JIEKIINA 4b

MeTtpuuyeckue IpocTpaHcTBa — 2

1. ITpocreiimue (u BaxkHeiiine) cBOICTBA METPUYECKHUX IIPOCTPAHCTB

1. Henpepwienocmo paccmosrus. Jlerko Bujers, 4ro GpyHKIms «paccrositues p(r,y) HelpepbiBHA
[0 COBOKYIHOCTH apryMeHTOB. JlefiCTBUTEbHO, W3 HEPABEHCTBA YeTHIPEXYTONbHUKA (CM. 3a1ady 2

u3 Jiekiuu 4a)
|o(x, 2) = ply, w)| < p(x,y) + p(z,w)

opua r, — T, Yo — Y (‘{TO IO onpeae/JeHnio CXOAUMOCTH B METPHUYCCKOM IPOCTPAaHCTBE O3HAYa€T HE

910 uHOe, KakK p(xp, ) — 0, p(y,,y) — 0) nmeem

1p(20,yn) — p(z,y)] < p(@n, 2) + p(Yn,y) — 0.

2. Eduncmeennocms npedeaa. JIErKo BUAETH, YTO Y HOCICAOBATEIHLHOCTH B METPUYECKOM IPO-
CTpaHCTBE MOXKeT ObITh He Dojiee 0JHOro mpezesna. B caMoMm geje, HaIW9Ue ABYX LPENeJoB T, x' y
[OCJIeJOBATEIbHOCTH {X,, } B CHJIY HEDABEHCTBA TPEYTOJIbHUKA U TOJBKO UTO JOKA3AHHON HEIpepbiB-
HOCTH paccTogHug o3Hagaao Obl, uto 0 < p(z,2') < p(@n, x) + p(z,,2") = 0, mam 0 < p(z.2’) < 0,
orkysa p(x,z') = 0 u no oupejenenuto paccrosiiug r = x'. OJHAKO, UMesi B BHJY H3YYEHUE B
CKOPOM BpPEMEHH TOMOJIOTMYECKHX MPOCTPAHCTB M MX CBONCTB, MOJIE3HO IPOBECTH J0KA3ATEJIHCTBO
TaKUM 00pa3oM: B Caydae HAJIWIWSA JIBYX MPEIEJOB T, & MOYKHO ObLIO OBl B3SITh WX HETEepeceKaro-
Hecsi OKPECTHOCTH, W TOTJA BCsl MOCJAEI0BATEIBHOCTD { T, }, KPOME HEKOTOPBIX HAYATBHBIX OTPE3-
KOB, JOJIZKHA ObLTa OBl HAXOANTLCA B KAXKION M3 3THX OKPECTHOCTEil, Y4TO, OUeBUIHO, HEBO3MOKHO.
(Badanue. Jokazars, uto upu 0 # £ = p(z,2') £/3-okpecrrocT TO4eK = U &' JeHCTBUTENHLHO He

epecekarTes. )
2. HekoTophble CBOMCTBA MOJIHBEIX METPUYECKUX IIPOCTPAHCTB U UX IIPUIOKEHUS

3. Moanpocrpancrso My noanozo merpudeckoro npocrpanctsa M obpasdyer (¢ TeM ke paccTosi-
HUEeM p)y) TOJHOE METPHYECKOe MPOCTPAHCTBO TOTAA U TOJBKO TOIa, Korga M — 3aMKHYTOe Moji-
MHOXKECTBO IpocTpaHcTBa M.

1) HeitctBuTensHo, B cuty moaHoThl M smobast dyHaaMeHTaIbHAas TOCIeI0BATEbHOCTD €I SJre-
MEHTOB, B T. 4. M COJepzKariasi TOJbKO 37aeMeHThl M7, mmeer npenen (upuaamiexkammii M). Ho
ecan M7 3aMKHYTO, TO STOT mpeJie TPpHHAIEKUT M, (SKBHBAIEHTHOE ONpeieleHne 3aMKHY ToCTH! ).

