeMbiMu QyHKUuAMU f(x) 1Mo caenytouiedt popmyie:

p(A)

e

' Jf(x) du, A€ A (4.4)
A

C yueroM Teopembl 8 QyHKUHs MHOXKecTB ((A) sBISETCS CUETHO—
aiIUTHBHOH Mepo#l Ha cemelictBe A. [lpu 3ToM B cusy Teopembl 10 sta
Mepa SBJSETCS abCOAOMHO HenpepuleHOoL OTHOCHTeNbHO Mephl Jlebera f,
T.e. mist smoboro mHoxectBa A ¢ p(A) = 0 mepa ¢(A) = 0. Hssecren
BayKHbIH pesyabTat meopema Padona-Huxkoduma o ToM, 4To Ha060pOT A4
J060H abCOMIOTHO HEMpPEepPBIBHOH Mepbl ¢ OTHOCHUTEJNBHO Mephl ji HaHmeTcs
u3MepuMast HHTerpupyemas Gpyukuus f(x), uto umeer mMecto (4.4).

§ 5. Teopema JlebGera o nmpegesbHOM mepexoae Mo
3HAKOM MHTerpaJja.

B sTom maparpade Mbl [0Ka)KeM CHayasa BaXKHBIE pe3ysbTaT, Ha3blBa-
eMblil Teopemoil JleGera o mpenesbHOM Mepexofie MOA 3HAKOM HHTerpasna,
a 3aTeM Mbl JOKa)eM ellle [Ba yTBepxkieHus — Jjemma Party u teopema
Benmno-Jlesu.

Teopewma 5. [lycmo svinosnernst credyroujue ceoticmaa:
1. nocredosamenvrocmo usmepumovlx Gyuxkuuil f, cxodumcs noumu
8cto0y Ha mHoxcecmee A K Qynkyuu f;
2. 0as scex m 8CrO0Y Ha MHONcecmee A umeem mecmo HepaseHcmso
(@) < plz);

3. pynkyus p(x) unmeepupyema no muoxecmsy A.

Tozoa

1. @ynxyuu f u f, npu ecex n unmeepupyemor Ha A,

2. umeem mecmo npedesbHoe paABEeHCMB0

ifn@:) dys lf(x) . (5.1)

JlokasaTeJabCTBO.

[Tpexkne Bcero moHsiTHO, yto (pyHKunu {f,(z)} u npenenpHas QyHKUHs
f(z) u3mepuMbl. DTO yTBEpKIEHHE HAMU OBbILIO JOKa3aHO Ha ware | goka-
3aTesbCTBe TeopeMbl EropoBa. Kpome Toro, U3 oueHku

[fu(z)| < p(x) mnsiBecex z€ A
MpeeJIbHBIM [IePEXONOM MONYUHM, YTO

If(x)| < p(x) nnsBeex x € A.
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[lyctb 3amaHo mpousBosbHOe € > 0. B cusy aGcooTHOH HempepelBHOCTH
uHTerpasa Jlebera cyuectsyer takoe ¢ > 0, 4To 151 JI0GOr0 U3MEPHMOro
MHOxecTBa B C A ¢ u(B) < § BbinoJHsercs

f@(m) dp < % (5.2)
B

Ho B cuny teopembl EropoBa 310 MHOXKeCcTBO B MOXHO BBIOpaTb TaKHUM
o6pasom, utoGer C' = A\ B cXoouMocThb

fn = f paBHomepHo Ha A.=A\B, A\A.=B. (5.3)

Torna mbl MoxkeM BblOpaTh Takoe [N € N, yTo npu Jwo6oM n > N U 1pu
J060M T € A, BBINOJHEHO HEPABEHCTBO

Ho npu atom cpasy mosydaem, uto mpu Bcex n > N

lﬂ@du—Jh@ﬁmt<

A
<Juwmmw+]mm~j%mw<

e B B
< ﬁﬂm—n@»m+j@mmW+
A, B

+iw@wu<

I )

DO ™

Teopema nokasaHa.
CnpaBensiuBa ciaenytouiast teopema benno-Jlesu:
Teopema 6. [lycmo 6ctody Ha A 8bINOAHEHLL HEPABEHCMBA

filz) < folz) < ... < fulz) <.\, (5.6)
npuuem gyuryuu fr(x) usmepumol u unmezpupyemol Ha A u
[ futayan < x. (5.7)
A

Tozda
1. noumu sciody na A cyujecmeyem Koneurwili npeden

f(z) = nEToo fn(2), (5.8)
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2. ¢ynkyus f usmepuma u unmezpupyema Ha A u

lfn(w dys lf(x) . (5.9)

JlokasaTeabcTBO.
Orpanuunmcsi caydaeM, koraa fi(z) > 0, moTomy 4to oOwmé caydait
MOXKHO CBECTH K HeMy BBelleHHeM (PyHKIHH

fu(@) = falz) = fi(z). neEN.
PacemoTpum MHOXKeCTBO
Q={recA| f,— +oo}.

