JIEKIINS 3A

Tuner cxogumoctu. Murerpasn Jlebera. IlpocrpancrBa Jlebera

1. Tunel cxoauMocTu (PYHKIIMOHAJIBHBIX MOCJIE€0BATEILHOCTEI

Ha sieknum 3 ObLIO OTMEYEHO, YTO MMEIOTCS CJSAYIOIMINe BUJBI CXOAUMOCTH (PyHKIMOHAIBHBIX
OCJTETIOBATETLHOCTEH: PABHOMEPHAS, MOTOUYEYHAS, TIOUTH BCIOAY, 10 Mepe. [Ipu 3ToM Kazpast mocie-
JIVIOIas U3 YKa3aHHBIX CJedyeT U3 Ipeablayiein. ObpaTHble CIeJICTBAA MeCTa He UMEIOT, HO BEPHBI
HEKOTOpPBIE MX «OCJIabJIeHHBbIe» BapHAHTHI. 1ak, /Il HPOCTPAHCTBA KOHEYHON Mephl BEpPHA TEOpeMa
Eroposa, yrBepzKgaiomas, 9ro Kak TOJbKO HA MPOCTPAaHCTBE X HMeeT MECTO MOTOYedHAs CXOJIH-
mMocTh fn(x) — f(x) (uam gaxke mourtn Beomy), TO U3 X MOKHO BHIOPOCHTH TAKOe MHOKECTBO B
CKOJIb YTOJTHO MAJIO¥ Hamepé 3a1anHoil Mepbl, uTo Ha X \ B uMeer MecTo paBHOMEpPHAas CXOIUMOCTh
fn x f. lamee, MOKHO yTBEPXKIATh, 4TO JI00as MOCAEI0BATEIBHOCTD, CXOAAIIALCI IO Mepe, Comep-
JKUT TOJAHOC/IE0BATEILHOCTD, CXOAAILyIocs modTu Beioy. [lokarkem Ha mpumepe, 9410 Ha OosbIinee
HAJIeSIThCA HEMb3s. g 3TOro paccMOTpUM TOCIEI0BATEBHOCTh KYCOTHO MOCTOSHHBIX (DYHKITHIA,
3ajaHHbIX Ha orpeske [0; 1], koropyto Oymem mist cebsa HasbiBaTh «Gerymmit crosn6y. [Tocrpoum eé

crenyomum obpaszom. CHadaia Beiém Ha orpeske [0; 1] dyukuun for, tie n € N, k=1, 2

K

k.
277,
0. = ¢ [5a].

1, x¢€ [%,

fnk::

Teneps 3anymepyeM mocTpoeHHBIE (DYHKINN B «CJAOBAPHOM MOPSIIKE», HAUYUHAL C fi1: 32 [ caeayer
fok+1, ecnmm k < 2" ® f,4111 B IPDOTHBHOM CJIydae.

3amevarue. PeKOMeHIyeTcs II0CTPOUTh TpaduKy epBBIX 7-1 DyHKIMA. B Apyrux npuMepax Tak-
K€ PEKOMEHYeTCsl CTPOUTDH IpaduKH HECKOJILKHUX MEePBHIX (DYHKIUI KaxKI0i HocIe10BaTeIbHOCTH.

Tenepnb CHO, 9TO paccMaTpuBaeMas IMOCICI0BATCILHOCTh HE CXOAMTCS HH B OJHON TOYKE, II0-
cKoJIbKY mipu Jirobom x € [0; 1] mocsenoBaTepHOCTh 3HaYeHuit fi(z) npegcTapisier coboil moceno-
BaTEJIBHOCTh HyJeil W eIMHUIL, IPUIEM KaK HyJ/IM, TaK U €JMHHUIBI BCTPEYAIOTCA CPEId YIEHOB CO
CKOJIb YTOIHO GoabImuMu HoMepamu (oueMy?). Takas Moc/ie10BaTeIbHOCTh HE MOYKET CXOJAUTHCS HI
OTOYeYHO, HU 110uTH BCIOAy. OHAKO OHA cxomuTes 110 mepe K f(x) = 0. B camom jeste, mepa MHO-
KecTBa, riae GyHknus fi(x) ommana ot 0, crpeMuTest K HyJ1i0 1pu | — 00. OIHAKO JIETKO TOCTPOUTH

HO/IIOCIEIOBATEIBHOCTD, CXOJSIIYIOCS K HYJTIO MOYTH BCIOLY: JIJI 9TOTO JOCTATOYHO B3ATh { fp1}-
2. TeopeMbl 0 CXOAMMOCTU M KOHTPIIPUMEPHI

Paccmorpum reopemst Jlebera, benmno Jlesu u @ary. [IpousuiocrpupyemM Ha HEKOTOPBIX IIPUMeEpPax

CYIIECTBEHHOCTD UX YCJIOBUM.



