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IIpenucaoBue

Hacrosiee yue6Hoe mocobre MOCBSIIEHO H3JI0KEHHIO OCHOB (PYHKLH-
OHAJIbHOT'O aHa/jHu3a /s CTYAEHTOB—MaTeMaTHKOB Kadeapbl MaTeMaTHKH
¢usuueckoro dakynbrera MIY. Bo BTopom Tome «CrenuasbHble Mpo-
CTPAHCTBa» pacCMaTPUBAIOTCS PA3JHUHble NPOCTPAHCTBA (DYHKUUMH, Kak
TNpelCTaBJ/sIoOIMe UHTEpeC B CUJY BHYTPEHHeH JIOTHKHM [eHCTBHUTEJbHO-
ro aHajqu3a, TaK W LIMPOKO HCIOJb3yeMble B MaTeMaTHUeCKOH (H3HKe
107151 QOPMYJMPOBKH M HCCJeN0BaHHUS 06OOIIEHHBIX MOCTAHOBOK KPaeBbIX
M HayaJbHO-KpaeBbIX 3anad. VI3joxKeHHe HaAuyMHAaeTCss C OMNHUCAHHUS TIPo-
CTPAHCTB (PYHKLUHMH OrpaHUYeHHOH BapHallMHd U abCOJIOTHO HENpepblBHBIX
(GyHKUMH. 31ech Xe NpUBOAUTCS Teopusl MHTerpasa Pumana—Crusreeca.
3aTeM paccMaTpHUBaIOTCS TeJibIepoBbl (DYHKLUHH. [lajee paccMaTpuBaloTcs
npoctpaHcTBa Jlebera, mprueM B LEeJNX 3aMKHYTOCTH M3JI0XKEHHSI TPHUBO-
IUTCS J0KazaTesnbcTBO TeopeMbl PamoHa—Hukonuma, xoropasi Tpebyercs
IJ151 OMMCaHHsl TIPOCTPAHCTB, CONpPsiKEHHBIX K JeGeroBckuM. Kpome Toro,
pacCMOTpEeHHE CONPSIKEHHBIX MPOCTPAHCTB TPebyeT BepHYTbCS K MOHATHIO
cnaboél cxonumocTH. Ilocsie 3TOro MBI NepexoouM K NPOCTPaHCTBaM, Hau-
foJiee YaCTO 4acTO MCIOJNb3yeMbIM B OGOOLIEHHBIX [OCTAHOBKAax 3ajay
MaTeMaTH4YeCcKoH (M3UKH, a UMeHHO: mpocTtpaHcTBaMm D, P u mpoctpaH-
crBam Cobosiea. J{/ist noceqHUX N0KasaHbl TeopeMbl Bjaoxkenus CoboJsieBa
u Pennmuxa—Konnpamosa. B xadecTBe 10MoNHEHUSI TPUBOIUTCS MaTepUal,
MO3BOJISIOIINE CTPOUTh HHTerpaJ Tumna Jlebera or 6aHaX0BO3HAYHBIX (DYHK-
il (uHTerpan DoxHepa), M pacCMOTpeHBI CBOHCTBa COOTBETCTBYHOLIMX
IPOCTPAHCTB.

KHura cocTouT M3 OCHOBHBIX JIEKLIMH, B KOTOpBIX H3JaraioTcs 6a3o-
Bble CBeIEHHS, U M3 CEMHHApPOB—JEKLUHH, B KOTOPBIX MOMHMO OOJbIIOTO
KOJIMYeCTBA TPUMEPOB, HJIIOCTPUPYIOLIUX OCHOBHBIE CBOHCTBA 00BEKTOB,
BBEJIEHHBIX B JIEKLHUSIX, PACCMaTPUBAIOTCH TAKKe TOHKHE BOINPOCH 0OOIIel
TeopuH. B MpakTHKe Hallero NperofaBaHUs CTYAEHTHl YCTHO 3alIHIIAIOT
pellleHus 3anay Nepel npernonasateseM. (OOUH U3 aBTOPOB OLIEHHJ Ha cebe
MO0JIE3HOCTb MOAOOHOH CHCTEMBI, 32 YTO OYeHb OJarogapeH CBOHUM YydHTe-
Jqsim, 1 npexze Bcero A. lllenw.) OcHOBHbBIE JIEKIIMH U JIEKLHUH—CEMUHAPDI
HYMepyITCsl He3aBUCUMO. 3HAUUTeJbHAsA YaCTb IPUMEPOB U 3a/1au B3siTa U3
pPa3NWYHBIX y4eOHUKOB U 3aJauHHUKOB. Mbl mocTapanuch Haubosee MOJTHO
OTPa3uTb UX CIHUCOK B OubIHOrpaduu.

Mui ray6oko npusHatenbHbl A.[. CeemwnukoBy u H.H. HedenoBy 3a
nosiesaHoe 0oOCYXKIeHHe KHHUIH, a Takxke peleHseHTam: [. A. CBUPHIIOKY
u M.B. ®ananeeBy 3a leHHble 3aMeYaHHUs, CYLIECTBEHHO YJYYLIMBIIHE
KHUTY.

Asmopot



Jlexknusga 1

IMIPOCTPAHCTBO ®YHKIIUM OTPAHUYEHHOM
BAPUAIIUMN.

§ 1. Onpenenenne npocrpanctsa BV[a, b] u ero cBoiicrBa

[lyctsb BemecTBeHHast QyHKUMs f(x) ompemeseHa Ha ortpeske [a,b] C
C R!. Paccmotpum Ha oTpeske [a, b] npousBosibHOE pasbueHue

T={a=2y<z <..<Tp_1<zyp=">0}
Y CONOCTaBUM JAaHHOMY Pa3fUeHHI0 BeJHUMHY
def o
Vr(f) =) | f(an) = flar-)l- (I.1)
k=1

Kpome toro, paccMoTpuM supremum Mo BceM TakuM pasdueHusm T oTpes-
Ka [a,b]. U onpepesnmM cienyioniyio BeJuduHy

Vi) < SUp Ve (f). (1.2)

JlokaxkeM Temnepb JHUHEHHOCTb MPOCTPaHCTBA (PYHKLHUH OrpaHHYeHHOU Ba-
pUalyH.

f(@) = aifi(z) + aafolw), Vo(f) =Y |f(ar) = flar-)l,

k=1

|f(xx) — f(xp—1)| =
= |a1 fi(wr) + agfo(zr) — arfi(zr—1) — aafo(rr—1)| <
<ol fi(zr) = filee—1)| + a2 | folzr) — folzr—1)].

OTKyza cpasy e MoJjydyaeM HepaBeHCTBO
Vr(f) < arVr(fi) + aVr(f2).

Onpenenenune 1. Hasosem npocmpawcmeom @Qynkyuti ocpanu-
weHHOU sapuayuu Ha ompeske [a,b] aunelinoe npocmpancmeo mex e-



1. Onpedenenue npocmparncmea BV|a, b] u eco ceoticmsa 9

wecmeennblx QyHKUUL, onpedenennvix Ha ompeske |a,b], 042 Komopsix
xoneuna gesuuna VO (f) us (1.2). O603nawum smo auneiinoe npocmpar-
cmso uepes BV]a, b).

[TPUMEP 1. MoHOTOHHBIE PYHKLHUH.

n

Ve(f) = S 1) — flenen)l = 3 [Flaw) — flar-)] = F0) — f(a).

k=1 k=1

AHasiornuHbIH pe3ysnbTaT UMeeT MeCTO U AJIsi MOHOTOHHO HeBO3pAaCTaIoIIUX
(YHKLHH, U BMeCTe MOJYyYUM PaBEHCTBO

Va(f) = 1f(b) = f(a)l.
EcrectBenHo, ¥ supremum o BceM pasbuenusM T orpeska [a,b] paBen

9TOH XKe BeJIMUMHe:
Va(f) = If(b) = f(a)].

Tenepb Mbl I0KaxeM TeopeMy 00 ajUTUBHOCTH BeauuuHbl VO (f).
Teopewma 1. Ilycmo f(x) € BV|a,b] u c € (a,b) — npoussorvras mouka,
moeda

f(z) € BV]a, ] NBV]c, b],

npudem umeem mecmo paseHcmeo
Va(f) = Va(f) + Velf).

JlokasaTeabCTBO.
Hlae 1. Urak, nycts ¢ € (a,b). [Tycts

T: =T, UTy,

rie Ty — 3To mpousBosbHOe pasbueHue otpeska [a,c], a Ty — 3T0
POM3BOJIbHOE pasbueHHe oTpeska [c,b]. fcHo, uto T — 3To pasbuenue
oTpeska [a, b]. Torna ¥MeeT MeCTO PaBEHCTBO

[Tockosibky o6benvHenue pasbuenuit Ty u Ty oTpeskos [a,c| u [c, b] maer
pasbuenue oTpeska [a,b], To u3 (1.3) BeITEKaeT HEPABEHCTBO

Ve, (f) + Vi, (f) = Ve (f) < Va(f),
OTKYyJZa, B35IB supremum oT o6eux uactei atoro HepaBeHcTBa 1o T u Ty,

MOJIyYUM
Va(f) + Va(f) < Va(f).

Hlae 2. Tlycts Teneps T — 9T0 MpoU3BOJIbHOE pa3bueHne oTpeska [a, bl.
K coxasnenbio, ero cyxeHus Ha [a, c| U [c, b] MOTYT He GbITb pa3GHeHHSIMU
9THX OTPE3KOB, TMOCKOJBKY TOYKa ¢ € (a,b) He 00s3aHa BXOLUTH B MPOU3-



10 Jlekuus 1. [IpocTpaHcTBO PyHKUMH OrpaHHUEHHOH BapHaLUH.

Bo/bHOe pasbuenue T. [Tostomy n06aBuM K HaieMy pasouenuio T TouKy
c. Ilonyyusuieecs pas6ueHue o6o3Haunm yepe3 T . Temepp cyxenus T
Ha OTpe3kH [a,c] U [c,b] o6pasytor pasbuenusi T; u Ty COOTBETCTBEHHO.
[TosTomy u3 (1.3) BHITEKAET HepaBEHCTBO

Vr(f) <Vp(f) = Vo, (f) + Vo, (f) < VE(f) + Va(f)

U, B34B supremum oOT o6eMX 4acTell 3Toro HepaBeHCTBa no T, monydyum
HEpPaBeHCTBO

Va(f) S Valf) + Vaf).

Teopema nokasaHa.
CanencrBue 1. [Ipoussorvryro ¢yukyuro f(x) € BV|a,b] scecda
MOXUCHO npedcmasumo 8 sude pasHocmu 08Yx MOHOMOHHO Helybbl8arouUx

pyHnkyuli
f(@) = fi(x) = fo(z).

Jloka3aTenbCTBO.

BosbmeM B kauectBe QyHkumu fi(x) gyurunio fi(x) = VE(f), Torna
U3 Teopembl | mosmyuum, 4to (yHKUMsA f1(z) MOHOTOHHO HeyGhIBaoLIas.
Onpenenum Tenepb GYHKUHIO fo(x) CIEAYIOLMM PABEHCTBOM

fa(w) = Vg(f) = [(=).

[TpoBepuM MOHOTOHHOCTh (DYHKUHH fo(x). JecTBUTENbHO, U3 TeopeMbl |
UMeeM

fo(x) = faly) = Vy(f) = [f(2) = f(®)] =0 mpu 2>y

HeficTBuTesibHO, MO onpenenenuio Vi (f) uMeeT MecTo HepaBeHCTBO

[f(z) = fF()l < Vy(f).

CnenpcTBHe NO0Ka3aHO.

Bonpoc. Bosnukaer Bompoc: MOXKHO clielaTb JHHeHHOe IPOCTPaH-
ctBo BV]a, b] HOpMHPOBAaHHBIM? A ecsM MOXKHO, TO GYAeT JIH OHO MOJHO
OTHOCHUTEJIbHO 3TOH HOpMBI? [lJii OTBeTa Ha 3TH BOIPOCH HEOOXOAHMMO
noctpouth UHTerpanbl Pumana—Cruatbeca u Jlebera—Crunrbeca. Haunem
¢ noctpoeHus uHterpasna Pumana-Crusrteeca.

§ 2. Anrerpan Pumana—Cruarbeca.

