I'NIABA 1
AbcrpakTtHas TeopeMma Ilukapa

JIEKIIUA 1

AbcTpakTHble (DyHKIIUN
§ 1. AbcrpakThble pyukiuu. HenpepblBHOCTD, ITpeielt

[Iycts B — 6aHaxoBO IPOCTPAHCTBO ¢ HOPMOI ||.||. jist mpocToThl GyieM CYUTaTh 9TO IPOCTPaH-
CTBO BEIECTBEHHLIM. B KadecTBe IPOCTOro MOJEIBLHOIO IPHMepPa Ha MEPBBIX IIOPaX MOMKHO HMETD
B By B = R? ¢ obbranoit eskiamiosoii Hopmoil. OHaKO cieyeT UMeTh B BUJY, 9TO B HamboJIce
MHTEPECHOM JIJII HAC CJIydae MpoCTpaHcTBO B Oyner OECKOHETHOMEDPHBIM, UTO TOBJIEYET CBOU Xa-
paKTepHbIEe YePThI, He UMEIOIIIe AHAJONOB B KOHEYHOMEDHOM U CKassgpHoM ciydasx. (CkasaHHoe,
KOHEYHO, HE MPOTUBOPEUUT IIPUMEHUMOCTH BCEX M3JIOKEHHBIX PE3y/IbTaToB K ciaydain B = R.)

Onpenenenne 1. A6cmparmnoti gynkyued 6yaeMm HasbBaTh QYHKIWMO X (f) 9UCIOBOrO apry-
MeHTa t cO 3HAYEHUsIMU B OAHAXOBOM IIPOCTPAHCTBE 3.

Kaxk mpaBuiio, B jjajbHeleM 001aCThIO ONpeie/ieHnst PYHKINN OyIeT INCI0BOI TPOMEXKYTOK T,

TaK ITO MBI Oy/IeM paccMaTpUBaTh (DyHKIUNI
r:T — B. (1)

MozkHo poBeputh (3az1a4a (1), 4To Jyist Kazk10ro GUKCUPOBAHHOTO T MHOKECTBO (DyHKITHIA obpa-

3yeT JIMHEHOe MPOCTPAHCTBO (BEIeCTBEHHOE, €CJIH TPOCTPAHCTBO B BEIECTBEHHOE ), CIIH TIOJIOKUThH

(z +y)(t) = x(t) + y(1),
(Ax)(t) = Az(t).
Ha abcTpakTHbIe DYHKINN IEPEHOCATCA MHOTUE TIOHATUS TEOPUU OOBIYHBIX BEIECTBEHHBIX (DYHK-

nuit. /laimmM cooTBETCTBYIONINE OITPE e/ IEHUS.

Onpenesienne 2. Oyukius x(t) HA3BIBAETCS 02PAHUNEHHOT Ha MHOdHCecmee T, ecin
AM >0 Vte T |z(t)| < M.

Onpepenenne 3. Oynknus x(t), onpeeséHaast Ha TPOMEKYTKe T, HABIBACTCS HENPEPbIGHOT

6 mouke ty € T, ecm
Ve>030>0Vte (to—b,to+08)NT |lz(t) —z(to)]| <e.

Onpenesienne 4. Oyukiys x(t) HA3BIBACTCS HeNPEPLIGHOT Ha Npomedcymre T | ecin OHa Herpe-
PBIBHA B KaXK/I0# TOUYKE ITOrO MpOMeKyTKa. [Ipu 3ToM ecim TpoMeKyTOK He SBJISIETCS OTKPBITHIM,
TO B TouKax 7 N O7T moapasymeBaeTcss OITHOCTOPOHHSIST HEITPEPBIBHOCTh.

Onpepesienne 5. Tosopsar, uro dyHKIws x(t), onpejenéHHas Ha IPOMEXKYTKe 7, UMeer mpe-

nen xg € B B Touke ty € ﬂ, ecin
Ve >0 35 >0 Vt € ((to—d,to) U (to,to+0)) NT |Jz(t) — zo| <e.

Nmeercs B BULy 3aMbIKaHIE TPOMEKYTKa, T .



Bamevarnue 1. Kak u B cirydae 9ucaoBbix (DYHKIHMHA, MOKET OKa3aThCsl Tak, 4To x(t) He mMeer
npeJjiesia B TOUKe o, OJJHAKO UMeeT B Heil oJnH ujn 06a 0JHOCTOpOoHHUX Tpejiena. (CoorBeTcTByoIme
OlpeJieIeHnsT PEKOMEHIyeTCst ¢(hOPMYIMPOBATE CAMOCTOATENBHO.) Kpome Toro, moHATHsT OOBITHOTO
U OJTHOCTOPOHHErO TIPEJIeJIOB CJIMBAIOTCS B OJIHO, ecyin (DyHKIWs (1) OmpeieseHa JIUIb B OJHON
IIPOKOJIOTOH ITOJIyOKPECTHOCTH TOYKU Iy.