HyxHo nokasate, 4To mHoscecmso §) umeem wyresyro mepy Jlebeea .
O OGosHaunM uepe3 f(z) MO TOUYEUHBIH Mpees MOCJeN0BATENBHOCTH,

e OH CyLlecTBYyeT
fa(z) = f(2), @€ A
Beenem caenyrolire 0603HaYeHUS:

+o00
O =z eA: folx)>r}, Q)= U O = {x e A| f(z) >},

n=1

Q=" ={z € 4| f(z) =400} .

r>0
CraJjio ObITh,
Q= ﬂUQSf), rne Q) ={ze Al fu(z) >r}. (5.10)
T n
M3 HepaBeHcTBa YeObieBa B cuiy (5.7) cleayer, 4TO NpPH BCEX N, T
K
n(S) < —,
r
OTKYJa C Y4EeTOM ") ")
07 CQy’ C...

HnMeeM e
an ) < £,
Iz (Lnj : ) .
K

Ho npu noGom r BepHo BKioueHne 2 C J,, o, nostomy p(€2) < 7,
oTkyza caenyet, uto u(2) = 0. TeMm caMbIM TepBoe YTBEPXKIEHHE TEOPEMbI
nokasaHo. X

Il [oKasaTesibCTBa MPEAeNbHOTO COOTHOLIEHHS BBEIEM MPEXKEe BCEro
o603HaueHHe

Ap={rcAlm—-1< f(z)<m}, meN (5.11)
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u nonokuM @(xz) = m Ha A,,. JokaxeM, uto (x) uHTerpupyema Ha A.
[Tocsie aTOrO OCTAHETCS JIHIIB BOCIOJb30BaThCs TeopeMol JleGera.
[Tonoxum

l
Bi=Y Apm, ApNAp, =2, m #my.
m=1

[TockonbKy Ha MHOXKeCTBaX B; (QYHKUMM f, W [ OrpaHHYeHBl U
o(x) < f(z)+ 1, To B cuny Teopemsl JleGera umeem

J@(w)du<Jf(rv)du+u(A)= lim an(w)dﬂ+u(A)<K+u(A)-

n—-+oo
B, B, B,

Ho npu Bcex [ BepHO

MN

j p@) dp="3" mu(Ay).

B m=1

PaBHOMepHasi OrpaHUUEHHOCTb 3THX CYMM O3HauaeT (aGCOJIIOTHYIO) CXONHU-
MOCTb psifia

+o0
> mi(Ay) = [ole) dn. (5.12)
m=1 A

C/ienoBaTe IbHO, BBIMOJIHEHBI BCe yCJIOBUsI TeopeMbl Jlebera.

Teopema nokasaHa.

JlokakeM Tenepb Ba)kHOe YTBEPXKIEHHEe U3BECTHOe Kak Jemma Pary.
Jlemma 1. Ecau nocaedosamenvHocme unmezpupyemovix U U3mepumvix
Ha mHoxcecmee A HeompuuamesvHolx QyHKyuil f, cxodumcs noumu
8ctody Ha A Kk ¢pynkyuu f u npu awbom n € N

an(x)duéK, (5.13)
A

mo f unmezpupyema Ha A u

Jf(x)dugK. (5.14)
A

Jloka3aTeabCTBO.
JlokasaTteibcTBO TMPOBENEM M0 CefyIOeH cXeMe:
1. BBenem HOBble (DyHKLHH

on = inf fi(z),

k>n

KOTOpble yIOBJIETBOPSIIOT CBOMCTBY

p1(z) < @o(2) < oo < p(a) < ..
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2. IonyueHHble PYHKLHUH H3MEPHMBI, T. K.
{xeAlpn(z) <c}= U{x€A|fk(x) <c}eA.
k>n