PaccMOTpUM MpoH3BOsibHOe pasbuenue oTpeska [a,b] C Rl:

T={a=x0<z <..<xp_1 <xy=D>},
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C OTMEYEeHHBIMH TOYKaMu &; € [z;—1,x;] mpu i = 1,2,...,n, a Takxe IBe
orpaHdueHHble Ha oTpeske [a,b] Gpyukuuu f(z), g(x) : [a,b] — R!. Cocra-
BUM CJIEAYIONIYI0 MHTETPAJbHYI CYMMY

o= ol BT =Y SE) o) o)) @D

Beenem napamerp pasbueHus

AMT) = max |x; — xi—1].
( ) lgign‘ i i l|
[IpenmnosioxKum, uTO CYIIECTBYeT Mpeles WHTerpadbHbX cymm (2.1) mpu

AMT) — 0, rtorma mnosydyeHHbIH mpeges OyaeM Ha3biBaThb HHTErPajoM
Pumana-Crunrtbeca u 6yneM ero o603HadyaTh CJaeAyOLUM 00pa3oM

b
jfuwmu» (2.2)

W3 moctpoenus uHTerpaia Pumana-CTuaTbeca SICHO, 4TO B CJyuae,
xorna dyukuus f(z) € Cla,b] u oyukuus g(z) € CWH[a,b], 10 coor-
BETCTBYIOIIMH WHTerpas Pumana—Cruitbeca CylUleCcTBYeT M COBMAjaer ¢
uHTerpasom Pumana:

b b
Jf(ac) dg(z) = J F@)g (z) da.

Onuaxo, ycnosue g(x) € CV[a,b] ouenn oGpemeHHTeNbHO, M BO3HHKAET
BOMpPOC 0 GoJiee C1a60M JOCTATOYHOM YCJOBHH CYLIECTBOBaHHSI HHTErpasa
Pumana-Crusirbeca. Ha ator Bonpoc oTBedaer cilefyiolasi BaxKHasi Teope-
Ma.

Teopema 2. [lycmo pynxyus f(x) € Cla,b], a pynkyus g(x) € BV]a, b).
Toeda cywecmeyem unmeepar Pumana—-Cmurmoeeca

b

1= | (@) dg(o)

a

npuuem
< max |£(@)|Va(9)- (2.3)

JokasaTenbCcTBO.
Hlae 1. B cuny cnenctBusi U3 Teopembl | B KauectBe ¢(x) MOXKHO
B35ITb MOHOTOHHO HeyGbIBaOUyo QyHKuH0. JeficTBUTEMbHO, TyCTh g(2) =
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= gi(x) — go(x) ¥ HaM DOCTATOUHO [0KAa3aTh CYyLIECTBOBAaHHE CJENYIOLINX
uHTerpanos Pumana—-Crusitbeca:

ff(w) dgi(x) n ff(w) dgs(x)

W TOraa Mbl JOKaxKeM CYLIeCTBOBaHHWE HWHTErpaJa

b b b
| @) do@) = [ 1@ a0 - | 1@ dsa(o).

Hlae 2. PaccmoTpuM mpou3BosbHOe pasbuenue T oTpeska [a,b] U Ha
KAXKIOM OTpe3Ke pa3OHeHHs [Xp_1, Tk] PACCMOTPHM MHHUMYM U MaKCHMYM

byHkuuu f(x) :

myp:= min f(z), My:= max f(x).
TE[TK—1,Tk) TE[TK_1,Tk]

Tak 4yTo mMOMHMMO HHTerpajbHOH cyMMbl (2.1) cocTaBHM HHXKHIOK S U
BEPXHIOK S CYyMMBI

n n

s SN milg(an) - glen)], SE Y Mylg(ax) — glwn)]. (24)
k=1 k=1

OTMeTHM, YTO BBIMOJIHEHb! CJEAYIOLIHe HEPABEHCTBA /sl [IPOU3BOJIBHO-
ro ¢hukcHpoBaHHoro paséuenusi T oTpeska [a, b]:

s<o<S.

JlokaxeMm, 4To mpu O00aBJEHUM ONHOH HOBOW TOUYKH K pasbueruo T
oTpe3Ka [a, b] HHXKHsIs CyMMa He yOBIBaeT, a BEpXHsisl CyMMa He BO3pacTaer.

O J{eHCTBUTENBHO, MYCTh Y) € [Tg—1, Tk| — ITO HOBasi TOUKA pa3OHEHHs!
T. Torna

myg = min  f(z) = mg, mop:= min f(z) = my. (2.5)
TE[Th—1,Yk] T€[yk, k]

[Ipu 3TOM B HHKHell cyMMe 0 106aBJeHHsI HOBOH TOYKH OBLIO cjaraeMoe
mi [9(xk) — g(zr-1)],
a rocsie 100aBJIeHHs] HOBOH TOUKH TMOJYYHJNCH BA CJIaraeMbIX
mik [9(zk) — g(yk)] + mag [9(yr) — g(zk-1)] -

[Tpuuem B cuay (2.5) WMeeT MeCTO HEPABEHCTBO CHH3Y
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muk [9(xr) — 9(ye)] + mar [9(yk) — g(wr-1)] 2 mx [g(zx) — g(yr)] +
+mi [g(yr) — g9(@r—1)] = mu [g(xr) — g(zr-1)]-
AHasiornuHbIM 006pa3oM HOKa3bIBaeTCsl, YTO BepXHss cyMMa S He Bo3pac-
TaeT NpH A00aBJeHUH HOBOH TOYKH pa3bueHus. X
Hlae 3. Tenepb NOKakeM, 4TO [IJs ABYX MPOU3BOJIbHBIX pasbueHud T

u Ty orpeska [a, b] cooTBeTcTBYIOWAsK pa3buennio T HUKHSS CyMMa §1 :=
= $1(T}) MeHblIe COOTBETCTBYOLIEH pasbueHuio Ty BepxHEH CyMMbI Sy 1=

=50 < S
X V2

O [eHCTBHUTE/BbHO, C 3TOH LieJbl0 BO3bMEM OObeNMHEHHe 3TUX [BYX
pasbuenuil T3 = T| U Ty 1 comocTaBUM eMy HIXKHIOIO CyMMYy S3 U BepX-
HIOI CyMMy S3. B cusy mpenbinyiiero uMeetT MeCTO HEpaBEHCTBA

51 < 83 < 53 < O

3HayuT, Bceraa s; < So. X
llae 4. TlycTb Tenepb

14 sup s(T).
T

SBameuanue 1. AnbTepHATHBHO MOXKHO OMPENEJHUTh BEJIUYHHY | Kak
ef .
= inf S(T).
T
[To n0Ka3aHHOMY HMEET MECTO HepaBeHCTBO
<S u s<o<S=>1-0<S5-5 oc—-1<S5~-s.

CraJjio ObITh,

lo—1<S—s. (2.6)

Llae 5. PaccMOTpUM pasHOCTh
s =Y (My—my) [g(ar) — gler-1)]
k=1

3amernM, 4to mockosnbky ¢yHKuEA f(z) € Cla,b], To oHa mo Teopeme
KanTopa siBjisieTcsi paBHOMEPHO HeNpepbiBHOH Ha oTpeske [a, b]. Tlostomy
nast jo6oro € > 0 Haigercst Takoe 6 > 0, uto npu A(T) < 0 monyunm

My —mp <e

ns Beex k= 1,2,...,n. Torna u3 (2.6) noayuum HepaBeHCTBO

lo =1 <S—s=) (My—my)lg(zr) — g(zr-1)] <

n
k=1
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<e ) [glar) — glzr-1)] = eg(b) — g(a)].

k=1
A 310 O3HayaeT, 4To

b

Jm () =11~ Jf(x) dg(x).

Lllae 6. Tenepb 3aMeTHM, UTO [1J1s1 TIPOU3BOJIbHOTO pa3buenus T oTpeska
[a, b] cripaBenJuBO HEPABEHCTBO

lo(g; f;T)] < Jnas | (2)[VE(g)-

I/IMeeT MEeCTO CJIeﬂ,y}OLLlaﬂ Hernodyka HepaBEHCTB:
I <T—=o(g; f; D)+ |o(g; £ T) < T—o(g; £; T)| + mex, |f(@)[V5(g).

[Tepexons k mpeneny mpu A(T) — O mosyyuM UCKOMYIO OLEHKY.
Teopema gokasaHa.

§ 3. HHTerpupoBaHue mo 4acTsiM B MHTerpaJe
Pumana—Cruarbeca

Teopewma 3. [lpu ycrosuu cyujecmsosarnus 00H020 U3 UHMESPALO8 8
caedyrowieti popmyre 8vimeKkaem cyujecmaosanie 0pyeozo:

b b
Jf(iv) dg(x) = - Jg(ﬂi) df () + f(b)g(b) — f(a)g(a). 3.1)

JlokasaTeJabCTBO.

Hlge 1. Mlyets T={a =20 < 21 < ... < Tp_1 < T, = b} — 3T0 MpoOU3-
BOJIbHOE pa3bHeHHe OTpesKa [a, b] ¢ OTMeUeHHBIMH TOUYKaMK & € [Tp_1, Tk
npu k = 1, n. PaccMoTpuM ciienyiouyio HHTErpaJbHYI0 CyMMY

> F&) [9(ar) — glae-1)] =Y g@) f(&) = Y glan-1)f(&) =
k=1 k=1 k=1
n n—1
9(@k) F(&) = g(xr) f(Err) = 9(0)F(€n) — g(a) f(61)—
k=1 k=0
n—1
= gxn) [f (&re1) = F(&R)] = 9(0) F(b) — g(a) f(a)+

k=1
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n—1

9(O) [f (&) = FO)] = 9(a) [F(€1) = f(@)] = Y glan) [f(Ersr) = F(Er)]-

k=1

Hlae 2. Tenepb nepeiisem K npepeny mnpu A(T) — 0 B obenx uactsix
MOJYYeHHOT0 Ha wiare | paBeHCTBe M IMOJYYHMM, YTO M3 CYLIeCTBOBaHHSA
OHOH M3 MHTETpasbHbIX CYMM BBITEKAeT CYLIeCTBOBaHHE Mpejesa Npyrou
UHTerpajbHOH CYMMBI: JUO0

n

D F &) lo(ar) — glan-1)],

k=1

aubo

Zg or) [f(Ehs1) — f(&r)] -

B utore nosnyunm B mpepesie paBeHcTBo (3.1).
Teopema nokasaHa.
[IpuBenem HekoTOphlE CBOHCTBA I/IHTEI‘paJIa Pumana- CTHmbeca

() Fonfi(a) + anfole)) do( —alffl +aaffz dg ()
(i) [ 7(2)d(crgi() + anga() —alff ) dgi(a +ozsz ) dgs (a):

b c
(i) [ f(z)dg(x) = [ f(x)dg(x) +ff(l’) dg(x), ¢ € (a,b),

npuyeM paBeHcTBa (i)—(ii) UMEOT MECTO TPH YCJOBHH CYIIECTBOBAHHUS BCEX
MHTErpaJjoB B MPaBOK YacT, a B caydae (iil) mpu yc/oBHM CyleCcTBOBaHHS
UHTerpajia B JIeBOH YaCTH.

[TPUMEP 2. Ilpusenem npumep pyukuui f(z) u g(x), korna uH-
TerpaJjbl B npaBoi yacty (iii) cyllecTBYIOT, a HHTerpaJ B JIeBOH HacTH He
cymectsyet. [lycTh GyHKIMH f U g 3anaHbl Ha cermMente [—1, 1], npuyem

@) = 0, -1 <z<0; () = 0, -1 <z<0;
VL o<z<1, YT o<z<l
Torna cyuiecTBYIOT 06a MHTErpasa

1

0
Jl £(z) dg(z) = j f(z) dg(z) =0,

OHaKO, UHTerpaJs

J] f(x) dg(z)
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He cymecTtByeT. [l TOoro 4to6bl 3TO AOKA3aTb BO3bMEM IPOHU3BOJIBHOE
pasbuenue T orpeska, HO TakuM oOpa3oM, uToObl Touka 0 He mnomnasna B
YUCJIO TOUeK pa3dHeHHsi. PacCMOTPHUM COOTBETCTBYIOLLYIO HHTETrPasbHYIO

CyMMy
n

a(g; £;T) =Y f(&) [g(ar) — glzr—1)],

k=1
¥ mycTh ;-1 < 0 < x;, Torna sTa cymma pasHa o = f(§;), a cTano GHTB,
paBHo Ji60 0 6o 1 B 3aBUCUMOCTH OT TOTO, IJie JIE€XKHUT TOUKA

& & >0 wm & <O0.

[Tostomy npenena mpu A(T) — O He cyuiecTByer.