2) O6partHo, mycTh M, — TMOJHOE METPHYECKOE MPOCTPAHCTBO (OTHOCHTENBHO PACCTOSHUST Pyf)-
Torma npeges BCAKOI moc/ie10BaTe/IbHOCTH, TpUHagIexkamein My, mpuHaaaekut M, 9To 1 O3HAYAET,
yro My 3amuyTo B M.

Jamevarue 1. OIeBUIHO, 9TO MOTHOTA NPOCTPAHCTBA M7 B IEPBOM PACCYKIEHUH CYIIECTBEHHA.

(Jocratouno pacemorpers M =R\ {0}, M, = M.)



Samevanue 2. Bo BTOpoM paccyKIeHHH MBI HESBHO HCIIOJIb30BAJIU €IUHCTBEHHOCTD Ipejea.
Ecin 661 mpeneioB MOIJIO OBITH OOJIBIIE OJHOIO, TO MOXKHO OBLIO OBl MPEJACTABUTH cede CHUTYAIHIO,
KOT/Ia OJIMH U3 IIPeJIeJIOB mpuHaaiexut My (I/I TEM CaMBIM 0DeCIIeYHBaeT ero HOJIHOTy), a Apyroi —
He TIPUHAJIEIKUT, HAPYTTad 3aMKHYTOCTb.

4. Teopema 0 Henodsuncroli Mmovke, WIA NPUHYUT CHCUMAGOULUT 0MOOPasrceHul.

Onpegenenune. Otobpaxkenue F : M — M Ha3bIBaeTCS CHCUMAIOULUM, €CTIH
Jq € [0;1)Va,y € M p(F(2), F(y)) < qp(z, y). (1)

Teopema (0 menogsmkuoi Touke). Ilycre F' : M — M — cxkumaroriee otobpazkenue. Torna
CYIIECTBYET, W MPUTOM €IWHCTBeHHAsA, TOYKa * € M rtakag, uto F(x) = z, m ona MoxkeT OBITH
Hali/leHa METOJOM I[POCTON HTepanuu (HOCﬂe,Z[OBaTe.HbeIX HpI/IGﬂH)KeHHfI): it aoboro xg € M
BEPHO IPEIETbHOE COOTHOIIEHNE

r = lim F"(x). (2)

n—o0

Hoxazamenavcmeo. 1. CylecTBoBaHHe HEMOABUYKHONW TOYKH. IIycTh Iy — TPOM3BOJIbHAS TOUYKA

npocrparctsa M. [ToctponM mocsenoBaTebHOCT {Ty, }5° |, TOI0KUB
x, = F(x,_1), néeN. (3)

JIerko ycranoBuTh €€ (hyHIaMEHTAJIbHOCTD:

p(xm xn—i—p) < p(xna xn-{—l) +.o+ p<xn+p—1; xn+p> <

<plro,a1) "L+ ...+ ¢ ") < p(xo, 1) - ¢ ——.

CrieioBaTeIbHO, CYIIECTBYET TPeJIeT

r = lim z,.
n—o0

TTOCKOMBKY CxKUMAIONIee 0TOOPasKeHne, O9eBUIIHO, HETPEPBIBHO, MOYKEM MepPeiTh K TPeIey B DABEH-
crae ([3)):
r = F(x).

Takum o6pa3oM, CylecTBOBaHUE HENOIBUXKHON TOYKH OTOOpakenus F ycranosjeno. EauwHcTBeH-
HOCTb K€ OYEBMJIHA: B CJydas HAJUYUs JBYX HEUOABHMKHBIX TOYEK T, T B CUJLY U OlpeJIesIeHusd

PaCCTOdHUA UMeeM

orkyna p(z,z) =0u T = .

Teopema doxasana.