3. Hanee, 0 < ¢, (x) < fn(x), m03TOMY ¢, HHTETPUPYEMBI H

Jm:r) dy < sz) dn < K. (5.15)
A A
4. C npyroii CTOPOHHI,

pn(z) = f(z)

MOYTH BCIONY (2 MMEHHO, B TexX ke Toukax, rae fn(x) — f(z)).
5. Tlo teopeme Benmno JleBd, npuMeHEHHOH K MOC/E10BATEJNbHOCTH
{n}, HMeeM HHTErpUPYeMOCTb U M3MEPUMOCTb (YHKLUH f U NpelesbHOe

COOTHOILIEHHUE
an(x) dp — Jf(x) dp. (5.16)
A A

Hakonen, u3 (5.15) u (5.16) moayyaem HepaBeHCTBO, KOTOPOe YyTBepXKaa-
€TCsl B YCJIOBHU TEOPEMBI.
JleMMma nokasaHa.

§ 6. Cayuait MHOkecTBa X C HEOTPAaHUYEHHOU MepoOu L

Mbl orpaHuyMMcs cjaydyaeM TaK Ha3blBaeMOH o-KOHEYHOH Mephbl fi.
HwmenHo, OynemM roBOpUTb, YTO Ha MpOCTpaHCTBe X BBeleHA 0-KOHEUHas
Mepa fi, €CJIM CYIIECTBYET Takas nocjenoBarenbHocts { X, } C X, uto

pXn) <400, X CXppr, X =[] X0

Jltobas Takas 1mocJie1oBaTe/bHOCTb HA3bIBAETCS UCUEPNbL8arOuell.

[Ipumep 1. TlpuBenem npocToil mpumMep Mepbl, He SIBJSIOIIEHCS O-
KOHEUHOH: BO3bMEM Mepy Ha NpPSMOH M MOJOXKHUM Mepy KaxKIOH TOYKH paB-
HOH enuHHULe. JleficTBUTEJNbHO, NPENNONOKHUM, UTO TaKas HUCUepIbIBaoLLas
nocsienoBateibHocTb { X, } CylecTByer, Torna ¢ HeOGXOIUMOCTBIO KaXKI0€e
MHOKECTBO He MOKET COCTOSITb M3 KOHEYHOTO YHCJ/a Pa3/JUUYHBIX TOUEK, a
B MIPOTHBHOM CJlydyae

+00 +o00
w(Xy) = Zu(mz) = Z 1 = +o0.

=1 =1

Onpenenenue 5. Hamepumas ¢pyuxyus f, onpederennas Ha MHO-
awecmee X o-KOHeuHOU Mmepol |i, Ha3vleaemcs cymmupyemol Ha X, ecau
OHA CYMMUPYEMA HA KAHOOM e20 USMEPUMOM NOOMHOMCECMBE KOHEUHOU
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MepbL U ecau 0as a0boil ucuepnoisarouell nociedosamervrocmu { X}
npeden

lim J f(z)du

n—-+oo
Xn

cywecmeyem u He 3asucum om 6vibopa ucuepnvi8aroujeli nocaedosa-
meavHocmu. Imom npedes wnasvisaemca uwmezparom Jlebeea om pynx-
yuu f no muomcecmey X u no-npesxcremy o0603HAUAEMCA CUMBOAOM
4 f(x) dp.

JLnst MHTerpaJoB Mo MHOXKeCTBaM 0eCKOHEUHOH Mepbl COXPaHSIOT Clpa-
BEJIMBOCTb BCE TMpelbIAyLINe Pe3ysabTaThl, KPOME YTBEpKIeHHUs 06 HHTe-
TPUPYEMOCTH OTPaHUYEHHOH U3MepHUMOH (PYHKLIMH.

§ 7. Knacc unrerpupyembix no Jlebery pyHKuui

Tenepp Haia 3agaya pacCMOTPETb BaXKHBIH KJacC HHTETPHUPYEMbIX IO
Jlebery ¢yukuu#. M3 onpenenenns unHrerpana Jlebera sicHo, UTO MHOXKe-
CTBO HHTerpupyeMblx o Jlebery ¢pyHKUHH 06pasyloT JHHeHHOe NPOCTPaH-
CTBO, KOTOPOE Mbl OyneM 0003Hauath ciaeayoumm obpasom — L(X).