B Teopeme JleGera (KOTOPYIO HHOT/IA TAKKe HA3BIBAIOT TEOPEMOii 00 02paruueHtols crodumocmu)
HaMMeHee OYEeBUIHO, UTO CYIIecTBeHHO yeaosue |f,| < ¢ (rme ¢ unterpupyema). OmHaKO HETpYI-
HO TIPUBECTH MPUMEP, TOKA3BIBAIOIINI, YTO HAPYIIEHNE ITOTO YCJAOBUA MPUBOAUT K HEBBITTOJTHEHUTIO

3aKTIOYeHHsT TeopeMbl: moa0kuM Ha = € [0; 1]
n?, x¢€ (0; %] :
0, z=¢(0;%].

Jlerko Buaetn, uto f,(z) — 0 (morodedno, BCIOLY), OMHAKO f[o-1] fu(x)dp — +oo (u BOOGIIE, MOJ-

fn:

XOJSIIUM 00pa30M BBHIOHpast HeHyJIeBble 3HaYeHUs (DYHKIHH, MOXKHO JTOOMTHCS, YTOOBI 3TOT MpeIe
Ol paBen J060i 3ajanHoil Besmanue). MOKHO TpUBeCTH W JAPYroifl IpUMep, Ha TOT pa3 — Ha
muoxkecTBe [0; +00) Geckonednoit mepst. [Tomozxmm
;= 1, x€l0;n];
0, x>n.

Bnecw f,(z) paBHOMEpHO orpanuvens (pynknmeit ¢(r) = 1, HO OHA He JBISIETCS WHTEIPUPYEMON HA
[0; +00), 1 ycoBus Teopembl Jlebera cHoBa He BbIIOJIHEHBI. [109TOMY HEyUBHTEIbHO, 9TO f,(7) — 1,
T. €. TOCJIeOBATENLHOCTD CXOANTCsI K HemHTerpupyemoit Ha [0; +00) dyHKmunm.

B teopeme Bemmo JleBu, moxkaJiyit, Bce yCJIOBHS KaXKyTCs €CTECTBEHHBIME: IEePBOE TapaHTHPYeT
CYIIECTBOBAHEE TIOTOUETHOIO TIpeiesia (KOHETHOTO Wi GeCKOHETHOT0), BTOpoe 00eCcednBaeT KOHe-
HOCTH 3TOI'0 IIpejiesia MOYTH BCIOJY, a 0e3 mocJiefHero Boodiie Hejib3si OblI0 Obl FOBOPHTH 00 MHTE-
rpanax. [Tosromy nepeiigém kK Teopeme Pary m mokarkem, 4To cymecrBeHHo ycaosue f,(z) = 0 (o

KOTOPOM HepeJIKo 3abbiBator). [lius sroro nostozkum Ha [0; 1]
-n, T€ (0; ﬂ ;
Ceoag (0
Jlerko Bugerh, uto mpu Beex n € N f[o;l} fo(z)dp = 0 < 0, Berogy ma [0;1] fi(z) — 1 u, Takum

o6pasoM, [y (limneo fu(2))dp =1 > 0.
Boutee Toro, naxe B yciousix Teopembr PaTy moc/ei0BaTeIbHOCTh HHTEIPAJIOB f[oq] fn du Moxker

fn:

He€ UMETD IIpejiejia, a B CJIydae CYyIeCTBOBaHHUA TaKOI'o IIpedeja 3HaYeHue f[(]'l] f d,u MOZKeT ¢ HUM He

COBIIaJaThb. B camomMm JeJie, B IepBOM CJIy4dae MO2KHO IIOJIOZKHUTD

2k, x € (0;%];
for = ( 2k} for+1 = 0.

Torma f[O'l} fndp =1 npu 9éTHOM N W HYJIIO TPU HEIETHOM. BO BTOPOM CJIydae BO3bMEM

[y

Tenepb f[o;1] fodp=1—1, no f[O;l] fdu=0.