Dra TeopeMa (a TaKzKe €€ YCHJIEHHBIE BADHAHTHI) HAXOJUT MIMPOKOE MPUMEHEHHe B JIOKA3ATe b
CTBE OJHO3HAYHOW pa3pelimMOCTH MHOI'MX 33ja4d mMareMarudeckoit dusuxku. Bam yzxke usBectHo eé
IpUMEHEHWe B TeOPHH MHTErDAJIbHBIX ypaBHeHuil (i ypasHeHnit PpearoabMa ¢ «MaJbiM» A TPH-

MeHSeTCsl UMEHHO OHA, JIJisl ypaBHeHuil Boibreppa ¢ MpOu3BOJIbHBIM A — yCUJIeHHast ). B caeayomnieit



JIGKIIMH MBI IIOKaKeM, KaK ¢ IOMOIIbIO JAHHOU TeopeMBbl JI0Ka3aTh TeopeMy 00 OJTHO3HAYHON paspe-

muMocTn 3aga4un Ko 11 quddepeHnuaabHOro ypaBHEHHS

y'(x) = f(z,y),
y(wo) = Yo-

(4)

3amenarue 3. BaxKHO, 9TO B OpeJieIeHHH C2KUMAIOIIETo 0ToOparkeHus OyJeT HeIOCTATOIHO MPOo-
CTO 11OTPe0OBATH YMEHBIIEHUs PACCTOSHUS MeZK/ly JIOObIMU Pa3/IMYHbIMU TOYKaMHu. Jlerko npusectu
kouTpupumep. Llyctb
7
F(z) =2+ 5 arctgz, M = [0;+00).

Torma masg modbIX X1,y € R B culy TeopeMbl Jlarpanzka 0 KOHEYHBIX HPUPAIIEHUIX UMeEEM

1

[Fan) = F)l S I ©llr = 2o = |1 = 75

. |.T1 — £L’2| < |.T1 — $2|,
HO CYIIECTBOBAHNE HEMOJBUZKHON TOUKY (DbyHKIUE F' mpoTuBopednsio Obl HepaBeHcTBaM — 4 < arctg
™
< 3
5. Teopema o srootcennobir wapax. OOCYIUM HEKOTOPBIE YCJIOBUS ITOH TeOpeMbl U X CYIIECTBEH-
HOCTB. [lOHATHO, YTO MOJTHOTA MPOCTPAHCTBA, KAK U 3aMKHYTOCTBH IMTApOB, CYMIECTBEHHBI. Tak, B
_ 1 _ 1
npocrpanctse M = R\ {0} samknyTbie mapel paamyca - ¢ IEHTPAMU B TOUKAX T, = 5- HMEIOT
nycroe mepecedenne. OTKpwIThIe mapbl B npoctpanctBe M = R ¢ meHTpamMu B TeX Ke TOYKAX W
TeX Ke PAJINyCOB TaKzKe MMeIOT IycToe mepecedenne. MoOKHO pacCMOTPETh W AHAJIOTUIHBIN MpUMeD
Ha IJIOCKOCTH (MOJIyYaTCst OTKPBIThIe KPYIH, KACAIOIIUecs: BHYTPeHHUM obpa3om). [opas3no meHee
0ZKMJIA€MO, YTO HeJIb3s 000UTUCH 0e3 yCJI0BUs CTPEMJIEHUS PaJInyCcoB mapoB K uy/i0. [Ipuseiém co-
OTBETCTBYIONUI mpuMep. PaccMOTpuM MeTpruydeckoe TPOCTPAHCTBO, HOCUTEJEM KOTOPOIrO SBJIAETCH

MHO2KECTBO HaTypPaJIbHBIX YHCEJI N, a pacCTodHHue MEK/AYy YHUCJIaMH BBEJICHO KaK

1+ 2 m #n,

* o m+n’

P (ma n) -

0, m =n.