Jlanum onpenesieHre TaK Ha3bIBAEMOTO MempuiecKkozo npocmparcmaa,
U3yueHHe KOTOPBIX MBI I€TalbHO HauHeM B CJeYIOLIeH JIEeKIHH.

Onpenenenue 6. Mnowecmso Y Ha3vi8aemcs mempuuecKum
npoCmMpancmeom, ecau Ha Hem 3a0aHA BeujeCmeeHHas QYHKUUA
d:Y®Y — Rﬂr makas, 4mo 8biNOAHEeHbL cAedyroujue ceoLicmaa:

(i) d(z,y) =0, moeda u moavko moeda, koeda x = y;
(i) d(z,y) =d(y,x) 0asa scex x,y €Y
(iil) d(z,y) < d(x,z) 4+ d(z,y) 015 8cex x,y,z €Y.

Teneps BBemeM Ha MHOXKecTBe L(X) — BCex MHTErPUPYEMBIX HAa MHO-
xectBe X (DYHKUMH OTHOCHTEBHO M3MepuMoro npoctpanctsa (X, A, u) —
BeLIeCTBEHHYIO (PYHKIHIO

d(f.g) = j () - g(@)] d. (7.1)

X

fcnHo, uto Ha MHOXKecTBe L(X) aTa GyHKUHS YIOBJIETBOPSIET YCJIOBHUSIM
(i) u (ili) ompenenenust 6. OpHaxko, He BbiNoJHseTCs TpeGoBanue (i).
JeiicTBuTebHO, MycTh HHTerpupyembie mo JleGery ¢yukuuu f(z) un g(x)
OTJIMYAIOTCS TOJMBKO HA MHOXECTBE HyJeBo# Mephl JleGera i Ha MHOXKeCTBe
X, torna, ouesunHo, d(f,g) =0, Ho ¢pyukuuu f(z) # g(z) Ha X.

Yro ¢ aTMM HaM [enaTh? 3ajaya 3aKJIOUaeTcs B MOCTPOEHHH Tak
Ha3bIBAEMOTO KAacca Gyrkuyutl unmeepupyemolx no Jebeey.

Ecan mbl BMecto dyukuuit f(z) € L(X, 1) Oynem paccmaTpuBath Kiac-
col dyukuuii {f(x)} rtakue, uyro mBe ¢yHrunu fi(x), fo(x) € L(X, p)
NpUHA[JIeKaT ofHoMy kjaccy {f(x)}, eciu oHu oT/IMUAOTCS OT 3a4aHHOM
¢yurunu f(z) Ha MHOXKecTBe HyJeBoH Mepnl JleGera p Ha MHOXKecTBe X,
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TO Ha IOJy4eHHOM MPOCTPAHCTBE, KOTOPOe Mbl OyieM 0003HadyaTh 4epes
L(X), nist MeTpuKH

({1 {gh) = d(f . 9) = j (@) — g(@)] dp. (7.2)

X

rae f(z) € {f(x)}, g(x) € {g(x)}, T.e. B nanHOi (opmyse Mbl B J1eBOH
YaCTH paccMaTpuBaeM MeTPHKY Ha mpoctpancTBe L(X, j1) KiaccoB sKBUBa-
JIEHTHBIX (DYHKLMH, a B IPaBOH 4acTu Mbl GepeM HEKOTOpbIe TPEACTABHTE,H
M3 3THX KJIaCCOB.

DTO MOCTPOEHHE SIBJISETCS YACTHBIM CJydaeM ONepaLld BBEJEHHs Ha
MHOXKecTBe 2| OTHOLLIEHHS] SKBHBAJEHTHOCTH (¢ MEXIY 3JEeMEHTaMH &,y €
€ 2, uTo 0603Ha4aeTCs Kak

z <y,

TakKUM 06pa3soM, YTOObl 3TO OMHOULEHUE IKBUBANEHMHOCTLU YIOBJIETBOPS-
JIO CJIEIYIOLINM TPEM CBOHCTBAM:

1. 2% T;

2. 28y yly;

.28y u yLaez=alz
DTO OTHOLIEHHE SKBHUBAJEHTHOCTH BBOAUTCS TaKUM 06pa3oM, uTo JHGO J1Ba
s/eMeHTa T,y € U IKBHUBaJeHTHb (T.e. 3Ta omepauus omnpeneseHa) JU6o
He SKBHBaJIeHTHBI (T.e. 3Ta omepanusi He onpeneseHa). Takum o6pasom,
9Ta omnepalust BBOLMT Ha MHoxecTBe R wacmuumbii nopsdox. Ecau 3Ta
omepanus ompejieieHa Ha BCeM MHOXKeCTBe 2 noaHbLL nopsadok.