§ 4. Jluneitubie pynkumonanst Hag Cla, b)

PaccMoTpUM HeKOTOPBIH JIMHEHHBEIH (IIO-TIOCTPOEHHIO) (PYHKIHOHAJ Ha
6anaxosoM mpocrpanctse Cla, b, onpeneseHHBIH CIEIYIOMIHM HHTErPAIOM
Pumana-Cruatbeca:

b
(®g, f) = Jf(x) dg(xz) npu Hekotopom ¢ € BV]a, D (4.1)

a

u 1151 mo6oi pyukuuu f(z) € Cla, b).

TlokaxeM, 4to ¢yHkunoHan @, € (Cla, b])*.

0O JleHACTBUTEJBHO, TUHEHHOCTb 3TOr0 (PYHKIMOHAJA BbITEKAeT U3 CBOH-
crBa (i) unrerpanos Pumana—Cruarbeca.

IokaxeM HerpepbiBHOCT. [lyets f, = f(z) paBHOMepHO TO x € [a, b],
4TO PaBHOCHJIBHO

o — £ s?pbllfn(w)—f(x)HO mpu - n — 400,
re|a,

Torna B cusy Teopembl 2 CripaBefJiMBa LENOYKa HEPABEHCTB

b

]

Tem caMbIM MBI IpUXoAuM K BBIBOAY O TOM, 4YTO JUHelHas 0060J104Ka

3TOr'0 ceMeHcTBa
{cbg‘ g € BV[a, b]}
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oOpasyeT JHHeHHOe INOANPOCTPAHCTBO B 0aHAXOBOM IPOCTPAHCTBE BCEX
JIMHEHHBIX, HETpepbIBHBIX (PYHKIHOHAJNOB Ha OaHAXOBOM TMPOCTPAHCTBE
Cla,b]. BosHHKaeT BOMPOC: UMEIOTCS JIH APYTHe (YHKLHMOHAJMBI, HeHCTBHE
KOTOPBIX HeJsb3si mpeacTaBuTb (opmynoit (4.1). OxasbiBaercsi, 4TO BCe
(yHKunoHasbl Ha GaHaxoBoM mpoctpaHcTBe Cla,b] MOXKHO NpencTaBUTH
dopmynoit (4.1).

Teopewma 4. Kasoviil runelinoili u HenpepbigHolll QyHKuuoHas Ha ba-
Haxosom npocmparcmee Cla,b] co cmandapmuoil HOpmOLL MOHHO nped-
cmasumo 8 sude caedyroujeeo unmeepara Pumana—Cmuaimoeca:

b
(@, f) = j f(z)dg(x) npu g(z) € BV[a,H

ons 8cex

f(z) € Cla, b)].



Cemunap-Jlekuus 1

®YHKIIMU OTPAHUYEHHOHN BAPHAIIUU

§ 1. ®PakThl, cCOOOMEHHBIE HA JeKunu 1 (HamoMUHaHuUeE)

Jlnst yno6¢cTBa CCBHIJIOK NMPUBENEM HEKOTOPble OCHOBHbIE (DAaKTHI.

JI1. ®yHkuuM orpaHHYeHHOH BapualUKd 00pPa3yT JHHEeHHOe Mpo-
CTPaHCTBO.

JI2. Bcesikasi MOHOTOHHAst Ha oTpeske [a;b] QYHKIMS MMeeT HA HEM
OrpaHUUEeHHYI0 BapHalMIo, IPUYEM B 3TOM CJydae

Vo(f) = 1) = fla)l, (1.1)

a BesiKast (DYHKLHsI OFDaHHYEHHOH BapHalMH MOXKET ObITb MPEICTaBJEHA
B BHJe DasHOCTH IBYX MOHOTOHHbIX (Hampumep, f(z) = fi(z) — fo(x),

rae fi(x) = V().

JI3. Tlpu a < ¢ < b uMeeT MeCTO BJIOXKEHHE

BV(a; b] C BV]a; c] N BV|c; b]. (1.2)

§ 2. [Ipyrue BaxKHble CBOICTBa

1. Besikasi QyHKUMS OrpaHHYeHHOH Bapualuu orpaHudeHna. [leficTsu-
TeJIbHO, 1J1s1 J1I060r0 z € [a; b] umeem

£ (@) = f(a)l < |f(2) = fl@)| + |f(b) = f(2)] < VI().

2. («Canusinue») B dopmyse (1.2) BepHO u 06paTHOE BJIOXKEHHE, TPHIEM

V) + V) =V (2.1)

JlokasatesbcTBO 3Toro (hakrta cxomHo C mokasarenbcTBoM (1.2). B o6o-
UX CJydasix HUCIOJb3yeTCs CJAeyiollas KjwoueBas HWues: N00aBJEHHE elé
OIIHOH TOYKH K pas6uennto T oTpeska [a; b] MOXKET JIMIIb YBEJHUYUTh CYMMY

Vr(f) = Z |f(zr) = flzr-1)l.
k=1
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3. Ecau f, g € BV]a;b], 10 fg € BV[a; b], npuuém
V2(fg) < sup |g(z)|- V(f) + sup |f(x)]-V2(g).
z€[a;b] z€[a;b]

O [loka3aTesqbCTBO COBCeM HecJsoXHO. [lyisi mpousBoJibHOro pas3bue-
Hus T 3anuiiem:

|f(zr)g(wr) — f(or—1)g(zr-1)| =
= |(f(zr)g(zx) — f(zr-1)g(zx)) + (f(zr-1)9(2k) — flTR-1)9(TH-1))| <
<|f(p)g(ar) — f@e—1)g(zi)| + | f(@re-1)g(zk) — f(2p-1)g(zK-1)] =
= [g(zi)|[f (xr) — f@r-0)] + [fzr-)llg(@k) — g(zr-1)] <
<sup [g|[f(xr) — f(zr—1)] +sup | fllg(zr) — g(zr-1)]-

[locsie cymmupoBaHHUsS MO BCeM OTpe3KaM pa3OHeHHs] U B3THS TOYHOH
BepXHel I'paHH M0 BCeM pa3bUeHHsM MoJydyaeM TpedyeMblil pesynbrat. X

§ 3. Hekotopsie npumepsl

[ITPUMEP 1. Tpebyercs npeacTaBuTh NAHHYI0 (DYHKLHIO B BHIE
Pa3HOCTH JBYX MOHOTOHHO HeYObIBAIOLIHX.

1, z=ac(0;1),
f(x)_{o, ze[0;1])\ {a}.

O OueBHAHO, NOCTATOYHO BOCIIOJIB30BATHCS pe3y/bTaToM JI2, 1/ Ko-
TOPOTO HAM0 MOCTPOHUTb «BAPHUALHUIO C IMepeMeHHBIM BEPXHHUM IIPEIesoM»
fi(z) = Vi*(f). dTo MoKHO clenaTh Mo/ib3ysich yTBepxaeHHeM JI3 o pas-
ouenuu ¢ yuérom (2.1) u (1.1). Torna monyuum f(z) = fi(z) — fo(z), tme

0, z€][0;a), 0, z¢€][0;a),
filz) =<1, z=a, fo(z) =<0, z=aq,
2, z € (a;1], 2, z€(a;1],

X

[IPUMEP 2. A kak npencrasuth ¢yHkuuto f(x) B BuAe pas-
HOCTH CTPOrO BO3pacTaloWUX GYHKUHH? OueBHIHO, AOCTATOYHO MOJIO-
xuth fi(z) = fi(z) + 2, folz) = folz) + o

[TIPUMEP 3. IlpeacraButh B BHIe Pa3HOCTH MOHOTOHHO HeyObIBa-
fomnx GyHKUMH ¢pyHKuuo f(x) = sinx Ha orpeske [0; 27].

O CHOBa HCMOJIb3yeM aJIMTUBHOE CBOHCTBO BAPHALMM, B NaHHOM CJIy-
uyae — npuMeHuTesbHo Kk otpeskam [0; 3, [Z; 37, [3X; 2], u coiicto (1.1)
Bapualik MOHOTOHHOH (DYHKUWHM — JJisi OTPEe3KOB BHAA [a;;x], rie a; =

=0;3; 3” . ITocsie 3TOrO JIETKO BUAETH, YTO
sinz, z €[0; 5], 0, r e [0; ],
filz)={2-sinz, ze[5;%],  fi(x)={2-2sinz, ze[F;%]
sinz +4, xe[§:1], 4, v e[ 1].
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f1

Puc. 1. k npumepy 6.

[TPUMEP 4. Ha sexuunu 6b110 10Kasaso, uto Vf, g € BV|a; b] Bep-
Ho HepaBeHcTBO VU (f + g) < V2(f) + V.2 (g). MoxeT /u 31ech 1OCTHraThCS
paBeHCTBO?

O KoHeuHO: pacCMOTPUM TMOCTOSIHHBIE (QYHKIMH. MoxeT s 3mech
MMETb MECTO CTPOrO€ HEPABEHCTBO? A B Cjlydae HEnpephiBHBIX (QYHKUHH f
1 ¢g? (CM. 3amauu [IJ1s1 CaMOCTOSITEIbHOTO perenust.) X

§ 4. Hekotopsblie Kputepuu

[TIPUMEP 5. Mb 3HaeM, 4TO BCSKYI (YHKIHIO OrpaHUYeHHOH
BapHaLHUH MOXHO INPEACTaBUTb B BHIE PA3HOCTH ABYX MOHOTOHHO HeyObl-
BalolKUX. BepHo /M, 4TO BesKas PasHOCTb OBYX MOHOTOHHBIX (DYHKLHH
UMEIOT OTPAHHUEHHYIO BapHaLHI0?

O KoHeyHO, MOCKOJIbKY BCSIKasi MOHOTOHHAsl (DYHKLHS MMeeT OrpaHu-
YeHHYI0 BapualHio, a (PyHKLHUH OTPAaHHUYEHHOH BapHalMK 00pasyloT JHUHeH-
HOe NPOCTPAHCTBO.

[IPUMEP 6. Mbl 3HaeM, 4TO A/l MOHOTOHHOH (YHKUHH f Bep-
Ho V2(f) = |f(b) — f(a)|. Bepno am, uto, 06paTHO, U3 MOC/AEHErO PaBeH-
CTBa cjeflyeT, uTo (GyHKUUS f MOHOTOHHA?

O Ha. Hokaxem 3to0. Ilycts masi onpemenéunoctu f(b) — f(a) = 0.
Torna umeem (mis MPOU3BOJIBHBIX a < ] < g < b)

Vo (f) = f(b) = f(a) = |f(b) = f(a)| < |f(b) = fz)| + |f(21) = fla)] <
<) = fao)| + | f(a2) = [0+ [f(21) = fa)] S VE(S): @
[TocKo/IbKY paBeHCTBO B HEPaBEHCTBE TPEyroJbHUKA
o+ 8] < |ef + |6

AOOCTHUraeTcd JWIb B TOM CJaydae, KOrga BbIpakKeHHUs IoA 3HAKOM MOAYJA
MMEIOT OJIMH U TOT e 3Hak, To u3 (4.1) uMmeem, B yacTHOCTH, uTO f(Z9) >
> f(.%'l) X
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[TIPUMEP 7. Ouenka. OuesunHo, urto ecau f(z) € BV[a;b],
10 V[z;y] C [a:] Bemonnsercs [f(y) — f(x)| < VI(f) = fi(y) = fi(x).
OGpatHo, CyliecTBOBaHHe Tako# HeyObBawolued Ha [a;b] pyHrunu g(z),
aro V[z;y] C [a; b] Buimoausierest |f(y) — f(z)| < g(y) — g(x), rapanrupyer,
urto f € BV[a;b].

O B camom genie, ngist Jiio6oro paséuenus T uMmeem

Vr(f) = [f (@) = flar-1)| <
k=1

< (g(zr) — glwr-1)) = 9(b) — gla) < +oo,
k=1

nostomy V2(f) = supy Vr(f) < +oo. K

[TIPUMEP 8. 3amena mepemenunoi. Ilycts f(z) — QpyHkuus,
samandas Ha [a;b], ¢(x) — 1) crporo Bo3pacrarinas 2) HempepbBHAs
¢yukuns Ha [a;b], 3) npuuém p(a) = a, ¢(b) = b. Jdokasatb, uT0 (yHK-
uust f(x) HMeeT orpaHHUYEHHYIO BapHalHio HA oTpe3Ke [a; b] Torna U TOMBLKO
toraa, koraa ¢hyHkuus g(x) = f(p(x)) uMeer orpaHUUEHHYO BapHALHIO Ha
otpeske [a;b], u pu stom V2(f) = V2 (g).