3. OcHoBHbIE cBoOlicTBa nHTerpaJsa Jlebera

[Tepeuncium ocHOBHBIE cBoOficTBa mHTerpaJsa .Jlebera m cpaBHUM HX €O CBOIICTBAMM WHTErpasia
Pumana. 3ecy u ganee non L(X) Gyaem monuMarh GyHKINH, HHTETPUPYeMbie 110 Jlebery Ha 1po-
crpancTtBe X ¢ BBeJIEHHOU Ha HEM Mepoil JleGera. B ciaydae cpaBHeHus ¢ nHTerpaJjoM Pumana mos
X Oyjem nonumarh uzMmepumoe 110 2Kopjany muozkectso B R", B 4aCTHOCTH ITPOMEXKYTOK.

0. Ecam f(x) marerpupyema o Pumany 6 cobemeentom cmuicae, ToO OHa MHTErpupyeMa u 1o Jlebery.
Ob6paTHoe, Kak IMOKa3bIBAET XOPOIIO U3BECTHBIH npumep (gpyukmun Jlupuxiie, HepepHo.

1. JIuneiinocts. (U ansa unrerpanta Pumana.)

2. ApurusHocts. (U s waTerpania Pumana.)

3. MonoroHnHOCTh (MHTErpas OT HeoTpunaresabHON GyHKImu Heorpunaresnen). (1 ans uaTerpana
Pumana.)

4. f € L(X) < |f| € L(X). (Jlerko Bumerp, 4ro i UHTErpaja Pumana ciegcTBue HMeeT MeCTO

JIWIIb «CJIeBa HAPaBo».) [Ipu 3mom

Lf(x)du </X!f(9c)\dp.

5. Ecoim f > 0 m fodu = 0, To f = 0 mouyTu BciOly. AHAJOIHYHOE MOYKHO YTBEPXKJIATH U JIJIs
naTerpaa Pumana.
6. DxBuBajienTHbIe DYHKIUU HPUHALIEKAT Ui He npuHaiexkar L(X) 0JHOBPEMEHHO, U UX UHTE-
IPaJibl PABHBI.
7. Ecim 0 < f(z) < g(x) (Betony nam nourn Beony) Ha X u g(z) narerpupyema Ha X, 1o f(x) nure-
rpupyema Ha X . (B wactHOCTH, 1106asi OrpaHNYeHHas n3MepuMasi (PyHKIUs HHTErpupyemMa
no JleGery Ha mpocTpaHcTBe KOHedHOM Mepsi!) 1) IIpu 3T0oM B ¢ty cBOiiCTBA 3 AHATOTHIHBIM
HEPABEHCTBOM CBsI3aHbl HHTErPAJIbl OT 31X dyHKIwii. 2) B cuay csoiicrsa 4 yenosue 0 < f(z) < g(x)
MOkHO 3aMennTh Ha | f(2)] < g(x).)
8. HepapencrBo Yebnimeéna.
9. o-ajuTuBHOCTL WHTerpaia Jlebera. (IToaToMy HHTErpaa oT HEOTPUIATETHHONU (DYHKIIMA caM Mo-
pOXKIaeT Mepy.)
10. A6comtornas HermpepbiBHOCTD. (ITo3TOMY Mepa, 0 KOTOPOi MOBOPHTCSI B TIDEJBIIYINEM ITYHKTE,
abCOJIIOTHO HeNpPepPbIBHA OTHOCHTEIBHO KJIaCCHIecKoil Mepsl JleGera.)

Harmmeit 6tmzkaiimeit mesibio OyeT goka3aTh cBoiicTBo 0. 3amMeTHM NpexKje JHUIlb, YTO CJI0BA «B
COOCTBEHHOM CMBICJIE» CYIECTBEHHbI: YCJIOBHO CXOISAINICS (He CXOAAMIUIICA aDCOTIOTHO) HECOOCTBEH-
HOII mHTerpas Pumana me cymectByer B cmbice JleGera (¢M., Hapumep, CBOHCTBO 4).

Urak, nycrs dyukius f(x) uarerpupyema no PuMany Ha oTpeske [a; b]:

/abf(x)d:c:[.

Jlokakem, 4T0 OHA WHTerpupyema Ha [a;b| u no Jlebery.