Brinosinenue akcuoMm paccTosiHus MPOBEpsieTcs HenocpecTBeHHo. Jlajee, JIerko yCTaHOBUTD HOJIHO-

TY MPOCTPAHCTBA: MOCKOJBKY B HEM PACCTOSHUE MEYKAY JIIOOBIMH Pa3/IMIHLIMUA TOYKaMu OoJibIie 1,

dbyHmaMeHTATBHBIMI ABASIOTCS JIUIL (DUHATBHO MOCTOSIHHbBIE (MOCTOSIHHBIE HAYUHAS C HEKOTOPOTO

HOMeEpa) TocjIe0BaTebHOCTH. KazK 1ast Takasl MOCJIeI0BaTeIbHOCTh, OYeBUIHO, UMeET Tpejest. Pac-
— * 1

cMorpum renepb mapbl B, = {m € N | p*(m,n) < 1+ %} O1u 1apbl 3aMKHYTBI, T. K. 33/IaHbl

* 1 .

HeCTPOTHM HepapencTBoM. [lamee, yeaosue p*(m,n) < 14 5- PaBHOCHIBHO M > 1 C y4€TOM TOTO,

9TO IPU M = N PACCTOSHEUE PABHO HYJIIO 1O ompejenenuto. [lostomy B, = {n,n+ 1,n+2,...}.

Torna ovesunO, uTO B, 11 C B,, HO mepecedeHne BcexX MAPOB MycTo. Takum oOpaszoM, nMeeM IO-

CJIeJI0OBATETHHOCTD BAOXKEHHBIX 3AMKHYTBIX IAPOB, paduyco, komopwvix e cmpemamcsa x 0, ¢ mycTbIM

EPECECYCHUEM.



Emé nporie nmpuBecTu mpuMep IOCJIEI0BATEIHLHOCTH 3aMKHYTBIX BJIOXKEHHBIX HEOTPAHUICHHBIX
MHOXKECTB B TOJTHOM TPOCTPAHCTBE, MepecedeHne KOTOPEIX mycro. [omutes cucrema [n; +o00) C R.

OHAKO MOXKHO CHATH TpeboBaHue, YTOOBI pACCMATPUBAEMbIe B TEOPEME MHOYKECTBA, OBLIM HMEHHO
mapamu. locrarodno morpeboBaTh JIMITb, YTOOBI OHU OBLIM OTPAHUYEHHBIMHA 3aMKHYTHIMH MHOMKe-
ctBaMu A,,, 1namMeTpbl KOTOphIX cTpemsaTced K 0. B camom meste, Torma, B3gB IPOU3BOIBHBIM 00PA30M
B KazKJIOM 7-OM MHOXKECTBE TOUKY T, TTOJYIUM TTOCTIEI0BATEILHOCTD { T, }. OHa obramaer Tem cBoii-
CTBOM, 4TO T, € A, upu Bcex n = m (B cuiy nenouku =, € A, C A,—1 C ... C A,,). [losromy
{z,} dyHnmamenTanbHa («XBOCTBI» JI€KAT B CTATHBAIONIMXCA MHOXKecTBax). E€ mpemes mpunare-
JKAT JIIOOOMY M3 MHOXKECTB A,,, HIOTOMY 9TO, ONATH-TaKH, BCE WIEHBI IOCIeI0BATEIHbHOCTH, HATNHAS
€ M-T0, JIeKaT B A,,, KOTOpoe, KaK 3aMKHYTOe, 00sI3aHO COIep:KaT IpeIe I MOCIe10BaTeIbHOCTH CBOIX
JIEMEHTOB {Zp, Tpi1, ...} . EIUHCTBEHHOCTD 2Ke 00IIeil TOYKHU HO-IPEKHEMY CJIJAYyeT U3 CTPeMJIeHHs
K HYJIO IHAMETPOB MHOZKECTB.