O 3aMeTuM Mpexje BCero, 4to obsacTs 3HaueHudt R(p) GyHKUMH @(x
ecTb OTPe3oK [a; b]: B cuty MoHoTOHHOCTH 1 yeaoBust 3) R(¢) C [a;b], a B
cuny HenpepsiBHoCTH [a; 0] C R((p).

PaccmoTpum Tenepb npousBosibHOe pazbueHue 1. Mmeem

Vr(g) = > | (p(xr)) = fplar-1))l- (4.2)
k=1

3ameTnM, 4To ToukU (p(zg)) 06pasyioT HekoTOpoe HoBoe pasbuenue (1)
oTpeska [a;b]. B camoM mese: B CHaly ycioBHs 1) TOPSIIOK CJeIOBaHHs
TOUEK HEe HApYyILIAeTcsi, B CHJy CKA3aHHOro B mpeabiayiieM absaue ¢(T') C
C [a;b], a B cuaty ycsioBust 3) rpaHHYHble TOYKH MEPEXOAST B IPaHHYHBIE.
[TosToMy paBeHCTBO (4.2) MOXKHO MPOAOJKHUTE:

Vr(g) =Y 1f (@) = flelar-0))] = Vo (f) S VI,
k=1

oTkyna caenyet, uto V.2(g) < V2(f).

Tenepb 3aMeTHM, YTO B CHJy YCJOBUH, HaJOXKeHHbIX Ha (BYHKUHIO ¢,
OHa HMMeeT o0paTHyl0, o6Jafaloulylo TeMu ke CBoicTBaMH. I[losTomy
MBl MOXKEM TPOBECTH aHAJOTHYHble PAaCCyXJeHHs M TONyYuTb OLeH-

Vi) <Vp 6
ky V2(f) < V(g), uto u noxkasbipaer TpeGyemble yTBepKaeHHUs. X

§ 5. Hekotopbie KOHTpHIpUMEpBHI

[TIPUMEP 9. Ecau cHATb yc/IOBHE HENpPepBIBHOCTH, TO TNPeblaylIee
yTBepKIeHHe HeBEPHO.
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O WUpes xoHTpripuMepa: «000HTH» MecTo, rae GyHKIus f «maoxo cebs
Benét». Hampumep, nyctb

1, z €[0;1),
R B . o) — x, IE[O,I)a
f(x) = L zigji # (@) {gx+a,xe[n%
Toraa
fle(x) =1, z€[0:3]
DX

IMPUMEP 10. BV[a;b] ¢ Cla; b].
0O Hamnpuwmep, nycTb

0; 1),
1;2].

OueBHIHO, 3Ta (PYHKIIMS HMEET OrpaHHUYEHHYIO Bapualuio (Hanpumep, Kak
MOHOTOHHas1). X

IMPUMEP 11. Cla;b] ¢ BV][a;b].

Hanpumep, paccMoTpum

f(fv)={ e

xsin%, z € (0;1],
ﬂ@_{a z=0.

O HenpepblBHOCTb 3TOH (PYHKLHHU Jerko npoBepsieTcs. [lanee, umeem
npu Kaxiaom n € N

™

S 1
!
%(f);kEZI (k+1/2)ﬂ+oo npu  n — oo,

1 1
ecqii BbIOpaTh TOUKHM pa3OUeHus BUAA —-, AT X

3ameuaHue 1. MOXHO MOCTPOUTb MPHUMEPHI, MOKA3bIBAKIIHE, UTO
MPOCTPAHCTBO OTPaHUYEHHOH BapHaLMH He CONEPXKHUT TéJbAepPOBCKUX ITIPO-

CTPaHCTB U HE COHEPKHUTCA B HHUX.

§ 6. JanbHelimue cBOMCTBA

[TIPUMEP 12. OueBungHo, uTo BCsiKasi JIMIIIKI-HeNpepbiBHAsT Ha
oTpeske (YHKLHMs HMeeT OrpaHUUYeHHYI0 Bapualui. B dacTHocTH, ec-
au f(x) HempepeiBHa Ha oTpeske [a;b], muddepeHuupyemMa Ha HHTepBa-
e (a;b) v sup,e(qp) | f'(2)| = C < +o00, To f € BV]a;b]. (NokasaTenbcTso
OYEBHHO.)

IMPUMEP 13. Ecmu f € BV[g;b], 10 u |f|] € BV[a;b]
n Vo (1f1) S V2.
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O JloKasaTeJbCTBO: CJeAyeT M3 JIETKO [POBEPSEMOro HepaBeH-
ctBa ||a| —|B]| < | — 8], BepHOro mast MOGHX , 3 € R.

[TIPUMEP 14. Jlerko BUueTb, YTO HEPABEHCTBO 3/1€Ch HOCTHUTAETCS.
B camoM mesie, BO3bMEM KyCOYHO MOCTOSIHHYIO (DYHKLHIO, MPUHUMAIOLLYIO
TOJIbKO 3Ha4yeHUs: £1, Torna eé mMonynab 6yneT KOHCTAHTOM.

[TPUMEP 15. Jlerko Buuers, 4to u3 ycaosusi |f| € BV[a;b] He
caenyer, uto f € BV([a; b]. [Tonoxkum, Hamprmep,

fl@)=(-1k z¢€ (2,;121,6] k=0,1,2,..., f(0)=0.

[TIPUMEP 16. Ecau |f| € BV]a;b] u f € Cla;b], T0 f € BV][a;b]
n V(1) = Vo (f).

O I/Iﬂeﬂ JO0Ka3aTeJibCTBa 6y}1€T IMOHATHA, €CJKM 3aMeTHUTb, YTO BEJIMUKWHA

Ve(f) = 1f (@) = flar-)|
k=1

HE MEHSIEeTCSl TIPH Tepexofie OT (DYHKUHHM K eé MOAYJI0 U OGPATHO, eCJii B
KaX10i ciaraemoM yin6o f(xy) u f(zk—1) UMEIOT OIHHAKOBLIH 3HAK, JHGO
XOTsi Obl OIHO M3 3THX YKCEJ PABHO HYJIO.

PaccMoTprM HEKOTOpOe MPOM3BOJIbHOE (DHUKCHPOBaHHOE pa3buenue T
orpeska [a;b]. Hasi tex k, mast koropeix f(xg)f(zk—1) <0, T. e. 3Ha-
yeHHs! (DYHKIMK B COCEIHHX TOYKAX pa3bHeHUss HMEIT pasHble 3HAaKH,
B CHJIy HempepbiBHOCTH (yHKunH f(x) HalmyTess Touku &g € (Tp—1; Tk),
mast kKotopeix f(£x) = 0. lo6aBUB 3T TOYKH K pasbueHuio T, MOJSydHM
pas6uenue T, obnajaroliee CieAyOMUMU CBOHCTBAMU:

1) Vo (f) =2 Vr(f) (cM. Hauaso snekuuu),
2) B cocenHHMX TOYKax pasbuenus T’ (yHkuus f(r) NpUHUMaeT 3HAYEHHs
OIHOTO 3HaKa WK HyneBble. Torma mJs
m
Ve () =D 1 () = fyi-)]
=1
MOJTyYUM

m

Ve (F) =Y 1 () = Fly=0l =D 1ol = L (=),
=1 =1

orkyna V2(f) < VE(|f]). Tem cambim, f € BV[a;b], a torna us pauee
MoJlyyeHHOTo pedynbTarta (cMm. m. 17) mosydaem TpebGyemoe paBeHCTBO. X

§ 7. Ilpumep Ha ucciengoBanue pyHKINH
[TPUMEP 17. IlycTb

flz) =

a o J6] .
{x sinzf, x € (0;1], 1)

0, z =0,
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rie o € R, 6> 0. HccnenosaTh B 3aBUCHMOCTH OT MapaMeTpoB « U (3,
npuHamaexRuT au Gyuxuus f(z) npoctparctsy BV[O; 1].

O Hauuém paccmotpenue co caydas [ = 0. OueBupHo, npu o < 0
f(x) ¢ BV|0; 1] (kaxk nHeorpaHuyeHHast (yHKLHS, CM. 1. 1 9TOH JeKuun), a
mprt @ = 0 f(x) € BV[0; 1] (kak MOHOTOHHAsi Ha OTpe3Ke (PYHKLHS).

Tenepb nepeitném x caydaio 3 > 0. [lombsysce m. 12 sekuwnu, che-
JlaeM <«3aMeHy [epeMeHHOH»: BBefEM (yHKUHIO ¢(x) = 2% U sameTHwM,
uro f(x) € BV[0; 1] Torma u tosbko Toraa, korna g(x) € BV[0; 1], roe

(7.2)

r¥sinz, € (0:1],
g(x)Z{ (0:1]

0, z =0,

nockosbky g(z) = f(p(x)), a ¢(x) ynoBJaeTBOpseT BCEM YCJOBHSIM, HAJO-
’KeHHBbIM B 1. 12.

[Monoxum v = %. Ecmu v < —1, 10 ¢yHkuus (7.2) HeorpaHuyeHa
Ha [0; 1] u moatomy g ¢ BV([a; b], a cienosarensho, u f ¢ BVa;b]. Haiee,
mput v = —1 nosyyaeMm pyHKIHIO

orpanuuennyio Ha [0;1] u monoronnyio Ha (0;1] U mosToMy HMeroLLyIO
orpaHuyenHyo Bapuaiuio. [lockonbky g(z) = g_1(z)z7*!, To mpu v > —1
umeeM g(z) € BV[0; 1] (kak npousBemeHre ABYX (YHKLHH OrpaHHueHHOH
Bapvaluuu, cMm. m. 3), a moatomy u f € BV[0; 1]. CoGupast BoemuHo Bce
cayuau, umeem: f(z) € BV[a;b] Torna u Tonbko Korma, Koraa (B HaHHOH
o6J1acTH M3MeHeHus mapametpo) a+ 5 > 0.

§ 8. 3amauu nss caMOCTOSITEJbHOTO pelIeHus

Bapaua 1. Haitru V%(e?), V¥ (Inz), Vi (cosz).

Sapaua 2. 1) [IpuBectd mpumMep ABYX (YHKUHE f, g orpaHHYeHHOH
BapuallkH, 1/ KOTOPBIX BhINOMHseTcs cTporoe HepaseHcTso VP(f + g) <
<V (f) +Vi(g)-

2) To xe, npuuéM (QYHKIHH HOJKHBI ObITh HEMPEPHIBHBIMH.

3apgaua 3. Ilyers g(x) € BV[a;b], g(x) # 0 Ha [a;b]. 1) MoxHo au
yTBEpKIaThb, YTO ﬁ € BV[a; b]? 2) Kakum TpeGoBaHHEM HYKHO 3aMEHHTb
yeaosre «g(x) # O Ha [a; b]», 4TOGBI yTBEpKAEHHE CTAN0 BEPHBIM?

3anaua 4. CdopMmyaupoBaTh W J0KazaTb TeopeMy 00 YCJOBHSIX,
JOCTATOYHBIX [JIS % € BVia; b).

3amaua b. bymer nu pynkuns g(f(x)) uMeTb orpaHHYEHHYIO BapH-
auuio Ha [0; 1], ecid f WMeeT OorpaHHYeHHYI0 BapHaLMIO Ha ITOM OTpe3Ke
1 g(t) HempepbiBHA HA BCEH YHCJIOBOK OCH?

3anaua 6. Iokasarb, uto ecau f € BV]a;b] u fi(z) = VI (f) Henpe-
pBIBHA B TOUKe g € [a; ], To TO e MOXKHO cKasaTh 0 GyHKuUH f(x).
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3apgaua 7*. Jlokasarb, uto ecau f € BV[a;b] u f(x) HempepbiBHA B
ToukKe x € [a;b], TO TO ke MOKHO cKazatb 0 QpyHkumH f1(z) = V2(f).

3anmaua 8. BelBecTH M3 mpenblAylied 3agadd, YTO BCsKas (DYHK-
uust f € BV[a;b] N Cla;b] mpencraBuMa B BHae pasHOCTH MOHOTOHHO
HeyObIBAIOIINX HeNpepbIBHBIX (PYHKIHUH.

3amaua 9*. JlokasaTb, YTO MOHOTOHHAs (DYHKIHS, ONpefeJEHHAs Ha
OTpe3Ke, MOXKeT HMeThb TOJBKO PasphIBbl NE€PBOTO pojia U He Gojiee 4eM B
CUETHOM KOJINYeCTBe.