3



M3BecTHo, 94TO HEOOXOJAMMBIM U JOCTATOYHBIM YCJIOBHEM HHTETPHUPYEMOCTH JTAHHON (DYHKIIUU 1O
Pumany sBisiercst cTpeMyeHne BepXHUX U HUXKHUX cyMM JlapOy K obremy mpeaeny [ mpu cTpemiie-
HUAW jJiHamMeTpa pa3duenns K Hy0. Mbl BOCIIO/IB3yeMCst 3TUM YCJIOBHEM KaK HEOOXOMMbBIM U IIOCTPOUM
OTpeIeIEHHYIO TOC/IE/I0BATEILHOCTD CyMM. /Ij1g 3TOro, Kak B IpuMepe U3 caMoro HadaJja JEeKIUH,
Oy/ieM JIeJUTh OTPe30K [a; b] momoJam, Oy YUBITHECsT OTPE3KH — ellé pa3 ImomojaMm u T. 1. Ha Kax-
JIOM 7M-OM TIIare Mbl HOJTYYuM 2" 9acTHYHBIX OTPE3KOB [a}_,a}], Tae k = 1,27, OmpegennM Tenepb
dyHKIIHI

[ = inf (), Fao)=  sw f(),

t€lay_ysag]oz telal_j;al]3z
T. €. HA KayKJIOM N-0M pa3bueHun 6epéM ToUHble HUXKHUE U BepxHue rpanu byHKIuA f () 1 noiaraeMm
S ou f,, Ha KaxKIOM M3 4ACTHYHBIX OTPE3KOB PABHLIMH COOTBETCTBEHHO TOUHBIM HIDKHEH M BepXHei
rpaasM QYHKIUE f [0 3TOMY OTPe3Ky. JIerko BUAeTH, 9TO MOCTPOEHHBIE TAKUM 00pa30oM (DyHKIHH
HHTerpupyeMbl Mo PuMaHy (Kak KyCOUHO TTOCTOsIHHBIE), 110 Jlebery (Kak mpocThbie byHKIHN), TPHIEM
X WHTerpajbl PaBHBI COOTBETCTBEHHO HUKHell W BepxHell cymmam [lapby mia paccMaTpuBaemMoro

pa3dueHns:
b b _
a [a;] a [a;0]

[Tockosibky HUKHUE U BepxHue cyMMbl JlapOy maTerpupyemoii mo Pumany (pyHKIuM orpaHnydeHb

COOTBETCTBEHHO CBEPXY M CHU3Y €€ mHTerpajoM Pumana, numeem
[ ]in(ﬂf)duéﬂ /[ ]Tn(x)du>f- (2)
a;b a;b

Samernm JaJiee, 9TO IOTOYCYHO BLIINIOJIHEHBI HEpaBEHCTBaA

[ SL,< fiz = (3)

B camom jiesie, mpu KazKJI0M IOCJIEIYIONEM pa30HeHnn Te MHOYKECTBA, 110 KOTOPBIM 0epyTCs TOUHbIE
IpaHu, pazdUBAIOTCS HA TOAMHOXKeCTBa, a sup A < sup B npu A C B 110 09€BUIHBIM TPAYHHAM.

Takum obpaszom, pyHKIUU in u —f, yJIoBIeTBOPLAIOT ycjoBusiM Teopembl Bernro Jlesu. Chemno-
BaTEIHHO,

1) cymecTByroT Takne Gynkmun f u f, 91O mOYTH BCIOLY

[, o= (4)
2) u mpu sTOM
so= [t [ pan (5)
[a;] [a;0]
Sn:/ Todp— | fdu (6)
[a;b] [a;b]



C npyroit cTOpOHBI, IO HEOOXOTUMOMY YCJIOBUIO HHTeTpupyeMocTH 1o Pumany umeem s,, — I, .S, — I,

a roraa u3 (5)—(6) creayer, uaro

[ pn Tt ™)

Tereph 3aMeTHM, YTO MO MOCTPOEHUIO TIPH BCeX T € [a; b] BHIMTOIHSIIOTCS HEPABEHCTBA

[ (x) < flx) < folo). (8)

T

BHauuT (1Mo Teopeme O MpesIeIbHOM Mepexojie B YUCJTOBOM HEPABEHCTBE), TO YKe MOUTH BCIOJLY BBITIOJ-
HsleTCH JIJId X npejesios f u f:

[(x) < flz) < f(a). (9)
CrenoBaTesibHO, IOYTH BCIOJLY

fz) < f(2). (10)

Orcroga u u3 () B cuily 5-ro cpoficrba MHTerpasa IojydaeM, 4ro nouru serogy f(z) = f(z). Ho

rorga u3 (9) umeem
f=/f=[ mnourn scrony. (11)

[lockombKy yze mokasano, 4ro f(r) n f(z) unTerpupyemsr o JleGery u mx mHTerpaa paseH I, To
JKe TOJTyYaeM | JIJTs SKBUBAJIEHTHOW UM B CUTY dbyukmun f(z).