6. Teopema Bapa o kameeopusaz. B csa3u ¢ 910t Teopemoii (chopMyaupoBaHHON U JOKA3AHHOI
B JIeKIUK 4) Mbl 0OCYIUM JIUITh OJMH KAYKYIIUHCS Mapajoke. PaccMOTPUM METPHUYECKOe MPOCTPaH-
crBo X, cocrosiee u3 oyHoM Touku x. Torma moxkuo nosioxkuth X, = X npu Bcex n € N. Ho
paseBe X comepxkutr OTKpwIThIl map? Komeuno, ga! OTkpeiThIil map 1000r0 TOJOKHUTETHHOTO Pa-
JIAyca C MEeHTPOM B TOYKE I IPOCTO COBHajgaeT ¢ mpocrpancrBoM X! OrmernMm ermé, 9To Teopema
Bapa o Kareropusx HCIOIb3YeTCs HIPU J0KA3ATEIbCTBE NMPHHIUIIA PABHOMEPHONH OIpaHMYEHHOCTH,
KOTOPBI, B CBOIO OYepejib, Hy2KEH IMPU JI0KA3aTeAbCTBEe OAHON U3 BaKHEUIIUX TeOpeM JIMHEHHOTO
GYHKITMOHAIBHOTO aHa n3a — Teopembl banaxa—IlITeiinraysa.

7. Tomeomopusm noaHo20 U HENOAHO20 MEMPUYECKUT npocmparcms. Bynem Ha3piBaTh OHEK-
A0 MEXKJIY ABYMSI METPUYCCKUMH HPOCTPAHCTBAMHU IOMEOMOPMU3MOM, ecjIu OHa HellpepbiBHA B 00€

cTopoHbl. OKa3bIBaeTCsd, TMOJHOE METPHUIECKOE ITPOCTPAHCTBO MOXKET OBITh FOMeOMOP(MHO HEMOJIHO-

_T.T
272
Mpubr BepHéMCS K 3TOMY NIpUMEpPY B JlajibHeiieM, Korjga OyaemM o0CyKAaTh NOHATHE KOMITAKTHOCTH B

Mmy. [Tpumep: R u ( ), roMeoMop@du3M MezKIy KOTOPBIMH OCYIIECTBJIseT (PYHKINS Yy = arctg x.

METPHUYECKUX U TOIOJOIHIECKUX IPOCTPAHCTBAX.
3. JanabHeiinme npuMephbl HA CXOANMOCTH U 3aMBIKAHUL.

8. PaccMOTpUM yrKe M3BECTHBIE HAM HMPOCTPAHCTBA HOC/egoBareabuocreil P (p > 1), m u ¢y u
3aMaMuMes coeytomuMu ornpocamu. 1) Kakomy w3 mpocTpaHCTB NPHHAIIEKAT Ty, Yn, 207 2) B

KaKUX U3 MPOCTPAHCTB TocaeoBaTeabHocT {X, }, {yn}, {yn} cxonsea?

a) x, =14 1,...,1,0,0,...
——
1 1

6) Yyp =% —...,—,0,0,...
n n
—_——



B)Zn: ﬁ,...,ﬁ,0,0,... ,OZ>0

n
OueBuTHO, JEMEHTHI BCEX TPEX MOCIEI0BATETHHOCTEN MPUHAITEKAT BCEM TPEM TPOCTPAHCTBAM.

Tenepb OTBETHM Ha BOIPOCHI O CXOIUMOCTH.
[TocremoBaTebHOCTL {T,} HE CXOAUTCS HU B KAKOM IIpOCTpaHCTBe. Tak, B [P OHa jaxke He dB-
JSeTCs. ONPAHUYeHHOI: 04eBuaHO, pp (T, {0,0,...}) — +oo. (Cp. ¢ 3azaqeii 1.) B aByx apyrux

HPOCTPAHCTBAX, KAK 9TO YaCTO OLIBAET, Jerde MPOBePUThL OTCYTCTBHE (DYHIAMEHTAILHOCTH. Mmeem
Vn e N, Vp € N p, (20, Tnip) = Peo(Tn, Tntp) = 1.