Ha ciryuait abcrpakTabix (DYHKIHIT 0000IIAIOTCA YTBEPXKIEHU O TIPeJieJie U HETPEPHIBHOCTHU CYM-
MBI U PA3HOCTH (DYHKIUH, O JIOKAJHHONW OTPaHUYEHHOCTH (DYHKIINU, HENPEPBIBHOW B TOYKe ty WIN
UMeIolIell B Hell KOHEeYHBII Hpe/:LeﬂEL a TaK»Ke M3BECTHBIE CBOWCTBA (PYHKIIHil, HEIPEPBIBHBIX HA OT-
pe3Ke: UX OrpaHnYeHHOCTD, JIOCTUKEHUEe TOYHbIX rpaHey“ﬂ U paBHOMepHasi HenpepbIBHOCT. ([lokasa-
TeJIbCTBO COOTBETCTBYIOIINX YTBEPKICHUI BXOIUT B 3aja4u.) UTO Kacaercs yMHOYKEHUsI, TO 3J1eCh
CUTYyallnsl HECKOJIBKO CJIOZKHee. /les10 B TOM, 9TO B IPOM3BOJILHOM OaHAXOBOM IIPOCTPAHCTBE YMHOXKeE-
HUE 9JIEMEHTOB He onpe;ieiero. OIHaKOo OlpeIesIeHO YMHOKEHIEe Ha, YUCJI0 U «YMHOYKEHUe» JINHEITHOTro
orepaTopa Ha 3JieMeHT. KpoMe Toro, camo paccMarpuBaemMoe IMPOCTPAHCTBO MOXKET OKa3aThCs OaHa-
XOBOI asireOpoii, B KOTOPO#l yMHOXKEHUE JIEMEHTOB OIlpe/iesieH0. dToObI onucaTh BCe 3TU CUTYAINH,
pPacCMOTpUM HEKOTOpble DaHAXOBBI IpocTpaHcTBa B;, ¢ = 1,2, 3, u npeamnosoxum, 4ro Ha By X By
olpeJesieHa oleparust

(x,y) »ay=x-y€ By (x € By, y € By),

npuuéMm VA € RV, 1,29 € By, Yy, y1,y2 € Bs

1) May) = (Ar)y = z(Ay);

2) (z1+ 22)y = 11y + T2y;

3) x(y1 + y2) = Ty1 + TY2;

4) eyl s, < Nzl 5. Myl .-

Jlerko BUJIETH, 9TO JIJist IEPEUNCICHHBIX PaHee «yYMHOXKeHuUit» coiicTBa 1)—4) BbrmosHsaoTCs. Beromy
Jtajiee TojT YMHOYKEHNeM MBI OyJ/IeM MOHUMATh OMEPAIN0 ¢ OIMUCAHHBIMU CBOMCTBAMU.

Teopema 1. Ilycrs dbyukiun z(t) co 3nadenusivMu B By u y(t) co 3HaveHusiMu B By onpejiesieHbl B
HEKOTOPOIT OKPeCTHOCTH (IIPOKOJIOTOI OKPECTHOCTH) TOYKH tp, & YMHOXKEHHE MEXKJIy IPOCTPAHCTBA-
mu By u By obmamaer coiictBamu 1)—4). Torma ecam 9tu (hyHKIMN HENIPEPHIBHBI B TOUKE tg, TO 1
UX [pou3Be/eHIe HelpepbIBHO (ecsm limy .y, 2(t) = x1, limy_yy, y(t) = y1, 0 limy_yy, z(t)y(t) = z1y1).
(Anajiornanoe yTBepIKIeHUe BEPHO JJIsl TIOJIyOKPECTHOCTEH. )

Ham Oyner Baken ciiydail, KOrjia 1epBblil COMHOXKUTEb — ONEPATOPHBIN MJIM YNCIOBO.
§ 2. InddepentmpoBanue abCcTpaKTHBIX DYHKITUIA

Ounpepnesienne 6. [Tycrs dyukius z(t) onpeenena na mpomexytke T, tg € T . Eciu cymectByer

peien
1
r; = lim z(t) — z(tg
lin - (a(t) ~ o))
20 HecKOHEUHOM Tpejiesie eCTeCTBeHHO TOBOPUTD, ey limy_q, ||y(t)]| = +oo.