[Tpumep 1. Hampumep, onepaiiusi cpaBHeHHsl Ynuces < Ha MHOXKeCTBe
BellecTBeHHEIX urcesn R! o6/1a1aer BceMu TpeMs CBOHCTBAMH M ONpejieeHa
IJI BCEX BELIeCTBEHHBIX YMCeJ, 4 BOT Ha MHOXKECTBE KOMIIJIEKCHBIX YHCeJl
C! srta omepanus ompefeseHa TOJbKO AJs MOAMHOMKECTBAa BellleCTBEHHBIX
unces R! u nostomy BBOomuT Ha C! yacTuuHbIi NOpANOK.

[Tocsie Toro, Kak MHOXecTBe 2 BBeleH OTHOIIEHHe 3KBHUBAJIEHTHOCTH
(© MOXHO MPOBECTH OMEPALHIO corocTas/eHus mo nape (2, p) MHOXKecTBa
A\{p} Kkaaccos sxsusarenmrocmu, onpeneseHHOe CIEIYOMNAM 06pa3oM:

x1, m2(€ A) € {2} € A\{p}, ecomz; £ xo.

Ora omepalus HasblBaeTcsl pasbHeHHeM MHoxecTBa 2 1o QakTopy ¢ Ha
KJ1acChbl 5KBHBAJIEHTHOCTH .

[Mpumep 2. B cayuae muoxkectsa A = L(X, 1) OTHOLIEHHEM 3KBU-
BaJIEHTHOCTH ¢ Mexay dyHkuusmu f(z), g(z) € L(X, u) sBasiercs caeny-
jolllee BbICKA3bIBaHHeE

f(z) = g(z) nouru Bciomy mo mepe .

MoKHO NpoBepUTb, YTO OTHOLIEHHE 3KBHUBAJEHTHOCTH ¢ pa3buBaeT
MHOXKecTBO 2l Ha HellepeceKamolirecs KJacchl. JlefcTBUTENBHO, eclt & €
€ {z} u y € {y} ¥ MeXIy HUMH eCTb OTHOLIEHHE SKBHBAJEHTHOCTH (,
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TO OHM TOMAAAIOT B OOMH KJacc. Ec/iM ke OHM HeIKBHBAJIEHTHH, TO OHH
MOMafalT B Pa3Hbe KJIacChl.

KoppekTHOCTb ompeneseHnss METPHUKH.

EcTecTBeHHO, HAM HY»KHO JI0Ka3aTb, YTO 3HaueHHe BEeJHYHHBI B JIEBOH
YacTH He 3aBUCHT OT BhIOOpa MpencTaBUTesed B MpaBoi yacTh. JlokasbiBa-
€TCsl 3TO CJeNYIIUM 06pa3oM.

yers fi(z), fo(z) € {f(x)} u gi(z),92(x) € {g(x)}. Torna umeror
MECTO CJIeAyIOlllHe HEPABEHCTBA, B CHUJIY TOTO, YTO BHITMOJHEHBI CBOHCTBA
(i) u (iii) onpenesnenus 11 pas pynxkuuu (7.1):

d(f,g) <d(f, fr) +d(fi1,91) +d(g1,9) = d(f1,91), (7.3)
d(fi,q1) < d(fi, f) +d(f,g) +d(g, q1) = d(f,9), (7.4)

MOCKOJIBKY B cuuty onpenesenus (7.1) dyskuuu d(-, ) u TOrO, 4TO

fi(@) = faol2) = f(2),  gi1(2) = g2(x) = g(x) nouru Beiony Bz € X,

HUMEIT MECTO PaBEHCTBA

d(f, fi) =d(fi, f) =0, d(g,q1) =d(g1,9) =0.

CrenoBatesibHO, U3 HepaBeHCTB (7.3) u (7.4) BbITEKaeT, UTO

d(f,g) = d(fi,q1)-

Crano ObiTh, (yHKLHs d°, ompenesneHHass Qopmynoi (7.2), ompemesnena
KOPPEKTHO.