3apaua 10. BoiBecTd oTClOga aHAJOTMYHBIA pe3ysnbTaT Ansi (YHK-
LUM{A OrpaHWYEHHOU BapHaLlUH.

3apaua 11. Ilyers {zx} — cuérHas cucTeMa TOUYeK Ha OTpeske [a; b]
(xx # x; npu k # j). lyets {ax}, {br} — Takue uncna, 4yro

Z(|ak‘ + |bk‘) < +00.
k

PacemoTpum ¢yHKLHIO

s(2) =D X (@) (@) + Y brX[apn) (2), (8.1)
k=1 k

Ha3biBaeMylo (PYHKIIMeH CKauKOB.

1) HoxasaTb, uto psnsl B (8.1) cxomsiTes aGCOMIOTHO.

2) HoxasaTb, uto ¢yHKuus (8.1) MoxeT GbITh TpenCTaBjeHa B BHAE pas-
HOCTH MOHOTOHHBIX (DYHKLH.

3) JokasaTb, YTO OHa HMeeT KOHEUHYI0 BapHUalHIo.

4*) JlokasaTbh, 4TO OHa HEMpepbiBHA BO BCEX TOUKAX, KPOME TOYEK Tj.

5*%) Ilycrs f(x) € BV]a;b], {xr} —MHOXKecTBO TOdYeKk pa3pbiBa (yHK-
unu f(x) (moyemy oHo He Gosiee yeM cuétHo?). [losmoxkum

St a1+ 0) = fla = 0)) + (F(@) = flz = 0)), @ € (ait],
@=1

S£\T) =
! Tr = Q.

Jloka3aTb, 4TO 3TO KOPPEKTHO onpejesnéHHast QYHKIHS ckaukoB (B gact-
HOCTH, TpefyeTcsi yKasaTb, MOYeMy OZHOCTOPOHHME Mpelesbl B TOUKax
pasphbiBa CYIIECTBYIOT).

6*) Hokasatb, uto nas f € BV[a;b] u coorBercTBylolell DYyHKUNH S f(2)
BepHo ¢(z) = f(z) — s¢(z) € BV[a;b] N Cla; b]. (Takum oGpasom, Mbl Ha-
YUYHJIHCh PAaCKAAAbIBATb BCAKYIO (QYHKLHIO OrPAaHHUEHHOH BapHaLUH B CyM-
My HempepblBHOH (DYHKILHH OrpaHUUeHHOH BapHalWH M (DYHKIMH CKauKOB.)



Cemunap-Jlekuus 2

UHTETPAJI PUMAHA—-CTHJITBECA

§ 1. CgoiicTBa

Yreepxpenue 1. Iycmo f,(x) € Clasb], g(z) € BVia;b],
fn(x) = f(z) na [a;b]. Toeda f(x) € Cla;b] u

b b
| terdat@) = [ ri@)data).

O Heticteurensro, f(x) € Cla; b] Kak paBHOMEPHBIH Tpees HelpephiB-
HBIX (DYHKLHH; B CHUJY OLEHKH

b
jF(ac)dg(w) < I FllomanVE(9) (L1)

U CBOHCTB JIMHEHHOCTH HHTerpasa Jle6era—CrTuaTbeca HMeeM

b b b
jfm)dg(x) - jf(aa)dg(w) - j(fnu) ~ f(@)dg(x)| <

< ”fn - f”C[a;b]Vab(g) — 0.

X
Yreepxpenue 2. [ycmo f(z) € Cla;b], gn(x) € BV]a;b],

Vi (gn = 9) = 0.
Toeoa g € BV|a;b] u

b

Tf(x)dgn(x) - jf(x)dg<x>.

a
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O 3amerum: V2(g) < V2(gn) + V(g — gn). Hdanee, nono6Ho mpensimy-
wemy, B cuiy (2.11) U cBOHCTB JIMHEHHOCTH HHTErpaJja BepHO

b b
j F(@)dga(z) — jf(x)dg@c) -

b
- jﬂw)d(gn(x) — (@) < 1l Ve (g — 9) — 0.

X
Yreepxpenue 3. Ecau g(x) = C na [a;b], mo unmeepar

Pumarna—Cmusmoeca .

Jf(rc)dg(x) (1.2)

a

cyuecmsyem abcoaromuo 0as aoboii gynkyuu f(x).

DTOT TPUBHANBHBIH Ciydai, ecTecTBEeHHO, He nHTepeceH. [lpu g(x) £ C
CHUTYyallUsl CTaHOBUTCS GoJlee MoXoxkKel Ha nHTerpas Pumana. [TokaxkeM, Ha-
npumMep, 4to A5 g(z), OTAHUYHOH OoT KOoHCTaHThl, U f(x) = D(x) (pyHKuHs
Jupuxae) unrerpan (1.2) npu a # b He cylIecTByer.

O HMpest noxasaTesbCTBa 3aKJI0YAETCS B CJIEAYIOLIEM.

1. Inast mo6oro cKosb yrogHo Majoro ¢ > 0 Mbl IpeIbsIBUM 1Ba TaKUX
pa36ueHusi ¢ OTMEUEHHBIMH TOYKaMH, YTO COOTBETCTBYIOLIHE UHTErPaibHble
CYMMBI OyLyT pa3/iuuaTbCsl He MeHee YeM Ha HEKOTOpoe (PUKCHPOBAHHOE
YUCII0:

3> 0V0 > 03T = (a7, ...,z e", .. ey,
ANT;) <6,i=1;2, |St, — S| > €.
2. Tockombky g(x) # C, 10 cymectsyloT T < T € [a;b] Takxue,

uto ¢(T) # ¢g(T). Honoxum e = |g(T) — g(T)|. Brilbepem mnpu BeskoM

0 > 0 paséuenua T} u Ty ¢ A(T) < § cocToAmMMH H3 ONHHUX M Tex
Ke TOouek (x,(;))gzo, CpeIH KOTOPBIX OYAYT TOUYKH Ty =T U Ty, = T
(ecnu B HEKOTOPOM pa3GMEHMM MX HET, MOXHO J00aBHTb), @ OTMEYeHHbIe
TOYKH (51(;))2:1 BO3bMEM PYKOBOJACTBYACH CJIENYIONIUMH MPABHJIAMH:
e

) & € Q&7 ¢ Qupu [we—y; 2] C [7:7].

3. Torpa 6ynem umMeTh:

m m

1S1 = S, = | > 1 (g(x) —glan—1)) = Y 0-(gzx) — glwr))| =

k=Il+1 k=Il+1
=19(7) — g(7)| =&,
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4yTo U TpeboBasock. X

[IPUMEP 1. Jlerko mnoctpoutb ¢yHKUUM f,g, He SBJSIO-
uMecsi orpaHuueHHeiMM Ha [—1;1], Takue, uro wuHTerpan Pumana—
Cruarbeca (1.2) cywectyer. [Tosoxum, Hampumep,

R S e (]

I I
I I
I I
I I
I I
I I
I I
I I
I I
I I
I I
4 . >

Puc. 2. k npumepy 4: dyuruuu f(z) u g(z).

YrBepxnenue 4. [lycmo cyuecmsyem unmeepasr Pumara—
Cmuamveca (1.2), npuuém ¢yukyus g paspsiena 8 mouke c € [a;b].
Toeda ¢pynkyusn f HenpepolgHa 8 amoil mouxe.

JoxasaTeabCcTBO.

1. Tpexmonoxum mpoTuBHOe: mycTh f(z) paspsiBHa B Touke c. Jloka-
KeM, Nogo0HO CIeJaHHOMY B MpHUMepe 3, UTO B 3TOM CJydae AJsi CKOJBKO
YyTOAHO MaJIoro napamerpa pas30uWeHHs HaULyTCs HHTerpajbHbBlE CYMMB,
OT/IMYAIOLIMEeCs] He MeHee yeM Ha KOHCTaHTY.

2. PaccmoTpum cHauana cayuadi ¢ € (a;b). Kak Gyner sicHo u3 fanbHei-
IIMX PacCyKAeHHUH, paCCMOTpPEHHeE Caydasi TPaHUYHOHN TOUKH OTpe3Ka Haxke
TpOLLeE.

3. Urak, no Hamemy Tpearosio:KeHHI0 HEBEPHO MO KpaHHed Mepe OLHO
U3 PaBEHCTB B KaxKIOH CTpPOKe:

gle=0)=g(c), g(c+0)=g(c),
fle=0)=f(c), flc+0)=f(c)

(HeBBIMOJIHEHHE J1IOGOT0 M3 PABEHCTB MOAPA3yMeBaeT HJH OTCYTCTBHE Mpe-
NeJbHOTO 3HAUeHHsI, WJHW €ero OTJHYME OT 3HAueHHs COOTBETCTBYIOIIEH
(GyHKIHK B Touke). MOryT mpeacTaBUTbCs 1Ba CJaydast:
1) cpenu HeBepHBIX paBeHCTB B (1.3) HaBfiayTcst 1Ba B OMHOM CTOJIOIE;
2) TakoBbIX He HaHméTcs, T. €. HEBEPHBIX PaBEHCTB BCEro [Ba W OHH
pacroJIoKeHbl «I10 AUATOHAJH».

4. PaccmoTpuM nepBeiil caydai. [1ycTb /s onpenesiéHHOCTH He BBIMOJ-
HSIIOTCSI PAaBEHCTBA MPaBOro CTOJOLA. DTO 03HAYAET:

(1.3)

ey > 0V6 >0 3x(0)) € (c;e+ 1) |g(x(d1)) —g(e)| > e, (1.4)
Jeg > 0 V6 > 0 3x(82) € (c;c+62) |f(2(8)) — fle)| = ea.  (1.5)
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5. Ilyctb naHo Hekotopoe p > 0. Boibepem cHayasia TOUKy T Tak, YTOObI
UMeJIH MeCTO HepaBeHCTBA

c<T<c+p |9(T)—g(c)] = er (1.6)

310 BO3MOXKHO B cuay (1.4): MoxHO nosoxuth T = z(d; = p). Tenepsb mo-
cTpouM Takoe paszbuenue T otpeska [a; b] ¢ mapamerpom pasduerusi A(T') <
< p, B KOTOPOE BOMAYT TOYKH C M T, IPUYEM OHH OYAYyT COCENHHMH (3TO
BO3MOXHO, MOCKOJIbKY T — ¢ < p).

6. IlycTb B MOJyYeHHOM Da3OHEHHHM TOYKHM ¢, T MUMEIOT HOMepa COOT-
BerctBeHHo [ — 1, [. [lanee, BbiGepeM Ha oTpeskax [v;_i;a;] Touku &,
i=1,....,0 — 1,14+ 1,...n. Beibepem Tenepb, mosab3ysicb (1.5), 5(2) U3
yCJIOBUH

De<¢® <z 2) [f(EP) = fo) > e (1.7)

(mast aTOro Hago monokuth B (1.5) o =T — ¢ u BasTh ) = x(d2)).

7. Tyere temepb uuTerpaisheie cymmbl S u S onpenensores
ONHHUM ¥ TeM e pasbueHveM T W CJENYIOIHM BBIGOPOM TOYEK: fi(l) =
= 552) =&,1#1,n fl(l) =cE€ [T = [xi—1; 1], 51(2) = £ Torna mosyunm

[0 = @] = (&) = FE N () — glaim))] > e1es,

e mocjeHee HepaBeHCTBO UMeeT MecTo B cuay (1.6), (3.4). ITockosbky
BO3MOXKHOCTb TAKOTO MOCTPOEHHsI TOKa3aHa [Jisi BCskoro p > 0 u mpu 3Tom
KOHCTAaHTBl €], €9 OT p He 3aBUCAT, MJisi MEPBOTO CJydasi pacCyKieHHe
3aBepILeHo.

8. Bo BTOpOM Csiydae CHUTyaLHsi OCJIOKHSIETCS] T€M, UTO OXHOCTOPOHHSIS
HEMpepBIBHOCTL HEe MO3BOJISIET HaM ONHOBPEMEHHO OLEHUThb CHU3Y |g(z) —
—g(e)| u |f(z) — f(c)| Hu B onHO# U3 mosyoKpecTHOCTEH TOUKH ¢. OnHaKo
9TO Mellawliee 06CTOATENbCTBO MOXKHO OOPATUTD B M0JIb3Y, €CJIH U3 OfHOH
TMOJIYOKPECTHOCTH «HEMHOTO LIarHYTb» B APYTYI0: Mbl IPHOGPETEM pasphiB
OLHOH H3 (PYHKUHH, HE CUJbHO YXYIIUIUB yXKe HalJeHHYIO OLEHKY CHH3Yy
nasi npyroé. [IpoBeném Teneppb 3T0 paccyxaeHue 6osee OAPOGHO.