3Pazymeercs, peub WIET O TOUHBIX TPAHAX “ucAo060t dynxmun ||z (t)||.



OH Ha3BIBAETCS NPoudsodrotl byukimu x(t) B Touke to. (B ciyuae omHOCTOPOHHETO MIpEjiesia roBOPSIT
0 COOTBETCTBYIOIIEH 00HOCMOpOHHel TIPOU3BOIHOIA. )

Samevarue 2. Kak u B caydae 9ucaoBeix GyHKIWA, (1) MOXKeT He HMeTh IIPOM3BOIHOIN B TOUKE ty,
HO UMETH OJIHY WJIU 00€ OJITHOCTOPOHHUE ITPOU3BOJIHBIE.

[Tonb3ysach cBoicTBaMU TIPEJIEIOB, HETPY/IHO JOKA3aTh CBOMCTBa jud depeHnnpoBaus:
1) (5 +y) =o'+
2) (zy) = 2"y +xy'.
LIaCTHbHVH/I ClIydadMu BTOPOIo CBOICTBA SIBJIIETCA IIPpaBMUJIO BBIHECCCHNA YMCJIOBOT'O MJIN IIOCTOAHHOTI'O
OIIEPATOPHOIO MHOYKUTEIA 32 3HaK AU dEPEHIIMPOBAHNUS, TIPU 3TOM OIEPATOP MOYXKeT ObITh JIMHel-

HBIM (DYHKITTOHAJIOM:
(A-at) =A-2(t), (A-a(t) =A-2'(t), ((f,z(t) = {f2'(1)).
§ 3. NurerpupoBanue (mo Pumany)

Jng  mocTpoeHms pPEMAHOBCKOTO HHTErpaja 10 OTPe3Ky [a,b] or abeTpakTHBIX —(QyHK-
nuit  AeficTByeM CTaHJapTHBLIM 00pa3oM. BBoaum pasbuenue ¢ ommevennvimu moukamu T =
={ti]i=0Na=1t <...<ty=0b{n|i=1N,7 € [ti_1,ti]}), duamemp pasbue-

nus A(T) = max,_yx5(t; — tio1) u unmeepasvrole cymmo:

N

S(T.x) =Y (ti — tiy)x ().
i=1
JIoboe pazdumenne T nauamerpa § OyaeM I KPATKOCTH HA3bIBATH O-pPa3sOHEHIEM.
Onpepesienne 7. Diement I € B HasbiBaercs mpejesioM nHTErpaibHbix cymm S(7T, x) dyHK-
mn x(t) mpu auamerpax pasbuenust A(T'), crpemsiuxcs K 0, ecau mist jgoboro € > 0 Hafigércs
takoe 0 > 0, 9ro jas Jroboro pasbuenusi T ¢ ormedenHbiME TOUKaMu 1ipu yciaosun A(T) < 0

BBIITIOJIHEHO HEePaBEHCTBO

|1S(T,z) —I|| <e. (2)

Ecau rakoii smement I cymecTByeT, TO OH Ha3blBaeTCs uHmezpasom Pumana or dyukmun z(t) 1o
OTpe3Ky [a, b].

Teopema 2. HenpepbiBuast Ha orpeske [a,b] dyukius unrerpupyema no Pumany Ha 3TOM OT-
pe3Ke.

[Ipexte geM NpUCTyIuTh K JI0KA3aTEIBLCTBY TEOPEMbBI, OTMETUM, UTO MbI HE MOYKEM BBECTU aHa-
jgoru cymM Jlap0Oy, MOCKOIbKY B OaHAXOBOM IPOCTPAHCTBE HET yropspodenus. OaHAKO MOXKHO pac-
CYKJIaTh HENOCPEJCTBEHHO. MBI OTJIe/IbHO cOPMYIUPYEM U JOKAXKEM JIBE JIEMMBI.

Jlemma 1. Ecitu T ecTb usMebuenne 0-pazbuenus T, 1o 1pu JITOOOM BBIOOPE OTMEUYEHHBIX TOUEK

B KaXKJIOM M3 9TUX pa30ueHuit
Hs(f, ) — S(T, x)” < wa()(b — a),

3



rie
wg (0) = sup [(t1) — x(t2)]]- (3)

|t1—t2|<8, t1,t2€a,b]
Zloxazameavcmeo. UTobbl He cMelIuBaTh cTapoe U HOBOE pa3dueHne, 0003HAYUM TOUYKH HOBOT'O
pasbuenus depes Sy, k = 0, M, a COOTBETCTBYIOILHE OTMEYEHHBIE TOUKHA — depe3 o, k = 1, M. Pac-
CMOTPHM OJIMH U3 OTPE3KOB [t;_1,t;| craporo pasouenust T'. [Ipe/mosioxKum, Ha HEM MMOSBUINCH HOBBIE