Ho rtenepp y Hac nssi atoit ¢pyHkuuu d°(-,-) nomumo ycjosuit (ii) u
(iii) BeimosiHeHo W cBokicTBO (i). Takum 06pasom, MPOCTPAHCTBO KJAaCCOB
uHTerpupyemMbix (GyHkuuil L(X) siBasieTcs METPHUECKHM MPOCTPAHCTBOM
OTHOCHTEJIbHO MeTpukH (7.2). Kpome TOro, B CHJly JIMHEHHOCTH MPOCTPaH-
ctBa L(X) nUHEHHBIM SIBJISIETCS M TPOCTPAHCTBO KjaccoB (hyHKuui L(X),
B KOTOPOM HYJIeBBIM 3jeMeHTOM ¥(z) siBasietcss kaace (yHruui {d(z)},
MOYTH BCIOLY PABHBIX HYJIIO.

Takum o6pasoM, mpocTpaHcTBo Kaaccos dyHkuui {f} € L(X) sBaser-
Csl AUHELIHbIM MeMPUHECKUM RPOCMPAHCIBOM.

§ 8. IIpocrpauncrea Jle6era LP(X, pu) mpup > 1

Janum onpeesieHde HOPMHUPOBAHHOTO MPOCTPAHCTBA.
Ounpenenenne 7. Jluneidnoe npocmpancmeo & Hasvi8aemcs Hop-
muposannvim, ecau Ha & sadana maxas Qyukyus ||| : € — RL, umo
BLLNONHEHDL CBOLICMBA
(i) |Ifll =0, moeda u moavko moeda, koeda f =1 — nyaresol dremenm
AuHetiHoeo npocmparcmsa &;
(i) |laf|l = |||l f]] 925 6cex o € C u scex f € &;
(i) [[f +gll < If +llgll 042 scex f,g € .
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HeTpynHo mnpoBepuTb, 4TO JHHEHHOE HOPMHUPOBAHHOE IIPOCTPAHCTBO
SIBJISIETCS METPHYECKHM OTHOCHTeNbHO MeTpuku d(z,y) = ||z — y||. Ipo-
BepbTe CaMOCTOSITEJNbHO.

3aMeTnM, YTO €CJH MBI ONpefeJauM Ha JuHeHHOM mnpocTpancTBe L(X)
HOPMY CJIeAYIOLIUM 06pa3oM

II{f}II=J|f($)Idu» flx) e {f} € L(X, p), (8.1)

TO MBI IONYYHM JHHEHHOE HOPMHpOBaHHOe mpocTpaHcTBo L(X, 1).
Tenepb MBI pacCCMOTPUM HEKOTOpBIE KJAcChl (DYHKIMH, Ba’KHBIX B IPH-
JIoXKeHUsX. Jlanum onpenesieHue.
Onpenenenune 8. Hamepumovie pyukyuu f(x), y Komopoix

[f(@)]P € L(X, ) npu pé€[l,+o0) (8.2)

6ydem obosnauams Kak npocmparcmeo LP(X, ).

Yke craHgapTHeIM 06paszom pasbuBas GyHKUHU f(2) U3 IPOCTPAHCTBA
LP(X, 1) Ha knacewl pyHKUMEA {f}, Mbl monyunm kiaace LP(X, ) npu p €
€ (0, 400).

3amertuM, uTo Kiaace pyHkuui LP (X, ) npu p € 1, 4+00) siBasercs Jiu-
HeHHBIM HOPMHPOBAHHBIM MPOCTPaHCTBOM. Jlokaxkem 310. JlefCTBHTEIBHO,
nycts f(z),g(z) € LP(X, pu) u o, B € C, Torna umMeer MeCTo 3/jeMeHTapHOe
HEPABEHCTBO

lf () + Bg()|” < ep) (Jaf”|f ()" + |5[|g(x)]") € L(X, p),

nockoJibky npoctpanctBo L(X, p) siBasiercs nunedHbiM. Ctasno GbITh, Mpo-
crpanctBo LP(X, p) npu p € [1,+00) sBasercs auHeiiHbiM. Ternepnb ompe-
nesuM Ha JuHefiHoM mpoctpaHcTBe LP (X, u) npu p € [1, +00) caenyioryio
YHCJIOBYIO0 (PYHKLHIO:

1/p
1l = j\f<x>|pdu L LP(X. ) — RL (8.3)
X

fcHo, yTo 3Ta (PyHKUMS yHoBJeTBOpsieT cBoiicTBaM (i) u (ii) ompenesneHus
HOPMBI.