[MocaenosaresbHOCTh {y, }, 09eBUAHO, cxoauTes K aementy {0,0, ...} B mpocTpaHcTBax m u .

Uccienyem eé cxomumocThb B [P, Meem

» (10,0,... = -] - = - — 0 — 00.
pl({77 }7“’) n n n , N o0

CrenoBaTeIbHO, CXOIUMOCTD B [P K TO# Ke IMOocae10BaTe/IbHOCTH HMEET MECTO NpH p > 1 U He uMeeT
MecTa 1pu p = 1.
[MocegoBaresbHOCTD {2, }, 09eBUAHO, cxoauTes K saementy {0,0, ...} B mpocrpaHcTBax m u ¢p.
Uccienyem eé cxomumocThb B [P, Meem
1
» 1
1 P sl

prr ({0,0,.. }bu)y=(|—) ‘n)] =n""5r. (5)

nOé

CaenosaresibHO, cxoauMocTh B [P k anementy {0, 0, ...} 3aBeoMo nMeeT MecTo Tpu p > é (1 TOJTBKO).
A 9TO TPOUCXOIUT NMpH OCTAJNBHBIX p > 17 [l oTBeTa Ha 3TOT BOIPOC CIejIaeM CIeAyolnee BaxKHOe
3aMedanne. VMeer MecTo BIOKeHHe TpocTpancTs [P C m (nodemy?) u, 60Jiee TOro, MpUHAIIEKHOCTE
TOCJIE/IOBATEIBHOCTH U = {u(k)} npocrpaHcTBy [P rapantupyer Hagmdne cpexn uncena u'®) gmcra ¢

MaKCHMATBHBIM Mogyaem 1 onenky maxy, [u™| < pp ({0,0, ...}, u) (mogemy), mm

pm ({0,0,...},u) < pw ({0,0,...},u) .

Ho orciozia cpasy cieyer, 94to eciu z, — z B[P, 10 z, — z B m. CiefoBarenabro, wiu z, — {0,0, ...},
win {z,} BOBce He cxoAuTCs B [P, HO JIPYIUX MpeJeJIoB OHA TOYHO UMeTh He MoxkeT. Ho B cuity
MBI 3HaeM, 9To mpu 1 < p < é cxoaumocthb 2z, — {0,0, ...} #He nmeer mecra. Ciie0BATEIBHO, B 9TOM
caydae {z,} He umeer npezena B [P.

9. HazoBéMm (DUHUTHOI YHCJIOBYIO MOCTIEI0BATENBHOCTD, BCE 3JEMEHTHl KOTODOi, KpoMe KOHed-
HOro uncaa, paBabl (. (PaBHOCHIBHOE YCIOBHE: BCe JIEMEHTHI, HAUMHAS ¢ HEKOTOPOro, pasHbl (.)
[TocraBum BONPOC: KAK YCTPOEHBI 3aMBIKAHUSI MHOXKECTB (DHHUTHBLIX IMOC/e0BaTe/IbHOCTel B [P 1
B m? HerpyaHo mpoBepuTh, UTO B MEPBOM CJIydae OTBETOM OyJeT BCE mMpoCTpancTBo [P, a BO BTO-

POM — IIPOCTPAHCTBO Cp CXOAAINUXCA K HYJIIO HOC.HQ,JIOB&TGJH)HOCTQIL/'I. OTrmerum IIOIIyTHO, 9YTO TEM



CaMBbIM MBI JOKa3aJli, 94TO B obonx IIPOCTPaHCTBaX MHOXKeCTBa (bHHHTHbIX HOCHQ,ILOBaTe.HbHOCTGIL/'I oe

ABJIAIOTCA 3aMKHYTBIMUA.

CpoficTBa METPHYECKUX MPOCTPAHCTB, CBA3AHHBIE C KOMIIAKTHOCTHIO (IOJHAS OrPaHUYEHHOCTD,
cenapabesIbHOCTh, TPOCTPAHCTBA HEMpPePhIBHBIX (DYHKIHHA 1 Teopema Aprena), 6yayT paccMOTPEHbI
B JIaTbHENeM, TP U3YyYeHUH ODIEro MOHATUS KOMIAKTHOCTH JJIs TOMOJOTHYECKUX TTPOCTPAHCTB.