Toukn. [[J1g HAMISIHOCTH PACCMOTPUM CJiydail Jo0aBeHus OJIHON TOYKH, T. €. IPU HEKOTOPBIX 1, k

Sk—1 =1ti—1, Sk € (tic1,ti),  Sk+1 =t

Torma myist 1106010 BEIOOPA OTMEUYEHHBIX TOYEK CTaporo pasbuenust 7; € [t; — 1,t;] u HOBOrO pasdue-

HUSL O) € [Sk_1, Sk|, Okt1 € [Sk, Skr1] MMEEM

[t = ti1)x(7) — (s — sp—1)(0%) = (Sk41 — k)T (onk41) || =
= |(sks1 — su-1)@(73) = (s — Sp—1)(0k) = (Skr1 — k)2 (0h41) || <
< (ka1 = s)(@(7i) = 2(opr) || + [[(se = se-1)(@(73) — x(ow))]| <
< sk — selll2() — 2(onro)[| + |sk — sull|lz(m) — 2(ow))|| <

< |8kg1 — Sk|we(8) + |5k — Sk—1]|wz(0) = (Spr1 — Sk—1)wz(0) = (t; — tiz1)wx(9).

DTy HENOYKY CJIe/lyeT OUeBUIHBIM 00pa30M MOIUMUIIIPOBATEH, €CJIU JI00ABUIOCH DOJIbIIE OJIHON TOUKN
)

pasbueHuns WM He JOOABUIOCH HU OJIHONW TOYKHU, HO ITOMEHSIACh OTMeUYeHHas Touka. CKiiajbiBast

(7151 9TOrO HAM CHOBA HY?KHO HEDPABEHCTBO TPEYTOJIbHIUKA) MMOJ00HBIE HEPABEHCTBA 110 BCEM OTPE3KAM

HCXOJTHOTO pa30MeHus, MO IydaeM
HS(T, ) — S(T, x)H < we(0)(ty — to) = wo(8)(b — a),

YTO U TPeOOBAJIOCH. A
Jlemma 2. Ilycts T, To — npou3BoIbHBIE PA30UEHUsT JUAMETPOB 0 U € COOTBETCTBEHHO, U IIYCTh

Ha, HUX IPOMU3BOJIbHBIM 00pa30M BbIOpaHbI OTMEUYEeHHBbIE TOUKH. Toria
1S(Ty, z) — S(Ta, )| < (wa(d) + we(€))(b — a). (4)

Jloxazameavcmeo. Paccmorpum paszbuenune T3 = 17 UT, ¢ Ipou3BOJIbHBIM BHIOOPOM OTMEYEHHBIX
touek. Torma pasoumenue T3 ecTh M3MesbUeHHe Karkjaoro ns pasdomenuit 17 u To. CraemoBarebHO,

COIVIaCHO Hpem)mymeﬁ JIEMME MEEM

15(Ts, ) = S(Th, )|
15(Ts, 2) — S(T, )|

~—

OTKY/la C IIOMOIIbIO HEPAaBEHCTBa TPEYI'OJIbHUKA I10JIydaeM . A



Terepb Mbl MOXKEM 3aBEDIIUTDH JIOKA3ATEIHCTBO TEOPEMbL. PAacCMOTPUM IIPOU3BOJIBHYIO UUCIIO-
BYIO I0CJIeI0BaTeIbHOCTD 0, — 0. [Tocrpoum jyis Kaxoro 9, Hekoropoe pasbuenue T, ¢ guamer-
pom A(T),) < 0, U IPOU3BOJBHBIM BBIOODOM OTMEYEHHBIX TOUEK. [locKOMBKY w,(d,) — 0 (cMm. 3a-
naqy (7)), ¢ TOMOIIBIO JIEMMBI [2| HETPY/IHO YCTAHOBUTD, ITO MOC/IEI0BATEIBHOCTD COOTBETCTBYIONIUX
HHTEIPAIBHBIX cyMM dyH1amenTaabaa. CireoBaTe/bHO, OHA CXOAUTCS K HEKOTOPOMY mpejery [
(mpocrpancTBO B 6aHAXOBO, & 3HAYUT, TIOJIHO):

lim S(7,,x) = 1. (5)

n—oo

Yro6bI J0KA3aTh, UTO 3IeMEHT [ sIBJISIeTCsI IIPEJIJIOM HHTErPAIbHBIX CYMM B CMbICIE OlpejiesieHns 7]
HAM HYXKHO J1sI BCcakoro € > ( ykasarb Takoe 0 > 0, 9ro jjs jr060ro pasdmenus: T auamerpa
MeHbIITe § BBITTOJTHEHO HEPABEHCTBO . st 3TOrO 10 33/ IAaHHOMY € BbIOepeM cHadasia Takoe N; € N,
aro npu Beex n > Ny BepHo ||S(T,, z) — I|| < £/2. Do Bosmoxkuo B cuy ([5). Teneps (cum. 3anatty