Ymeepotcdenue dokazaro.

Sameuarue. Moxer mokazarhcs, 9To (akT WHTerpupyemMocTu 1o Jlebery (pyHKIUN, HHTErpUpY-
eMoif o Pumany, «MOYXKHO» YCTaHOBUTH Topa3fio mpoirne. PaceMoTpuM, ckaykeMm, HEOTPHIIATEIbHYIO

dbyukmmio f(z). Torma eé unrerpan Pumana Moxer ObITH 3aIUCAH B BHIE

b b

[ rwras= s [ g)dn (12
a 91({an})(®) Ja

rie gn(x) = infl, | o502 f(t) (cTynmenvaras dbyHkius), T. e. KaK TOYHAs BEPXHAS I'PAHb HUAKHUX

cymm ap0Oy. A unrerpan Jlebera — B BHIE
(@)du=swp [ h(o)dn (13)
[a;b] h<f Ja;b]

rae h(x) — BCeBO3ZMOXKHBIE TPOCTHIE (DYHKIUH, TIOTOUEUHO He npesbimaomue f. Ho meno B ToM, 910
kstace byHKmil h(2) BO BTOpOM ciydae 3HAYNTENbHO mupe Kiaacca hyHkiwit g(z) B mepsom. [Tostomy
W3 CYIIeCTBOBaHUS TOYHOI BepxHeil rpanu (12) HE cymuecTBoBaHWe TOYHON BepxHeil rpann (13)), vn,

TeMm 0oJiee, UX PABEHCTBO HEIOCPEJICTBEHHO HE CJIEYIOT.

4. OcHoBHBIE cBoOlicTBa nmpocrpancTs Jlebera



IIpedsapumenvroe sameuarue. [Ipu nprMeHeHUN WHTETPATBHBIX HEPABEHCTB (BPOJe HEPABEHCTB
[énbaepa 1 MUHKOBCKOTO) BaXKHO MOHUMATB, YTO WHTETPUPYEMOCThH (DYHKIMU B «MEHbIIE» 4acT
HepaBeHCTBA CJIeyeT U3 cBoiicTBa 7 mHTerpasa Jlebera (yrmomuHaHme 06 TOM YaCTO OIMYCKAIOT), a
V2K MMOTOM MOXKHO «TEPERTH K WHTErpajy» B HEPABEHCTBE.

Ha sexmum 66110 chopMyIHpoBaHo 0e3 10Ka3aTe/bCTBa HepaBeHCTBO 1 €baepa /1 moKasaTeeit
luoo:mpu f € LY(X), g € L™(X)

/X F@)g@)ldn < |11 - 9]l (14)

OHO HoKa3BIBAETCS eI MPolle, deM «0OBIIHOe» HepaBeHCTBO [€apaepa. B camom mene,

9llee = inf{e [ p{z [ |g(x)] = ¢} = 0},

o3TOMY i1 Jit060ro € > 0 umeem nouru Berwoay Ha X |g(z)| < ||glleote, | f(2)g(2)| < |f(2)] (||9]ls + €)-

Cnenosarenbro, fg € L'(X) (3TOT mar o6bIMHO TPOIMYCKAIOT — CM. 3aMeYaHUe B HAYAJE PA3IeNa) 0

1ol = /X F(@)g(e)ldp < /X @) (lglloe + ) dpt = (lglloe + ) /X (@) dp

OTKy/Ia B CHJIy IPOM3BOJILHOCTH £ nosrydaem ([14]).
Bamerum eré, uro das npocmparncme X KOHEUHOT MEPLL UMEET MECTO BJIOKeHUe (byHKITMOHAb-
HBIX MTPOCTPAHCTB
LX) LP?(X) mpu 1< py<p <+ (15)