9. lycTs, pas onpenes€éHHOCTH,

g(c=0)=g(c), g(c+0)#g(c),
fle=0)# f(c), flc+0)=f(c).

(Hanomunaem, 4To B JAaHHOM cjydyae 3HaK # MOXKET 0003HAyaTh He TOJb-
KO HEpaBEeHCTBO, HO W OTCYTCTBHME Mpefesa.) 3Hech CYIIECTBEHHO, UTO
paBerctBo f(c + 0) = f(c¢) Bieuér HepaBenctBo f(c—0) # f(c¢) (una-
ue ¢QyHKuusi f(x) Oblia Obl HENMpepHIBHOM B TOUYKe ¢), a MOC/HeNHee —
paBerctBo g(c — 0) = g(c) (uHaue Gbl cuTyauus Oblia Gbl aHaJOrMYHA
pACCMOTPEHHO# BHILLE).

10. Torpa:

ey >0 Vo, >0 3Fz(0) € (ge+d1) |g(z(dr)) —gle)| = e, (1.8)
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Vea >0 36 >0 Vx e (ce+de) |f(z)— flo)] <eq,
Ves >0 393 >0 Ve (c—d3¢) |g(z) —g(c)| < es, (1.9)
ey >0 Vo4 >0 Fx(ds) € (c—da5¢) [f(x(da)) — f(c)| = €4, (1.10)

11. Tlyctb 3amano p > 0. BriGepem Tenepsb:

g

g

13 YCJIOBUE T € (c;c+ g) , 19(@) —g(c)| Z e,
(

13 yCJIOBUE T € (c—g;c), lg(Z) — g c)|<%1, (L.11)

£ us yenosuii 5(2) € (z;¢), |f(§(2)) — fle)] > e,

YTO BO3MOXKHO cooTBeTcTBeHHO B cuay (1.8), (1.9), (1.10).

12. Tenepb nomosuum cuctemy (T;Z) (oTMETHM, 4TO T — T < p) M0
pasbuennss T orpeska [a;b] ¢ A(T) < p Tak, 4ToObl MEXAy T U T He
0Ka3aJ0Ch HOBBIX TOYEK. [IPernoNoum, T U T NOJYYHIH COOTBETCTBEHHO
Homepa [ — 1 u [. Boibepem Temepb &;, i # I, TPOU3BOJBHBIM 00pa3oM
ne) = ¢, € =@ Tyers SO, §@ — coorsercTBymoWMe HHTErpabHEIE
cymmbl. TTockosbky B cuay (1.11)

9@ — 9@ > 2. 17" - £ > 2

Vv

nosyuyaem

[0 = @ = 1(7&”) = FEPNg(@) — glai-))] >

€1€3
2
4TO B CHJIy MPOU3BOJIBHOCTH p > 0 M HE3aBUCHMOCTH OT p KOHCTAHT €], €3
3aBeplliaeT paccyKaeHHe [/ BTOPOro cjaydasi.

13. Jlerko BHAaeTb, UTO NPU COBNAJEHHU TOUKHU € C OJHHUM M3 KOHLOB
OoTpe3Ka Mbl Bcerna OyfeM UMeTb MepBbIH caydaid.

YTBepxIeHUe NOKa3aHO.

Yreepxaenue 5. [lycmv a < c <b, g(x) = X[ep)(v). Toeda un-
meepar Pumana—Cmuamoeca (1.2) cyuecmsyem 8 mom u moabKo mom
cayuae, koeda f(x) Henpepviena 8 mouke ¢, U 8 cAyuae uHmMeepUPYemo-

cmu
b

Jf(rc)dg(x) ~ f(0).
O

1. 3amernm, 4TO HEOOXOOMMOCTh AOKasaHa paHee (m. 5). Jlokakem
JOCTATOYHOCTh. MMeeM

Y fE)g(an) = glar—)) =

k=1
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= f(&)(g(x) —g(mi—1)) = f(&), rme x—1 <c< .

2. Tlpu A(T) — 0 umeem & — ¢, 4TO B CJydae HEMPEPHIBHOCTH
¢yukunu f(z) B Touke c¢ rapamtupyetr f(§) — f(c). dto u nmokasw-
BaeT KaK CYLIECTBOBAaHME PacCMAaTPUBAeMOr0 HHTerpaja, Tak W paBeH-
eto [V f(x)dg(z) = f(c). K

YrBepxnenue 6. [ycmo ¢pynxyus f(x) Henpepvisna 6 mouke ¢ u
unmeepan (1.2) cywecmeyem. Toeda npu c € (a;b) unmeepan

b

[ s diw). e g = {57 TG

a

makxxce cyuecmeyem u pager unmeepary (1.2).

JlokasaTenbCTBO.

1. TlpuHUMN nOKa3aTe bCTBA COCTOHT B TOM, YTOOBI yOEIUTHCS, UTO
Pa3HHUIA MEXIY COOTBETCTBYIOIIMMH HHTETPAJbHBIMH CYMMaMH CTPEMHUTCS
K HYJII0 TIPH CTpPeMJIEHHH K HYJIO napamerpa pasbueHusi. Mnes »xe ocHo-
BaHa Ha HaOJIIOJEHHH, YTO YeM MeHee MeHsieTcss GyHKuus f, Tem ciabee
UHTEerpas «3aMedaeT» KOHKpPeTHble 3HaueHHs (PyHKUUH g. Tak,

b
npu f(z) = C = const wumeem Jf(w) dg(z) = C(g(b) — g(a)). (1.13)

[TpucTynuM cOGCTBEHHO K J0Ka3aTeNbCTRY.

2. PaccmoTpum HekoTopoe pasbuenue T orpeska [a;b]. Ecam ¢ ¢ T, 0
MHTErpaJbHasi CyMMa BOBCE He MOMeHsiach. B mpoTuBHOM ciydae (z; = c)
“MeeM

Y FE(g(an) = glan—1)) = Y F(E)(G(zx) = Glar—1)) =
k=1 k=1

= > f(&) ((g(an) = gan) = (g(@r—1) = §lzx—))) =
k=1
= (9(x1) = g(x))(f (&) = f(&41)). (1.14)

3. B cuany onpeneneHust HermpepsIBHOCTH (DYHKLUUH f B TOUKe ¢

vy >030(y) >0V € (c=d(7);e+0(7)) |F(E) = flo)l <. (L.13)

4. Ilyctb naHo npousBoJibHOe € > 0. Bribepem
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[TycTs pasbuenue T ynosiaersopsier ycaosuio A(T') < p. Torna

& —cl <p [&u1—c <p,

B cuay uero u3 (1.15) MOMEHTa/NbHO MOJYYHM, YTO

€
160 = H&s)| < o=z
otkyna B cuay (1.11) ciemyer, 4To WHTErpasbHBIE CYMMBI IJIsi TTapaMeTpa
pa36ueHusi MeHbllle BHIOPAHHOTO p) Pa3/IMYAOTCS MEHbIIE YeM Ha €.

5. Tem cambiM, HHTerpasbHble cymMMbl HHTerpajia (1.12) Toxe umeroT
npenes ¥ OH paBeH uHTerpaay (1.2).

YTBepxXIoeHHe NOKAa3aHO.

3ameyanue 1. YcioBHe HeCOBNAaeHHsI TOUKH € C KOHIIAMH OTpe3Ka
CYIIECTBEHHO, 4TO O4eBUAHO yxke u3 (1.13).

Cnencreue 1. Ecau ¢yukyus [ nenpepwoisna 6 mouke c € (a;b),
a Qynkyus g paswa Hyao 6cody Ha [a;b], kpome mouku c € (a;b),
mo IZ fdg=0.

CnencrtBue 2. To sce 8epHo 0asi 1106020 KOHEUHO20 HUCAA MOYEK,
ecau f wenpepoisHa 8 Kool u3 Hux (UAu, CKaxcem, Ha 8Cém ompesKe).

CnepcrBue 3. Ecau f € Cla;b], g € BV[a;b] u g omauuna om
HYASL AU 8 CHEMHOM HUCAe moueK, npuradsexcauux unmepsary (a;b),

mo IZ fdg=0. 3mo caedyem uz meopemor Xearu u npedvldyuieeo cred-
cmsus (NOCKOAbKY <«NPUOAUNCEHUS> K QUHKUUL (, UMEIOUUE KOHEUHOe
YUCAO pPA3PLIBOS, UMEIOM BAPUAUUL, O0ZPAHUYEHHble 8 COBOKYNHOCMU
aucarom V2(g) — cm. sadauy 6).

Canencrteue 4. Ecau f € Cla;b], g1, 92 € BV[a;b] u amu ¢pynkyuu
PABAUUHBL AULLL 8 CUEMHOM HUCAE MOUEK, NPUHAOACHAUUX UHMEP8a-
4y (a;b), mo [ fdgi = [° f dgs.

Ho 370 o3Hauaet, uto HauBHas nonbTka onucats (Cla; b))* kak BV|a; b]
(ucmosib3ysi Teopemy Pucca) HaTasKuBaeTcsi Ha TPYHHOCTH: (YHKUHS ¢
OKa3blBaeTCsl He eIMHCTBEHHOH (maxe ecau motpe6osath g(a) = 0), u
pas/MUHbIE «TIPEJCTABUTENN» COBCEM HE DABHONPABHBI B TOM CMbICJIE, UTO
OHHM MOTYT MMETb PA3JMUHYIO TMOJHYI0 BAPHALMIO.

[TPUMEP 2. Beuncautb

Jsinxdg(x),
0
rae
x, zel0,3),
g(x) =42, e {fn},
-5, we (5.
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1. 3ameTnM, 4TO B CHJIy M. 7 MOXKHO Mepeornpenenutb GyHKUUwO g(z) B
Touke T = 7§ e& jeBbIM mpefesom 5. Jlanee, B Touke & = 7 €€ TOXKe MOXKHO
nepeonpeie kT JeBBIM NPefeoM 5, MOCKO/IbKY f(x) HenpepeiBHa (c/leBa)
B Touke ™ ¥ f(m) =0 (cM. 3ajauy 3; OTMETHM, YTO Pe3yJbTar 1. 7 3/1eCh
HenpuMeHHUM!).

2. OG03HaulM TMOJyYEHHYIO TOCJe ABYX MepeonpeesneHuil QpyHKIHIO

uepes g(z). Mmeem Temepnb

]Isinxdg(x) = |sinzdg(z) = ]rsinxd (x - gx(%m] (gc)) =
0 0

3 O

A
—
)
S—
~
Il

o

= |sinzd(z) — g J'sinxd (X(g;
T

s

2 2

o

™
. m . .
= |sinxdxr — < s1nw-l—51n—~0—JX(
)

=2+ X( ,ﬂ](x)cosxd:v:2+gsinx|%:2—

ol

pol 3
oo

TIe NpU INepexole K TPeTbed CTPOKe Mbl BOCMOJIb30BAJHUCh CBeJeHHEM K
vHTerpany Pumana 1iist HerpepsiBHO Iuddeperiupyemoit dyHKIuH g(z) =
=z (CM. JIeKLHI0) W HHTErPUPOBAHHEM [0 YacTsiM, a [PH Mepexofe K
4eTBEPTOH — TOH Ke TeopeMoit 1Jist g(x) = sinx, a 3aTeM BOCIO/Ib30BAIKCh
BO3MOXKHOCTbIO M3MEHUTb B OJHOH TOYKEe MOAbIHTErpasbHy (YHKIHIO B
uHTerpase Pumana. X

[MNPUMEP 3. Haiitu (kakywo-mu6o) dyukimo g € BV[—1;1], nas
KoTOpo# npu Joboi f(xz) € C[—1; 1] BepHO paBeHCTBO

[ f(x)dg(z) = (0). (1.16)
1

O B cuay pesysibrata npumepa 6 MOXKHO B3siTh, Hampumep, g(x) =
= X[0.1](2). Otmernm, uto npu stom V2, (g) = 1, Ho dyHkumio g(x) MOKHO
nepeonpeneuTh B JI060H Touke HHTepBasa (a;b) — mpu 3TOM paBeH-
ctBo (1.10) He HapymmTes (cM. ipuMep 7), a eé Bapuauus uaMeHurcs. X

§ 2. 3agauu as CaMOCTOSITEJbHOTO pelIeHus

Sanauya 1. Beuucauts nnrerpasnsl Pumana—Cruatbeca:
D) [T (z+2)d(e” sgn(sinz));
2) [o(x —1)d(cos zsgnz).