BbI6epeM TaKoe 4Yucjo o > 0, 9TO OJI1d 3aJaHHOI'O &

3

we(o) < W—a)

Hastee, mockosibky 9, — 0, Mbl MozkeM BbiOpaTh Takoe Ny € N uro A(T,) < o s jaoboro n > No.

[Tostoxkus renieps m = max(Ny, No) + 1, Oymem umersb

3

IS(Tns2) = 1] < 5. walA(Tn)) < wilo) < T—a (6)

(BO BTOPOM HEpaBEHCTBE MBI BOCIIOJIH30BAJINCH MOHOTOHHBIM HeyObiBaHmeM (DyHKINHA w,(d), CM. 3a-

Jlagqy . Torna myis yroboro pazduenus 1’ ¢ jraMeTpoM MeHbIIle 0 OyJIyT BEPHbI HEPABEHCTBA

€

IS(T, 2) = S(Tn, )| < (wa(A(T)) + wa(A(T))) (b — a) < m(b —a) = g (7)

rJie Mbl BOCIIOJIb30BAJIUCH JIEMMOIA [2| 1 MOHOTOHHBIM HeyObiBaHueM (yHKIM w,(d). Terneps us (7)) u

IIEepBOIr'c COOTHOIIIECHM A @ C IIOMOIIBbIO HEPABEHCTBa TPEYTI'OJIbHUKa Mbl HEMEIJIECHHO IIOJIy4daeM, 9YTO
IS(T,z) = I <e.

Takum obpa3oM, d B OIpeJe/IeHUH MpeJiesia MHTETPAJTBHBIX CYMM IMPH JaHHOM £ MOYKHO BBIODATH
paBHLIM 0. A

[IepeunciuM ocHOBHBIE CBOiicTBa mHTerpaJja. s mpoctorsl OyieM paccMaTpuBaTh JIMIIL WH-
TerpaJsibl OT HENPEPBIBHBIX (DYHKIUIM, TTOSTOMY BOIPOC O CYNIECTBOBAHUN WHTErPAJIOB, BXOJIAIINX B
TO)K,ZLGCTB& HpO6JIeMI>I HE Hpe,ZLCTaBHHeT

1L [’z y(t))dt = f tydt + [ y(t

2. f% )\:U = )\f t)dt, )\ = const.

3.fax(t :f dt—l—f t)dt, a < c<b.



s mokazare/bCTBa STUX TOXKJIECTB JOCTATOYHO PACCMOTPETH HEKOTOPBIE MOC/IEI0BATETHHOCTH
UHTErPaJbHbIX CYMM C JIMaMeTpPaMi, CTPEMSIIUMUCT K HYJI0. [Ipu 9TOM Jijist JIeBO#l 9acTu TOXKIe-
cTBa 3 cJiejyeT OpaTh TOJBKO Pa3dueHusi, cojiepyKaliue TOUKY C.

b b
4| et < J @)

,Z[J'IH JOKa3aTeJIbCTBa 3TOI'0 CBOMCTBa CHOBA JOCTaTOYIHO paCcCMOTPETh IIOCJIe0BaTC/JIbHOCTL pa3-

Ouenuil ¢ quaMerpamMu, CTpEMSIUMUCA K Hysr0. /[y KayKoit MHTerpaJbHOl CyMMBl aHAJIOTUIHOE
HEPABEHCTBO CJIEJYET U3 HEPpaBeHCTBa TpeyrosbHuKa. [lepexoisd K npejesy B 9iCJIOBOM HEPABEHCTBE,
noJrydaeM TpedyeMoe.

5. g ymMHOXKeHUsI, CBOMCTBA KOTOPOI'O OI'OBOPEHBI BBIIIIE, BEPHBI TOXKJIECTBa,

/abx(t)ydt = /abx(t)dty, /abxy(t)dt = x/aby(t)dt.
/abA:r(t)dt:A/abx(t)dt, /ab<f,x<t)>dt: <f, /abx(t)dt>_

[ToguepknéM, 9TO MHTErPAJIbI B JIEBOI M MIPABOil 9acTIX MOHUMAIOTCA KazK/Iblil B «CBOEM» ITPOCTPAH-

B gacrrOCTH,

cTBe!
D10 CBOMCTBO TpejyiaraeTcs JI0Ka3aTh CAMOCTOATEIbHO (3a1a4a (10)).