(MHEMOHIYECKOe IIPABUIIO: 3HAKN HA000pOT). JloKasKuTe 9TO CaMOCTOATENBLHO, MOJIb3YICh HEDABEH-
crBom [énbaepa. s sroro Bocnosssyiitecs ToxkaectsoM f(x) = 1- f(x). Boaee Toro, BeI moty4nTe
OIEHKY I HOPM

1f s < (X)) 750 [| £l

U3 KOTOPOH, B 4aCTHOCTH, CJELYeT, YTO M3 CXOAUMOCTH HEKOTOPOH IOC/IeJI0BATEJLHOCTH 110 HOPME
LP1(X) BeITeKaeT eé cxopumoctb 1o Hopme LP?(X). (UTo coBeprieHHO ecTecTBEHHO, HEOTPHIATE b
Has uaMepnMasi by |f(z)|P, 3agannas Ha npocTpancTBe X KOHEYHON Mepbl, 3aBEIOMO HHTE-
rpupyema npu Jobom p mHa noamuoxkectse {x € X | |f(z)| < 1}, a ma ero monosmenun mo X npu
YMeHbIIeHuH crenenn p suadenne |f(x)[P Toabko ymeHbiaercs.)

O6paTHoe ke BJIOXKeHHe, BOOOIIe roBOps, HEBEPHO. B KadecTBe mpuMepa MOKHO B34Th (DYHKIHIO

f(z) = 2. Moxuo nokazarn, aro f € L'([0;31]), no f & LP([0;1]) npu mobom p > 1. JleficTsn-

zln?z 12

/ da _/—I“dt_ 1
o zln’z ). t2 In2’

1 1
/2 dx /2 dx
_— = _— = OO,
o 2PIn*z o T-aP-1In*P g

TEJbHO,

o=

HO



HOCKOJIBKY 2P~} In*’ z — 0 npu r — 0 U, TaKUM 00pa30oM, MOJAbIHTEerpaibHasg (DYHKIHS PACTET NPH

x — 40 OpicTpee, YeM «dTaJOHHAS» (DYHKIINA %

Ormernm Takzke, uro Biaoxkenue (15) mesepro g npocrpancrs X GECKOHEUHON MEpHI, KaK 110-

Ka3bIBAET TPOCTOi mpnmep f(z) = \/117 € L*(R), f ¢ L'(R).
HokazkeMm Baykublit (pakt: Biaoxkenune (15) maorno. Umenno, Bepra
Teopema. Ilycth mana mekoropas mpomssoabHas dyukuus f(x) € LP(2), 1 < p < g < +oo.

[Iycts € > 0 npoussosibho. Torma waiigéres Gynkuus g(z) € LY(§2) rakas, 410

If = gll, <e. (16)

Jlokasameavemso. Mbl orparnanmest ciydaem, koraa ((€)) < 400, HO TOKazkeM HECKOJIbKO DoJiee
CHJIbHOE YTBEPZKICHUE: MHOMKECTBO BCEX OrpaHMYeHHbx ynkiuil miornoit B LP(2). Uubimu cio-
Bamu, bynknuio g(z) B (16]) Bcerma MoxkHO BBIOpATH OrpaHUYeHHON (M W3MEpHMOii). A MOCKOIBbKY,
KakK OBLJIO 3aMeYeHO paHee, HA MPOCTPAHCTBE KOHEYHOI MepHI BCe OrpaHWYeHHbIe (DYHKIUHA HHTETPHU-
pyembl (1, Tem cambiM, puHaIexRar LI() mpu aroboM g € [1;4+00]), yTBepKAeHHE TEOpeMbl st
caydas MPOCTPAHCTBA KOHEYHOI Mephl TeM CaMMBIM OYeT JTOKAa3aHO.

OcHoBHast ujes TOKA3ATETHCTBA — «Cpe3aThy (GyHKIuo f() Tam, rj1e OHa «CJIUIIKOM BEJITKAY.
[Ipu 3ToM B cujty HepaBeHCTBa JeObIlIéBAa MHOYKECTBO, Il Mbl U3MEHUM (DYHKIMIO, OyJIeM UMeTb
JIOCTATOYHO MAJIYIO MEpy, & TOTJia B CHJIy aOCOIOTHOI HENpPEepPbHIBHOCTH MHTerpaJia Jlebera m BKIa
B HHTETPAT TI0 9TOMY MHOXKeCTBY Oy/IeT (KaK HU CTPAHHO: BeJib TaM (DYHKIUSA OYeHb BesuKal!) oueHb
MaJst. [IpoBeném Tenepb 9TH paccyKIeHUS CTPOTO.