JlokaxeM, 4To AJsi GYHKUHH (8.3) BBEIIOJHEHO HEPABEHCTBO TPEYTOJIb-
Huka (iii) ompenesieHHsT HOPMBI, T.e. NOKaXKeM TaK HA3bIBAEMOE HepaseH-
cmso MunKo8cko02o0:

1/p
j|f<x> Le@)Pdu| <

X
1/p 1/p

< jf@cwdu + j|g<sc>|Pdu mpr pe[l+00). (84)
X X



20 Jlexuus 1. Muterpan Jle6era u npoctpanctsa JleGera.

C 3To#l 1eJsbI0 3aMeTHM, UTO NPU p = | 3TO HePaBEHCTBO eCThb CJ/eJCTBHUS
HepaBeHCTBa

|21 + 22| < 21| + |22 nasi Bcex 2y, 29 € C.

Termepb HaM HYKHO paccMoTpeTb caydai p € (1,400). Ho mas sto-
ro HaM MPEeIBAPUTEJBHO HYXKHO [0Ka3aTh TAK HA3bIBAEMOE HePaBeHCmEo
Teavdepa.

Teopewma 7. Ilyecmo f(x) € LP(X, ) u g(x) € LYX, u) npu p,q € (1,+
+00), npuuen {1
+

p q
moeda f(x)g(x) € LY(X) u umeem mecmo nepasercmso

Ifalle < I£1lpllglle- (8.5)

JloKasaTeabCTBO.
JlJisi HeOTPHLATENbHBIX YHCea a,b € RL_ MMeeT MECTO XOPOILUO M3BECT-
HO€ HEPaBEHCTBO:
aP b 1 1
a-b—+—, —+=-=1. (8.6)
p q p q
O HokaxeM, uto mjist Bcex « > 1 u a € (0, 1) nmeer mecrto crenymoiiee

HEpaBeHCTBO:
¢ —ax+a—1<0. (8.7)

Pacemorpum dyukuuo f(x) = 2 B okpectHocTH Toukd 2 = 1. [To dhopmy-
Je Jlarpanxa nmeem

 — 1=z Yz —1), ze€(l,2).
Orciofa cpasy ke MosydyaeM cjeqylollee HepaBeHCTBO:
z*—=1*<afz—1) mpu z>1 u aec(01).
[Tycts @ > 0, b > 0 u nn1a onpenenenHocty a > b. Torna B HepaBeHCTBE
(8.7) monoxum

Fo=1

1
q

==

1
r=—- WU a=-— npu p>I,
D

Torna nosnyuum caenyiollee HepaBeHCTBO:

1/
(%) role 1L
b pb P g
YMHOXKHM 00€ 4acTH 9TOr0 HePaBEeHCTBA HA b W MOJNYYMM HEPABEHCTBO
X
al/ept=1/p _ & < b = ql/Ppl/a < a4, b = ab < @ b_m
p q p q p q
[Mockoseky f € LP(X,u) u g € LY(X, u), To f(z) u g(x) usmepumsl, a
3HAUUT, H3MEPHUMO M MX TIPOU3BENEHHE.
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O [eiicTBUTE/NBHO, A5t BeeX ¢ > 0 ompesiesnM Cleayolie MHOXKeCTBa:
C={zeX: f(x)g(z) <c},
A:{xeX: f(x) <cl/2}, B:{xGX: g(x)<cl/2}.

Torna
" C=ANBN[[(X\B)NnAJU[(X\A)NnB]] € AKX

Kpome Toro, ux mpousBeneHue omnpepeseHo no4ytu Bciony B X. Temepp

P _ @], _ gl

1A, lgll,

¥ MOACTaBUM MX B HepaBeHCTBO (8.6), OTKyma Mosy4uM HepaBeHCTBO

@) (@)l  LIf@P  1]g@)
1L, llglly =2 115 a llallg

MnTerpupyst obe yacTu no Mepe (. Ha MHOxecTBe X, MOJy4yUM Hepa-

BEHCTBO
@@,
J I, Tall, S

a

X

OTKyza cpasy ke BbITeKaeT HepaBeHCTBO [ejibiepa.
Teopewma 8. Ilycmov f,g € LP(X, ) npu p € [1,+00), moeda umeem
MECMmO Hepasexcmeao

1/p
j|f<x>+g<x>pu<dx> <
X
1/p 1/p
< j @) pldr)|  + j|g<x>|P wdz)| . (8.9)

Jloka3aTenbCTBO.
[Ipexxne Bcero OTMETHM, UTO B CHJy HepaBEHCTBa

[f(@) + g(@)" <2 f @) +1g()I7]

cymma ynkuuii f(x)+ g(z) € LP(X).