6 (dbopmysna Heorona—/leit6nuna). Ilycrs z(t) € C([a,b]; B). Torma

/ ¥ ()t = 2(b) — 2(a). (8)

oxazamesvcmeso. Jlna moboro smueitnoro dynkiuonana f € B* B cuiy paHee JIOKa3aHHBIX

cBoOiiCTB uddhepeHnupoBans U UHTEIPUPOBAHUS TMEEM

(1. [ oy = [rawpar= [ 55000 de = (7.50) - (1000

r7e mocjaeHee paBeHcTBO ciemyer u3 popmysasl HeoTona—J leitbnuma as auciaoBbix dyakimii. ITo-

CKOJIbKY, TAKIM 00pa3oM, PaAaBEHCTBO

(5. [0ty = t7.000) - sta

CIIpaBeIMBO JIIsd BceX f € B*, To, B CUJIy CJIeJICTBUS U3 TeopeMbl XaHa—bBaHaxa, BEpHO U paBeH-

CTBO .

Caedemeue. («Ociabiiennast TeopeMa KOHEUHbBIX Tipupaiiienuii».) B cury coiicts 6 u 4 j1j1s1 Bestkoit

HenpepbiBHO jnddepennmpyemMoii Ha oTpeske [a, b] dyHukiwn x(t) mveem

[(b) = z(a)] </ [ ()l|dt < (b—a) sup [[2'(t)].

t€la,b]



B wactHOCTH, eciim Ipou3BOHAA abCTPAKTHON (DYHKIMM CYINECTBYET W paBHa HYJIEBOMY 3JIEMEHTY
BCIOJLy Ha HEKOTOPOM ITPOMEXKYTKe, TO TaKas (DYHKIUA IIPUHUMAET Ha 9TOM IPOMEXKYTKe IIOCTOSTHHOE
3HaYCHUe.
Bameuarue 3. Teopema Jlarpamka (u Posuist) He nepenocsiTest Ha cirydail abcTpakTHBIX (DYHKITHIT
HENOCPE/ICTBEHHO. PeKOMEH/IyeTcst caMOCTOATe/IbHO IPUBECTH KOHTpHMep (3aada [11]).
NurerpupyeMocTh HelpepbiBHOl (dbyHKIMI 1103B0JgeT Jyist 060t dyuknuu () € C([a,b]; B)

PACCMOTPETH UHME2PAN C NEPEMENHBIM BEPTHUM NPEIEAOM

7. Ilycts x(t) € C([a,b]; B). Torga
y(t) = / x(t)dr € C*([a,b]; B), % (t) =x(t), t € [a,b]

(KaK ¥ Be3Je, B OUEBHUJIHBIX CJIyYasx MOJAPA3yMEBAIOTCs OJJHOCTOPOHHUE ITPOM3BO/IHBIE).
Joxazamensvemeo. PaccMorpum 71 HAIVISIHOCTH JIUITL HMPABYIO MPOU3BOMHYIO, T. €. At > (.

neen
y(t + At) — y(t) = / th)df - / txmdf - /t me(f)dr

CiieioBaTe ibHO,

R0+ A0 = y(8) = alt) = (0l A0 = y(0) = Fpa0) = 57 [ (alr) — ()i

[Tockosbky dyukius x(t) HenpepbiBHa Ha [a, b], nmeem
Ve>0 36 >0 Vre[t,t+9) [|z(1) —z(t)] <e.

Ho rorma mpu Becex 0 < At < § umeem

| s+ 80— yen —sto < 3 [ hatr) —wtolar < 5 [ eir =,

a 9TO M O3HadYaeT, 9TO

Jim (4 A~y () = 2() e y(6) = a(0),

rjle UHJEKC r 0003HaYaeT MpaByo MPou3BOAHYIO. [IpoBes aHa/OTMIHBIE PACCYZKICHUS JIJIs JIEBOI
POU3BOJIHOM, nostydaeM B utore ' (t) = x(t) Bcrony Ha [a,b]. A

Samevarue 4. B rpaHIIHBIX TOYKAX OTpe3Ka MOJPa3yMeBalOTCs COOTBETCTBYIOIIIE OJHOCTOPOH-
HUE IIPOU3BOJIHbIE.

Samevanue 5. Ha ciaydait 6aHaAXOBO3HAYHBIX (DYHKIINIT TeopeMa O CpeIHeM 3HAYeHU! I MHTe-

rpaJja HeloCPeJICTBEHHBIM 00pa3oM He 0000IaeTcs. PeKoMeHIyeTcss IpUBEeCTH KOHTPIIPUMED.