To ke OTHOCUTCI K MOHATHIO OA3bI U AKCHOMAM CUETHOCTH.
3amaum JJI9 CAaMOCTOATEILHOTO pPEHIeHUs

0. OTBeruTh HA BOIPOCHI B TEKCTE.

1. MHOXKeCTBO B METPUYIECKOM ITPOCTPAHCTBE HA3BIBACTCST OPAHIIEHHBIM, CJTH CYIECTBYeT Irap,
B KOTOPOM OHO IEJHKOM COAEPKUTCA. AHasOrudIHoe onpesesenne GopMyIupyeTcs i MOCTIeI0Ba-
TEJIBHOCTH. JJ0KA3aTh, 9TO BCSKAs CXOSAIMASICA MOCIEI0BATEILHOCTD OrPAHHICHA.

2. JlokazaTh, 9TO €CIN T, — &, TO U BCAKAA €€ TO/INOCTIe0BATEIFHOCTD CXOMUTCS K .

3. 1) Mycrs {x,} — dyngamMerTaIbHAS MOCAEI0BATEIBHOCTH B METPHYECKOM TIpocTpancTe M u
M3BECTHO, ITO HEKOTOPAst €¢ MO/IIOC/IeI0BATEIBLHOCTD CXOANTCS K X. JI0Ka3aTh, 9T0 &, — .
2) Ilycrs {z,} — dyHramenTaabHast mMOCaeI0BATEIBHOCTh B METPHIECKOM mpocTpanctse M u m3-
BECTHO, YTO HEKOTOpAs €€ MOJIOC/IeIOBATEIFHOCTD CXOJUTCS K T, & HEKOTOpas Ipyras eé MOIIOCI-
JCOBATEIBHOCTD CXOAUTCA K Y. JloKasaTh, 9T0 = y U T, — .

4. Mycrb p(x,y) — MeTpuKa B HEKOTOPOM METPHYECKOM TIPOCTpaHcTBe. JloKasaTh, 910 TOrIa

__rlz,y)
1+ p(z,y)

— TOXKe MeTpHKa, HpI/I‘IéM KJIaCC CXOOAINUXCA HOCIIG,ZLOB&TGJH)HOCTGI;’I IIpHY 9THUX IBYX METPpHKaX OJIHUH

p'(x,y)

U TOT 2Ke W Tpejes Vv KaxKJI0i cXodieit mocjie 10BaTe/IbHOCTH HE MeHSIeTCs.

5. fdBagiorcs am a) CKUMAIONMME, 6) HEMPEPBIBHBIME CJIEIYIONHe OTOOPAaYKeHHs HPOCTPAH-
cra C|0; 1] B cebs:
1) F)(x) = 7 y(€) de:
2) F(y)(z) = 3 [, sin(z — )y(&) d¢;
3) Fly)(x) = 5 [y y*(§) d¢?

6. Jlokazarh, uTo oneparop auddepeHnuporanus Hemnpepbiben Kak orobpaxkenne uz C'la; b
B Cla;b] (co craHmapTHBIM paccTosiHueM). BepHO JiH aHAJOIHYIHOe YTBepXKJEHHe HpU JelcTBUN
M3 MOJMHOXKECTBA HempepblBHO auddepennupyembrx dbyukuii npocrpanctsa Cla;b] B mpocTpan-
crso Cla; b]?