2 M. O. Kopmiycos, A. A. [Nauun
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Sampaua 2. [logpo6Ho o06ocHOBaThH cylilecTBoBaHHe HHTerpasa (1.2)
B npumepe 4.

3apaua 3. ChopmynupoBaTb U OKa3aTb yTBepKIeHHe 00 H3MeHe-
HHM 3Ha4YeHHss QyHKUWH ¢(z) B TPaHHYHOH TOYKE OTPe3Ka, KOTOPBIM MbI
BOCIIO/Ib30BAJIUCh MIPU PelLIeHUH TpuMepa 8.

3apaua 4. CdopmynupoBaTb U [0Ka3aTb yTBepxKIeHHe 00 H3MeHe-
HHM 3HaueHHss (QYHKUMH f(x) B TOUKE HEMPephBHOCTH QyHKIMH ¢(z).
Hy>Ho su pu aToM Tpe6oBaTh, UTOOb! ¢ He Obljla FPAHUYHOH TOUKOH?

3apaua 5*. [lokasaTb, UTO yCJIOBHE PaBHOMEPHOH OrpaHMYEHHOCTH
BapuaLUil B TeopeMe XeJJIH CYLIeCTBEHHO.

Sanaua 6%*. [lokasarb, uTo ecid ¢(x) OTJHMUYHA OT HyJsI JIHIIb B
cuétHoM uucse Touek {ys}°, C (a;b), a

0, T € P
gn(x) = { {ys} =t
g(z) mnpu ocranbHBIX

10 V2(gn) < Vi (9)-

3amaua 7%**. CdopMmynupoBaTb W J[0Ka3aTb MAJs HHTerpasa
Pumana—Cruntbeca yTBep:KAeHHe, 06o0lIalollee HEOOXOOMMOE YCJOBHE
UHTETPUPYyeMOCTH 10 PumaHy (orpaHMYeHHOCTb  IOABIHTErPaJbHOH
GYHKUHH QYHKIIMH).



Jlekuug 2
ITPOCTPAHCTBA AC M TEJIBJAEPA.

§ 1. OnpeneneHue mpocTpaHCTBa aOCONIOTHO
HeNpepPbIBHbIX (PYyHKIUM

Onpenenenue 1.Bydem eosopums, umo gpynxyus f(x) € ACla, b],
ecau 0as awobozo € > 0 natidemcs makoe § = 0() > 0, umo Oasn ato-
boii cucmemol Henepecekaroujuxcs unmepsanos {(ax, bk)}z;xf u3 ompesxa

[a, b] makux, umo
+oo

E (bk — ak) <0
k=1
solmeKaen HepasgeHcmso

“+o00

> 1f () = flaw)| <e.

k=1

3ameruM, uto MHOxecTBO AC[a, b] siBasieTcs IMHEHHBIM.

O Je#icTBUTEBHO, BO3bMEM TMpOU3BOJbHble (GyHKUHK [1(T), fo(z) €
€ ACla, b] u npousBoJIbHBIE MOCTOSIHHBIE (1, g € R!. Torma mas dhyHKUMHK
f(x) = a1 fi(z) + ag fo(x) uMeeT MecTo HepaBEHCTBO

|f(br) = flar)| < ar [ fi(br) — filan)| + oz | fa(br) — folar)],

OTKya cpasy ke MoJyyaeM HepPaBEeHCTBO

400 Foo =
D1 Or) = flan)l < ar Y 1fi(or) = filar)l + a2y [ fabr) = falar)]-
k=1 k=1 k=1

M3 sroro HepaBeHcTBa U BhITeKaeT JHHelHOCTb MHOx)ecTBa AC[a, b]. X
MoxHO JaTb 3KBHUBAJEHTHOE OIpele/ieHHe MHOXeCTBa abCOJIIOTHO
HeMpephIBHHIX Ha OTpe3ke [a, b] QyHKUHH.
Onpenenenne 2. Bydem ecosopumov, umo ynkyus f(z) €
ACla, b i0 LY(a,b
€ a,b), ecau navdemcs Qynkyus g(x) € a, u makas
nocmosunas ¢ € R, umo umeem mecmo npedcmasaenue

x

f(w)=6+Jg(y)dy~ (1.1)

a
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Bomnpoc. IlepBeiil BOmpoc, KOTOPBIA BO3HMKAeT: Kak CBSI3aHbI MPO-
crpanctBa AC[a,b] n BV]a,b]? OrBeT Ha 3TOT BOmpoC AaeT CjeAyoLlast
TeopeMa.

Teopewma 1. Hueem mecmo sromenue ACla,b] C BV|a,b|.

JlokasaTenbCTBO.

[ycts T — 310 mpousBoJibHOE pas3GueHue otpeska [a,b]. Torna B cuiy
omnpeze/ieHus1 2 aGCOJIIOTHO HEMPePbIBHBIX Ha OTPe3ke [a, b GyHKUHH nMeeT
MeCTO CJIelyIOlasi LeloYKa HePaBeHCTB!

S ) - flal = [ o(y) dy| <
k=1 =

k=1 Th_|

n Tk

b
< J l9(y)l dy < J l9(y)| dy < +oc.
k=1 Th_| a

Teopema nokasaHa.

CrpaseniiBa (hopMyJia HHTETPUPOBAHHMS 110 YACTSIM.
Teopewma 2. [as aoboix pyukuyuii fi(z), fo(x) € ACla, b] cnpasedausa
opmyra uHmeepUPOBAHUS NO 4ACMAM

b b
jfl () fa) dz = f1 () fo(b) — fi(a) fola) - ij (@) fa(x)dz. (1)

Jloka3aTeabCTBO.

1. B TpeTbeil cemuHape-sekiMd GyneT n0KasaHo, uto ¢yHkuus f(z) €
€ AC[a,b] mouTH BCIOLy HMeeT K/IAaCCHYeCKYI MPOM3BOLHYI f (z) €
€ L'(a,b).

2. JlokaxkeM, uyTO MPOM3BEIEHHE ABYX aOGCONIOTHO HEMPEpbIBHBIX Ha
oTpeske [a,b] QyHKuM# sBAseTCH aGCOJIOTHO HEMPEPHIBHOM Ha OTpeske
[a, b] pyHKuUHMEH.

O Bo-nepBbix, B cuiay Teopembl 1 nmeem, uro aas fi(x), fo(x) €
€ ACla, b] C BV]a, b]. Hokaxewm, uro BV[a,b] C Bla, b] 1) . I3 HepaBeHcTBa

[f (@) < [f(z) = fla)] + | f(a)]
BLITEKAeT HEePABEHCTBO

zt[lpb] 1f(2)] S V2(f) + | f(a)] < +oo.

') Cumposiom Bla, b] Mbl 0603HaUMMH MHHEHHOE TPOCTPAHCTBO OTPAHHYEHHBIX HA
orpeske [a, b] GpyHKUHME.
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[Toatomy

c1:= sup |fi(z)| <+4oo, cpi= sup |fo(w)] < +oo.
z€[ab] z€[a,b]

Torna coryiacHo OINpeleseHHI0 aGCOMOTHO HEMPEpPbIBHBIX (BYHKLUHH AJst
Jao6oro € > 0 Haitnercs takoe § = 0(g) > 0, 4To U3 yC/I0BHUS

+oo
Z(bk - ak) )
k=1
BBITEKAIOT HEPABEHCTBA
+00 c
(br) —.
; | f1(bk) — fi(ax)| Z | fo(br) — fa(ar)| < 51

Tenepb 3aMeTHM, YTO UMeeT MeCTO LeNnoYKa HEePaBeHCTB

+o0 too
D 1A (0k) fobr) = filan) folan)] < Li(be) = filar)] | fa(be)] +
k=1 k=1

+Z\f2 (br) — folar)| | fi(ar)] CQZIfl (br) — filax)| +

+CIZ|f2 br) — folar)| <

l\’)lm

g ’
llaez 3. Crano 6bith, umeem (fi(z)f2(z)) € L'(a,b) u B cuay onpe-

mesieHusi 2, B KOTOPOM HYyXKHO mosoxkuth g(x) = (f (m)fg(x))l, TOJIY4UM
PaBEHCTBO

b
1) f2(b) — fi(a) fola) = j (f1(@) fol2)) da

I[JIH OKOHYaHHA NoKa3aTeJIbCTBa AOCTATOYHO 3aMETUTb, YTO IOYTH BCIOAY
HMeeT MeCTO PaBeHCTBO

(h@)fa() = fi@) (@) + fi(2) o).

TeopeMa JOKa3aHa.
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§ 2. OdyHKUUA «HIAMOYKa»

BBenem (pyHKIHIO «IIAMOYKa»:

_1 .
wlt) = oxp{gpsr} el <1 (2.1)
0, npu || > L.

npuyeM noctosiHHas ¢ > 0 BbIOMpaeTCs U3 YCJIOBHS HOPMHPOBKH «IIAnou-

K¥»:
J dtw(t) = 1.
Rl
Vs onpenesenns «wanouku» Boitekaet, uto w(t) € C°(R!) u supp {w} =
=[-1,1].
Teneps pacemotpum dyukuuo u(r) € L'(R') u BBemem cpesky 3tof
GYyHKUIHH U () :

wle) =1 [ ( ‘y) u(y) dy. 2.2)

9

Dynrunst ue () o6aafaer CAeAYOLMMHA CBOHCTBAMH:
(i) ue(z) € COO(RI);
(i) [uellpr < fullp;
(iii) [Ju — ue|li — O npu e — +0.
CrpaBenJiBa cjenyollas BaxHas JeMMa.
Jemma 1. MMycmo u(z) € L'(R'), moeda cnpasedauso caedyrowee soi-

padcerue:
b

b
sup Ju(z)h(m) dr = J lu(zx)| de. (2.3)
h(x)€C5e (ab), [hI<1 ) J

Jloka3aTenbCTBO.
llae 1. Onpenennm HOBYIO (DYHKIHIO

w(z) {u(x)/u(x)|, ecan  u(zx) 725 8,

0, ecin  u(x)
Tenepb 1o 3To# PyHKUUH TOCTPOUM (PYHKIHIO

U<x)d£f w(z), ecmn x € [a+0,b—0];
0, ecid z € (a,a+ ) U (b—4,b).

HLlae 2. TlousTHO, 4TO MOCTpOeHHas GyHKUHUS v(x) U3MepHMa HA OTpe3-
ke [a,b] u ynoBierBopsieT HepaBeHCTBY |v(xz)| < 1, a 3HAUUT, NPUHALNEKHUT
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npoctpancty L>(a,b) C L'(a,b). ) Tosromy ans dynkuun v(z), KoTo-
pYI0 MOXKHO NPOJOJIKUTB HyJIEM BHe OTpe3Ka [a,b], ompeseseHa cpeska

1
hin () = ve(z) € C3°(a,b), €= —< 0 nast Bcex n > NgeN.

O JlelcTBUTENBHO, MPHUHALNEKHOCTb MOCTPOEHHOH Cpe3KH IMpOCTpaH-
ctBy C3°(a,b) cnenyer us popmyasl (2.2):

b—o

)= [ o (x;y> o(y) dy,

a+d

TPUYEM 3TO BbIPa’KEHHE PABHO HYMIO MpU £ 2 b—d+cux < a+d —¢,
3HAUUT 9TO (PUHUTHAs (PYHKLMS BMECTE CO BCEMH CBOMMH IPOHU3BOIAHBIMU
Ha uHTtepBase (a,b), MOCKOJBKY MO YCJI0BHIO £ < 0. X

Hlae 3. Tlo mocTpoeHHIo mocsenoBaTeibHOCTb {hy ()} oGnanaer cie-
AYIOLIMMH CBOACTBaMH:

|hn(z)| < 1,  hy(z) € CF(a,b).
TakuMm 06pa3oM, MOCTPOEHHAs! MOCAEN0BATENBHOCTb SIBJISETCS AOMYCTHMOH,
T. €. IPUHAIJIEXKHUT KJIACCy, 10 KOTOPOMY OepeTcsi SUpremum B BbIPaXKEHHH

(2.3). M3 Buga sieBOi YacTH 3TOrO BbIPAXKEHHS CJEIYeT, YTO OHa He
MPEeBbILIAET BhIpaXKEHHE

b
J lu(z)| dz. (2.4)

llae 4. JokaxeM, 4TO Ha DOMYCTHMOM MHOXECTBE JOCTHUTAETCS BEJIH-
unHa (2.4). Hsst mocTpoeHHOH mocsenoBaTesnbHOCTH {hy(2)} no cBofcTBY
(iii) cpe3ku HMeeT MeCTO CJefyiollee MpeaeabHOe PaBEHCTBO:

ho(z) — v(z) cumbro B L'(a,b) npu n — 4oo0.