§ 4. JlemMa o IIPOJIOJ/I2KEHUHN B TOUKY

Jlemma 3. Ilycrs dyukims x(t) onpe/esiena u HellpepbiBHO jind pepeHnupyeMa B JIeBOii IPOKO-

JIOTOI MOJIYOKPECTHOCTU TOYKH tg, T. €.

z(t) € C'((to — 7, t0); B), (9)
U IIyCTDb CYIIECTBYET MpPeJIe)T
— /
T = t—1>1t10r£o$ (1). (10)

Torma:
1) z(t) nenpepsiBHO tpogoKIMa 110 dyakmuu (t) € C((to — v, to]; B);
2) Z}(to) = =1 (vae uHmeKe | 03HAYAET JIEBYIO ITPOU3BOIHYIO).
Jokazamenvcmeo. VI3 cylecTBoBaHuUs JIEBOIO LIPe/Ie/Ia IPOU3BOIHOI CJIe/[yeT, 4TO 9Ta IPOU3BO/I-

Hag OrpaHMYeHa B HEKOTOPOM IIPOKOJIOTON ITOJIYOKPECTHOCTU TOYKH tg:
3 € (0,9], 3L >0 Vi€ (ty— . to) l'(D)] < L. (11)

B cuny ocnabientoit bopMysibl KOHEUHBIX IPUPAIIEHAN OTCIO/a BhITEKAET JIMIIIINI-HENPEPHIBHOCTD
dyukun x(t) ua (tg — (, to) ¢ koucranroit Jlummuna L. CiuemoBarenbHo, st pyHkimn x(t) BbIIOJI-
HeHo ycjoBue Kot cyiecTBoBaHust JIeBOrO Mpejiesia B TOUKe ty U

drg = lim x(t). (12)

t—to—0

IHosoxxum
x(t), te (to—",t);

Zo, t= to.

OueBnno, ocTpoerHas QyHKIMs HenpepbiBHA Ha (tg — 7, t]. Ocranocs gokasars, aro T)(ty) = w1,

T. €. 4TO
1

m
t—to—0 ¢ — ¢y

(z(t) — w0) = 21,

NJIn

) 1
A}fl—I}—li-O E(Q?o - I‘(to — At)) = X1.

Yro6b1 Boctoib3oBaTheda hopmyiioit Herorona—/leiibnuiia B Toit (hopMyInpoBKe, KOTOPYIO MbI PaHee
JIOKa3aJI1, BBeJAEM (DYHKITHIO

2'(t), t€ (to—( to);

Ty, t:to

z(t) =

B cuny (9) u dbyukiua z(t) wenpepbiBaa Ha (tg — (,to]. (Mbl mOKa He MOKEM yTBEPXKIATh,

qro T'(ty) = z(tp); HaImA 1EJIb — JOKA3aTh 3TO. )



[Tpu xaxkgom § € (0, () moxem 3anucarsb dopmysay Hoorona —Jleiibauia
to—9
/ ()t = 2ty — 8) — (to — AY). (13)
to—At
Verpemnu 6 x mymo. Torma, ¢ ogHoit croponst, (ty — §) — g (em. (12))). C apyroit cropousL,

to—9 to
/ st — [ st
t

0—At to—At

to to—90 to
‘ / z(t)dt —/ z(t)dtH = ‘ / z(t)dt
to—At to—At to—0

3/1ech MCIOJIB30BAHbI HENPEPBIBHOCTH yHKIWN 2(t), omenka ((11) u BbITeKaromas U3 COOTHOIIe-

uust (10 Bmecre ¢ orerka ||z(to)|| < L.
Nrak, nepexojist K mpejiery B 00enxX 4acTaX PaBeHCTBA , ToJTy 9aeM

/to 2(t)dt = xg — x(tg — At). (14)

0—At
Torna n3 coorHoIeHMi , nMeeM

/t z(T)dT = Z(t) — Z(to — At)

0—At

IIOCKOJIBKY

to
< / I2(t)|dt < 5L — 0.
to—0

npu Beex t € [tg — At, to], npuuém nojpiHTerpaibHas (GDYHKIUS HenpepbiBHa. [IpuMensist Tenepb B
Touke t = tg yTBepxKieHue o judepeHnIupoBaHil UHTErpaJsa o BepxHeMmy mpejeny (cBoiictBo 7
MHTEerpaJa), Moy daem

T)(tg) = 2(ty) = 1,

9TO U TPEeOOBAJIOCH. A
3ajiaun i CAMOCTOSITEJIbHOTO peNIeHUs

1. IlpoBeputb, uT0 MHO)KECTBO abCTpakTHBIX dyHKImil = : T — B (npu dukcupoBanubix T u B)
obOpasyeT JIMHEITHOe MTPOCTPAHCTBO.