Urak, B cuyy HepaBencTBa debbiimnéBa
JoIf (@) Pdu
Sy

C apyroit cTopoHbl, B cIIy abCOTIOTHONW HeNpepbIBHOCTH HHTerpaJa Jlebera

p{ze Q@) = M}) <

Wy > 036 > 0VA C Qu(A) <5;»/ )Py < .
A

[osoxkum v = €P u nagém coorsercrsyiomnee 0. Jlaee, moaoxum

M — 2fQ |f(($a:)|pdx7

TaK 4TO

Llferas 5 s

I3 mpeapIiyiero A MHOXKECTBA,
O ={zecQ||f(x) > M}

B cuity HepaBeHcTBa YeObrména nmeem pu(€);) < 6. Ho Torma B cumy abcomoTHON HEMPEPBIBHOCTH

nHTerpaJia Jlebera nomydaem, 9To

/ |f(z)Pdx < €P. (18)
1951
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[ToaoxkuM Tenepb

f), [f@)lP < M,
0, |f(x)P>M.

[TosryauMm Torma B crTy

I — gl = / = glde — / flrde < <,
Q 0

9TO U TpebOBAIOCH.

Teopema dokasana.
5. HexoTopble npumepsl

1. Bouto ormeueno, aro mpu p(§2) < 400 grs p > ¢ umeer Mecto Biaoxkenme LP(2) C L(Q).

Caenosaresibio, ipu (1(2) < +00 171 KaxKI0ii KOHKpeTHO! n3Mepumoil dbyHknuu f(x) MHOXKeCTBa
Py={pe[li+od] | f(z) € L"(Q)}, Py={pe[li+oo] | f(x) & L"(Q)},

ecJiu OHH 00a He IIYCTBI, «CJEAYIOT» OJIHO 3a JIPYTHM Ha YHCJIOBOH OCH, U T'DAHHIA MEXKIY HUMU
COCTOUT M3 OJHON TouKM <. IToKazkeM, 4TO BO3MOXKHO Kak o € P, tfak u o € B,.

[Tonoxum ) = (O; %), a > 1. Pacemorpum by

1

1., 2 -
Ta lne x

filz)=—, folx)=

8
Q= =

Ouesngro, uro f € L7 (0;1) upn seex p € [1;a), fi ¢ LP (0;3) npu Beex p € [a; +00]. Hecmox-
HO TOKa3aTh, 4T0 fo € LP (0; %) npu Beex p € [L;al, fo ¢ LP (0; %) npu Beex p € (o +00].
(ITpu p = « JenaeM 3aMeHy MePEeMEHHBIX B HHTErpaJie, a IPU OCTAJIBHBIX P MOJIb3yeMcs TeM (DaKkToM,
aro lim, 02| Inx|” = 0 npu Beex &,y > 0, 1 IPU3HAKOM CPABHEHUST HECOOCTBEHHBIX MHTETPAJIOB. )

2. ITokazkem, 4T0, BOODIIE rOBODS,
L(82) # Np=1 LP(82)

naxke npu 1) < 4o0.
Heiicteurenbro, Inz € LP(0;1) mpu Bcex p > 1 (mockonbky |Inz| pacrér memienuee J060i
crenenn), o Inx ¢ L°°(0; 1), mOCKOIbKY JaHHas (DYHKIMSI HE MOXKET ObITh CJIeJIaHA OTDAHUIEHHON

ma (0; 1) mepeonpeesienneM Ha MHOXKECTBE MepPbI HOJTb.
Samaun aj1s CAMOCTOSITEILHOTO PELIeHUs

1. Jokazarh nepasencTso IOnra
a?  b?
ab < — + —, (19)
p q



rae a,b > 0, p,g > 1, % + é = 1, Halljg IKCTPEMYM Pa3HOCTH IPAaBOU W JIeBOH YacTW HepaBeH-
cTBa auddepeHImpoBaHueM M0 OHON U3 MepeMeHHBIX a,b W ncc/ieloBaB MOBEIeHHE MOy YnuBIIeiics
dyHKIUU OHOH TTepeMeHHOll TPH OCTAIbHBIX 3HAYEHUAX EPEMEHHBIX.