[lepeiinem K mokasartesnbcTBY HepaBeHctBa. Ciaydail p = 1 oueBHIeH.
Paccmorpum Temepb cayuai, korma p € (1,400). 3amerum, yTO HMeeT
MECTO CJIEYIOLIee HEPABEHCTBO:

f(2) + g(@) " < |f (@) + g(@)P 7" |f@)] + |f (@) + g(@)]" [g()]
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BOCHO.HbSyeMCF[ Tenepb HEPaBEHCTBOM Feﬂbnepa IJisT 000MX cJlaraemMblX B

NpaBoil YacTH 3TOr0 HEPAaBEHCTBA, B KOTOPOM [Jif IEPBOTO CJATaeMOro
CHauaJia MoJI0KUM

A = 1F@) +g@P L R@ =15 =L n=p
a 3aTeM I0JI02KUM

fi(@) = f @)+ 9@~ folz) = |g@)], = %, ry =p.
B pesyJIbTaTe HpI/IMeHI/IH HepaBeHCTBa I‘em:nepa noJIy4duM cJenytrouiee Hepa-
BEHCTBO:

J |f(@) + (@)~ [ (2)] dp <

* 1/q 1/p
< J\f(x)+g(w>lq“”‘” dy Jlf(m)Ipdu <
X X
1/q 1/p
<| i@ +o@r ) | [ir@r ) o=t
X X

AHanornuHoe HepaBeHCTBO MOJydyaeTcsi W AJsT BTOPOTO CJIaraeMoro.
Takum 06pasoM, MONyUUIH

1/p

jf<x>+g<sc>|"du< j ) gl du|
X X

1/p 1/p

| [ir@r an] [ [P a

X

OTkyna nosmydaeM TpebyeMoe HepaBEHCTBO.

CnenoBaresibHo, uncaoBas GyHkuus (8.3) sBasercs HOPMOH. 3HAUMT,
JMHedHoe mpoctpanctBo LP(X, ) mpu p € [1,400) siBasieTcsl JMHEAHBIM
HOPMHPOBAHHBIM OTHOCHTEJbHO YKa3aHHOH HOPMBI.

K HacrosilieMy MOMEHTY MBI pa3obpaiu ciydai, korma p € [1,+o0).
Tenepb Ham HyXKHO paccMOTpeTh caydai, korga p = +0o. CHauasna BBefieM
kaace ¢pyHkuuit L°°(X, ). Janum onpeneseHue.

Onpepenenue 9. Kaaccom L®°(X,pn) mor Hazosem kaacc usme-
pumoLx GyHKUULL, KOMOpble NOUMU 8CHO0Y ABALIOMCS 02PAHULEHHbLMUL.

BBenem HOpMY Ha 3TOM MPOCTPAHCTBE.

1 £lloo = imffe: p{a = [f(z)] > c} = 0}. (8.9)



8. lpocmpancmea Jlebeea LP (X, u) npu p > 1 23

[Tonpo6Hoe H3y4yeHHe 3TOrO MPOCTPAHCTBA Mbl NPOLOJKHM BO BTOPOH
YacTH, TJe W JO0KaXeM UTO BBeleHHasi (QYHKLHS NeHCTBUTEJBHO sIBJsETCS
HOPMOH.

Takum o6paszom, QpyHKuus (8.9) siB/sieTcs HOPMOM Ha JIHHEHHOM MpO-
crpancTBe L°(X).

Heo6xonumocTs BBeneHusi mpoctpanctsa L°°(X) Bri3BaHa, Hampumep,
CIeyIOIUM YTBEPKIEHUEM, KOTOPOe MBI MpUBeleM 0e3 N0KAa3aTesbCTBa.
Teopewma 9. Hepasencmso [ervdepa ocmaemcs cnpasedrugoim OAs
pynkyuu f(x) € LY(X, p) u pyncyuu g(z) € L=(X, ) u umeem 6uo:

1Fglle < 1£11lglloo-