2. CdopmynupoBaTh u jg0Ka3aTh Kpurepuit Ko cyiectBoBanus rpejiesia abcTpakTHON (DYHK-
IUU B TOYKE.

3. HokazaTb, uTo (DyHKIMA, UMEIOIIas IMpejes B JAHHOW TOYKE, OTPAHUYEeHA B HEKOTOPOH e
OKPECTHOCTH.

4. JlokazaTh TeOpeMbl O HEIPEPBIBHOCTH U Tpejesie CyMMbl abCTPaKTHBIX (DYHKITHI.

5. CdopmymupoBaTh n J0KA3aTh TEOPEMBI O CBI3U OJHOCTOPOHHEIO U OOBITHOIO MPEJIEsa, OTHO-
CTOPOHHEN M OOBITHON HENPEPBIBHOCTHU, OJIHOCTOPOHHEN M OOBIMHON JTnddepeHITnPyeMOCTH.

6. /lokazaThb, 4T0 (DYHKIWA, HEIIPEPBIBHAS Ha OTPE3Ke, OrpaHNYeHa, a eé HOpMa JOCTUTAeT CBO-
UX TOYHBIX IpaHeil. Ykazanue. ITO MOXKHO CJieJIaTh JINOO HEIOCPeJICTBEHHO, JTUOO COC/IaBIINCH HA
MIOJ/IXOJIATILY IO TE€OPEMY JIEKIIUH O KOMITAKTHOCTH.

7. 1) Jokazarh, uro (DyHKIWs, HEIIPEPbIBHAS Ha OTPE3Ke, PABHOMEDHO HEIPEPhIBHA. YKa3anue.

DTO MOXKHO CJIeJIaTh JIMOO HEIOCPEICTBEHHO, JTNOO COCIABIINCH Ha, TOIXOIATIYI0 TEOPEMY JIEKITUU O
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koMnakTHocTH. 2) JTokazars, aro modyas nenpepwvienocmu dyukuu x — byukims w,(0) (em. (3) —
MOHOTOHHO cTpemutes K 0 npu § — +0, ecin « € C([a, b]; B).

8. okaszarb reopemy [I]

9. 1) Jlokasarb, uro abcrpakTHas dyHKims, uddepeHnupyeMast B JAHHON TOYKe, HEIPEPbIBHA
B Heil. 2) Jlokasarb cBoiicrBa 1, 2 onepaiuu nuddepeHnnpoBaHus.

10. /Iokazarhb CBOCTBO 5 MHTErpaJIA.

11. ITpuBecTn KOHTPIPHUMEDPHI, IIOKA3bIBAIOIINE, YTO TeopeMa Jlarpamka o KOHEIHBIX IIPUPAIIEHI-
X W TeopeMa O CPeJIHEeM [T HHTerpaJsia HelOCPEJICTBEHHO He MEPEHOCATC Ha cJIydail abCcTPaKTHBIX
byHKIHIIL.

12. Ilycrs Cy(R) — mpocTpaHCTBO OrpaHUYEHHBIX HEMPEPBIBHBIX (DYHKITHIT OJTHO TIe€peMEHHOM CO

CTaHJIAPTHON HOPMOIA

1Yllcy@ = sup |y(x)].
z€eR

1) JTokazaTh, 4TO TOJIy4eHHOE TIPOCTPAHCTBO SABJIAETCS OAHAXOBBIM.

2) Hokazars, uro abcrpakthas dyukius [ : Ry — Cp(R), sagannas dopmysioii

_ 2t
1422t

QICHE

paspbiBHa ipu ¢ = () 1 HenpepbIBHA TTpHU Beex ¢t > (.

%t
1422t

Bamevwanue 6. Obparure BHUMaHKE, 9TO (DYHKIIUS JIBYX HepeMeHHbIX f(t,z) = HeIpepbIBHA
II0 COBOKYIIHOCTH IlepeMeHHBIX Ha R X R.

13. Pacemorpum dyskmuio y : R — C[0, 1], 3amannyio ciemayromumm o6pa3oM:

zsin L, e (0,1];

0, x=0.

y:t— gx) =

1) Cymecrsyer jin npoussonast y'(t)? Ecau na, To npu kakom (kakux) 7 2) HenpepbiBaa i byHK-

st y(t) xorst ObI B HEKOTOPBIX TouKax t € R?
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