2. Jlokazars, 9To as a,b > 0 BepHbI HEPaBEHCTBA

3. JIoKa3aThb ¢ MOMOIILIO HePaBEHCTBA JeObIéBa, 9T0 cxoauMocTh B LP(X') BIedéT CXOANMOCTD 110
mepe. [TokazaTek Ha mpuMepe (POANTCS OMWH W3 PACCMOTPEHHBIX B JAHHOMN JIEKIIHH ), 9TO MOTOYETHA
(Mt mOYTH BCIOLY) ¢XOAUMOCTD U3 cxoaumoctu B LP(X) He cieayer.

4*. (ITpomoszkenwe.) Jlokazarh Jiis cydas TpocTpancTBa X KOHEUHOH Mepbl meopemy Pucca:
eciu f, — [ B LP(X), e f, f, — KoHeunble uzMepumbie (BYHKIUH, TO CYIIECTBYET HOJNOC/IEI0BA~
TeJIBHOCTD f, , CXOAAIIAACT K f MOYTH BCIOLY:

1) BBIGpATH TAKYIO TIOIIOCTE0BATEILHOCTD, YTO

1
||fnk+1 - fnk”p < ﬁ

(mouemy 9T0 MOXKHO ClenaTh?);
2) HoKa3aTh, 9YTO IPU ITOM JIJIsi HEKOTOPOIT KOHCTAHTBI €
c

ank+1 - fnkul < 2k§

3) MOJIB3YsICh TOKA3AHHBIM BBIIIE HEPABEHCTBOM, 06pPA30BaTh M3 9TUX PAa3HOCTel psijl, N-e dacTHIHbIe
CYMMBbI KOTOPOTO PaBHBI fr\ , U JOKa3aTh, 9TO OH CXOAUTCH TOYTH BCIOLY;

4) mokazaTh, YTO CyMMa TIOCTPOEHHOTO psijfia MOYTH BCIOAY paBHa f(x).
sinz
x
6. [Tpu kakux 3HaUeHUAX p € [1; +00| GyHKINSA % npuHaIIeRuT npocrpancty LP(0;1)7

5. [Ipn kakux 3navenusax p € [1; +oo] dyukims IPUHAIEKAT TpocTpancTBy LP(1;+00)7
7. Tlpusectn npumep dbyukuun f(x), 1as KOTopoil cymecrByer (HecoOCTBeHHBII) nHTerpas Pu-
MaHa, HO He CyIecTByeT mHTerpaJs Jledera.

8. Ilyctp 1 < a < +00. [IpuBectu mpumep dyukiun, npunaiexkarieii LP(0; +00) ToIbKo pu p =

9. MMycrp 1 < s < r < 4oo. Hocrpours dynknuio, npuaagrexamtyo LP(0;+00) B TOTHOCTH
upu p € (s;7).

10. 1) IIycrs dbynknus f(zr) HempepbiBHA W MOJOKATEIbHA BCIOAY Ha (HEBBIPOKICHHOM) OTPE3-
ke [a;b]. lokazarh, 910 fab f(z)dx > 0. 2) Iycrs f(x) > 0 na mooxectBe A ¢ p(A) > 0. MoxHzO 1t
YTBEPK/IATh, YTO fA f(z)dp > 07

11. Ilycrs f(x) € LP(Q2), g(z) € LY(2). YTo MOKHO CKA3aTh O MPHHAIEKHOCTH f¢ HPOCTPAH-

crBam JleGera? Tor xke Bonpoc mist f + g. (Pacemorpers Bee cayuan. )



12. [locTpouTh TaKyto mocaeoBaTeabuocth { f,,(x)} orpanuaenusix ma (0; 1) dyuxmumit, aro f,(z) —
— 0 morovedno, Ho || f,||1 — +oo.

13. 1) Ilycrs p € [1; +o0], 1%—1— % = 1. Ilycrs f, € LP(Q), || fn — fllp, — 0, g € L1(2). Jokazars,
10 || fug — falli — 0.
2) lyers p € [1;400], + + 2 = 1. Ilyers f, € LP(Q), | fu — fll, = 0, g0 € LUQ), [0 — glly = 0.
Hokazars, ato || fgn — fgll1 — 0.

14. Tlycrs f, — f B L™(R2). Bepno Ju, uro:
1) fo — f B L(Q)?
2) fn — f mouru Beroxy Ha Q7
3) fn — f mo mepe Ha Q7
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