7. Jlokazarh CyIiecTBOBaAHUE W €JIMHCTBEHHOCTD perienus © € R ypaBHenus
2x 4+ sinz = 1.
Byzer i 970 j0Ka3aTebCTBO BepHbIM mpu moucke pemienus B C? B Q. orpanuye. )

6



8. lokazarh, 9TO ecyim
[e.@]

sup Z la;;| < 1,

JEN

TO OECKOHEUYHAS CHCTEMa, ypaBHeHI/Iﬁ
00
T; = E aij.ij—l-bi, 221,2,
j=1

MMeeT eJIMHCTBeHHoe pemenue T = (11, T, ...) € [! npu Beaxoit dbukcnposannoit b = (by, bo,...) € I1.
9*. Tlycre Ay, kK = 1,...,m, — cobcTBeHHbIE 3HAYEHUST MATPUIBI A, NPUYEM CPeau HHUX Her

CINHHUYIHOTO. ZLOKaSaTb, q9TO 1mocjgeaoBaTeJIbHbIe HpI/I6JH/I}KeHI/IH
Ty = Az, 1 +y

cxonsres K perrennio CJIAY (I — A)x = y npn g060M HAYAIBHOM TPUOIMYKEHIH TOTJA U TOJBKO
TOTa, KOIIa BCe COOCTBEHHBIE 3HAUYEHUS [0 MOJY/II0 MEHbIIEe €IUHUIIbL.

10. Ha crosie na kadeape nexxkut xkaprta MockBbl. Jloka3aThb, 9T0 €6 MOXKHO NMPOTKHYTH HIOJI-
KOH Tak, 4TO HPOTKHyTasd TOYKA Ha Kapre OyIeT COOTBETCTBOBATH (B CMBICJIE KapTOrpaduaeckoro
n306parkeHns) MPOTKHYTON TOYKE Ha CTOJE.

11. JaTe ompeaeenne npejeia 1 HEIPEPHIBHOCTU (PYHKIMK CO 3HAYCHUSMH B METPUIECKOM IIPO-
crpancrBe (F : R — M) u jokasarh Jjist 3TOTO cjiydast (ecqu mpocTpancTBo M MOJNHO) KpUTepuil
Kommm cymecrBoBanue upejena Gyukiun B Touke ty € R.

12. ChopmyaupoBaTh u JI0Ka3aTh yTBEPKJIEHAE O HEIPEPHIBHOCTH KOMIIO3UIUHE HENPEPHIBHBIX
dyHKIHI.

13*. JJoxazarb, 9T0 J11060€ CYETHOE MepecedeHne BCIOAY ILIOTHBIX OTKPBITHIX MHOYXKECTB B METPH-
9EeCKOM MPOCTPAHCTBE BCIO/LY ILJIOTHO.

14. JTokazarh, 4T0o B mpocTpancTBe R nepecedenne BAOXKEHHBIX HEMYCTHIX OIPAHUYEHHBIX 3a-
MKHYTBIX MHOYKECTB BCer/[a HemycTo (He3aBUCHMO OT CTPeMJIEHHs UX HAMETPOB K HYJIIO).

15. ByyT Jiu laHHbIE YCIOBHSI PABHOCHJIBHBI YCIOBHIO HEITPEPHIBHOCTH OTOOPaKEHUs (BCIOLY):
1) npoobpas J1060ro 3aMKHY TOr0 MHOZKECTBA, 3AaMKHYT;

2) o6pa3 m06Oro OTKPHITOr0 MHOXKECTBA OTKPHIT!

16*. Beectu Ha unrepBasie (—1; 1) MeTpuky (paccrogrue) TakKuM 06pa30M, 9TOObI OH CTAJT MOTHBIM
METPUYECKHAM ITPOCTPAHCTBOM.

17. Jokaszarb, 9TO MHOYKECTBO OIpAHMYEHHBIX (DYHKIHI, TeHCTBYIONUX U3 METPUIECKOTO TIPO-
crpancrBa M B MeTpmyeckoe mpocTpancTBo My, ¢ SUp-PacCTOSHUEM CaMO €CTh METPUIECKOE MPO-

CTPAHCTBO, MIPUYEM B cIydae moaHoTs Ms OHO TOJIHO.