CreioBaTeIbHO, HaHIeTCs Takas MOAINOCAENOBATENbHOCT {hy, (2)} C
C {hn(x)}, uto

hn, () — v(x) nouru Bciogy B x € (a,b) mpu nj — +oo,
a 3HAYHT,

b, (2)u(z) — |u(z)] wmB.B z€[a+0,b—0] mpu np — +oo,

') VkaszanHoe BJIOXKeHHE BEIMOMHEHO MOCKOJBKY [a, b — 3TO OrpaHuueHHOE MHO-
2KecTBo.
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hn,(x)u(z) =0 nB.B z€(a,a+d)U(b—4,b) mpu mnp — +oo.

HOSTOMY HMeeT MeCTO PaBEHCTBO

b b—d

sup Ju(x)h(:p) de = J lu(x)| d.
h(@)€{hn ()} J o6
B cusy npousBosibHOCTH § > O TIPUXOAHUM K YTBEPXKAEHHUIO JIEMMBI.
JleMMa nokasaHa.
Teneps BBeseM Ha JuHelHoM mpoctpaHcTBe AC|a, b] HOpMY:

du

. (2.5)

nmwz|wp+]
Ll

CrpaBe[/iMBO CJefyiolllee OCHOBHOE YTBEPXKIEHHUE ITOr0 maparpada.
Teopema 3. Jluneiinoe npocmparncmso ACla,b] sneisemes b6anaxosoim
omuocumenrvto Hopmol (2.5).

§ 3. OcHoBHas leMMa BapMalMOHHOTO MCUMCJIECHUS

OcHoBHAas JeMMa BapHALUOHHOTO HcuucaeHus. [lycmo
f(x) € L' (a,b) u drs kaxdoii pynxyuu h(z) € C§°(a,b) umeem mecmo
pasercmao:

moeda f(x) =0 das noumu scex x € (a,b).
Jloka3aTeabCTBO.
B cusy ycsoBuit leMMbl HMeeM

b

sup Jf(x)h(x) dz = 0.
h(z)€C® (a,b) [h(z)|<1

a

Torpa B cuny pesysbrara JeMMbl 1 uMeem

b
[1r@1as =0,

OTKyJla cpasy xke nosydyaeMm TpeGyeMbli pe3y/bTart.
JlemMmMa gokaszaHa.
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§ 4. Knacc ¢pyakuui I'eabaepa

PaccMorpum crepyromuit kaace GyHKUui npu a > 0:
If(x) — fy)| < calz—y|* nnsBeex z,y € [a,b]. (4.1)

[Ipennonoxum cHauasa, 4yto « > 1, Torna

£ @)= 11mM'< 1 | £ )—f(y)’<
y—e r—y y—x T —y
Sa Z}IENZE —y[*"'=0 nnascex € [a,b].

CnenoBatesibHO, NpH « > | Kjace (QyHKUMH COCTOMT M3 TMPOU3BOJIBHBIX
IMMOCTOSIHHBIX.
[losTomMy HMeeT CMBICT paccMaTpHUBaTh TOJNbKO (PYHKIHUH, YKa3aHHOTO
KJaacca, mpu « € (0, 1].
§ 5. Onpenenenue npoctpancta leapnepa CF19

Iycts Q — o6macts mpoctpancta RY,
a=(ar,ag,...,ay) € ZY
— MYyJbTHHHJEKC AJHHBL N C Le/JBIMH HEeOTPHIATeNbHLIMH KOOPIHHATAMH,
ol = a1 +ag+ ... + an
— JIMHA MyNbTHHHIEKCA,
o = oo oy

— KOMIIO3UIHA YaCTHBIX MMPOU3BOAHBIX MO COOTBETCTBYIOIIHUM I€PEMEHHBIM
U COOTBETCTBYIOLIWE MYJIbTHUHIOCKCY

a=(ag,q,..,an), x=(x1,..2y) €N, 0€(0,1]

Onpenenenue 3. [locpedcmsom CF(QY) oboswauum npocmpan-
cmeo QyHKyuLl, umerouwux ce wacmrole npoussodrsie 0% f(x) do nopao-
ka |a| < k, komopoie Henpepoigtol 8 §).

CrpaBenJinBa cjefyoliasi Teopema. B
Teopema 4. Jluneiinoe npocmpancmeo CF(Q) ssasemcs 6anaxosvim
OMHOCUMENbHO CAeOYIoWjell HOpMbL

=Y sup|0° ()] (5.1)

lal<k T€
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Onpenenenue 4. Bydem cosopumos, umo ¢ynxkuyus f(x) ydosre-
meopsem ycrosuro Teavdepa ¢ nokazamesem § € (0,1], ecau roweuna
caredyrouas NOAYHOPMA:

def xr) —
[f]5 1€] ‘f( ) f(y)‘ . (52)

= sup 5
x,Y€Q, z£y [z —y|

Janum onpenenenue npoctpanctsa CF9(Q).

Onpenenenue 5. Onpedeium npocmpancmso CFO(Q) xax noo-
npocmparcmeo npocmparncmea gyrkyuli f(x) € CH(Q) makux, umo
0% f(x) ydosaremsopsiem ycaosuio leavdepa (5.2) 0as 6cex Mynsbmuum-
dekcos o daunel k : |a| = k.

Tenepb BBefieM HOpMY Ha JiMHeiiHOM mpocTpanctse C*9(€)) (mposepbTe
JIMHEAHOCTb 3TOr0 mpocTpaHcTal):

Ifllks S sup oo f @)+ 3 0915 - (5.3)
<k %€ la|=k

Teopewma 5. Jluneiinoe npocmparncmeo CF°(Q) sasasemcs 6anaxosoim
omrocumeavHo Hopmot (5.3).

Jloka3aTeabCTBO.

Uae 1. Wrak, nyets {f,} C C*°(Q) ¢dynnamentanbhas mnocsenosa-
TeJbHOCTb OTHOCHTebHO HopMbl (5.3). ITockonbky mpoctpanctso CF(Q)
6aHaxoBo OTHOCHTeJbHO HOpMBI (5.1), To mocsienoBaresbHocTs {f,} QyH-
JlaMeHTa/lbHa TaK»XKe OTHOCHTENbHO HOpMHL (5.1) W, 3HauuT, HMeeM

0%fn(x) = 0°f(x) paBHOMepHO MO = € mpu n — +00

IJIs BCeX MYJbTHHHAEKCOB v IyHHB |a| < k.

Hlae 2. Nns mo6oro € > 0 B cuay (QyHAaMEHTaJbHOCTH MOCJEN0BA-
TesbHOCTH {f,} Ha#imercs takoe ng € N, 4To TmpH BCex n,m = Ny UMeET
MECTO HEPaBEeHCTBO

[0%fn — 0% fm]s <& mast Bcex MyJbTHHHAEKCOB |af = k. (5.4)
Orciona BHITEKAaeT HEPaBEHCTBO
0% fu(z) — 0% fin(2)] — [0 fu(y) — 0% fin (y)]] <
< |z =y [0% fro — 0% fimls < elw —y|°.

[lepefinem B moJsyyuBILEMCsI HepaBeHCTBE K 110 TOUEYHOMY Ipeesy MpH
m — 400 U NOJYYHM HepaBeHCTBO

[0 (@) — 0% f(2)] = (0% fuly) — O f(y)]| < el —yl°.
Orcrona cpasy ke MOJy4UM

[0%fn —0%fls <e.
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OTC}OILa, BO-TIEPBbIX, B CHUJY HEpaBEHCTBA TPEYroJbHHKaA MOJy4YaeM Hepa-

BEHCTBO
(0% fls < [0 fr — 0% fl5 + [0 fuls)

KOTOpOe 03HauaeT, 4to f(x) € (C’“;(ﬁ), a BO-BTOPbIX, MOJIy4aeM, 4To
fu(x) — f(z) cumpro B CFI(Q).

Teopema nokaszaHa.

§ 6. UHTeprionsiliiOHHOE HEPABEHCTBO

Jlemma 2. Cnpasedauso caedyrouiee HepaseHcmeo:

[f1s < [f15; " 1115, 6.1)
ede
52(1—V)(51—|-V52, I/E[O,l], 0<d <0< <1

Jloka3aTenbCTBO.
CrnpaBefi/IMBO CJIENYIOIEe COOTHOILIEHUE:

f(@) = FW)l _ |f@) = F@) ™" |f (@) = f)l” <UL,

|z —y|° |z —y|(I=)0 |z — y[v

rue
52(1—V)(51—|-V52, 0<d <6<h <1, I/E[O,l].
BasiB supremum no z,y € {2 oT 06eux uyacTell yKa3aHHOrO COOTHOILEHHUS
nosiyunm TpeGyeMoe HepaBeHCTBO.
JlemMmMa gokaszaHa.
CrnpaBensiMBa Cjenylollasi TeOpeMa BJIOXKEHHS.
Teopema 6. Hueem mecmo HenpepvigHoe 8a0xeHUe 6AHAX0BbLX NPO-
cmpancms: . o B
CHI Q) N CF2(Q) c CH(Q), (6.2)
ede
52(1—V)51+V52, 0<d <6< <1, I/G[O,l}.
JlokasaTenbCTBO.
YTBepKEeHHE TEOPEeMbl BHITEKAET U3 CJENYIOIIEH [ENOYKU HECJ0KHbBIX
paccyxneHu. Ilyctb

f(z) € CF1(Q) N Cr2(Q),

Torna, Bo-mepsbix, f(x) € CF(Q), a Bo-BTOPBIX, A KaXKAOr0 MyJAbTHHH-
Iekca o IJIHHBL || = k nmeem

[0°f]5, < e1 < +00,  [0°f]5, < c2 < +00,
MO3TOMY B CHUJIy MHTEpPIOJSIIUOHHOTO HepaBeHcTBa (6.1) mosyyaem
[8af]5 < c3 < +o0.

OTciona NMpUXOAUM K yTBEPKIEHHIO TEOPEMBI.
Teopema nokasaHa.
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§ 7. IlapabGonuueckue npoctpaHcTBa l'eqabaepa

[lycts D — ecTb o6macts mpoctpanctsa RV 1. Touku sToro mpoctpan-
cTBa OyneM 3amuchiBaTh Kak z = (x,t), e t € R! u x € RY. Bgegem
napaboJIuecKoe PACCTOSIHUE MEXAY PA3JUYHBIMU TOYKAMH 21 = (X, t1) U
29 = (CEQ, tg) KakK

def
p(z1,29) = |t — to| V2 4 |21 — o).

JlaguM cienyioliiee ornpeneseHue.
Onpenenenue 6. Hazosem napaboiuveckum npocmparcmseom
leavdepa mHoscecmeo scex QyHkyuLl, 0L KOMOPbLX KOHEUHA CAOYOULas

BEAUHUHA: Flons . |f(z1) = f(22)]

(7.1)
21,20€D, 21729 P6(31,22)

npu Hexkomopom 6 € (0, 1]. o
Onpenenenue 7. [locpedcmeom (Cilt(D) Mol 0bo3Hauaem Kaacc
pynkyutl, Komoposre 00ur pas HenpepbieHo dupgepenyupyemsl no t u 0sa
pasa Henpepoigto Juggeperyupyemol no x 8 samovikanuu D obracmu D.
Beeniem na auneiinom npocrparctse C24 (D) HopMy creyiomum o6pa-
30M

def
I flloy = sup [f(z, )]+ sup |fi(z, )|+
(z,t)€D (z,t)eD

N N
+Z sup |fh(x»t)|+z SHED‘fwiwi(x’tN- (7.2)

i—1 (@t)eD i—1 (@t)

CrpaBenJinBa cjefyoliasi Teopema.

Teopema 7. Jlunetinoe npocmparcmao (Cilt(ﬁ) agasemcs 6aHaxo08viMm
omuocumesvio Hopmol (7.2).

Ha npakThke HeoGXOAMMOCTb BBeleHHUs] MapaboJHUeCKUX MPOCTPAHCTB
[esnbpepa obycioBeHa pacCMOTPEHHUEM JIMHEHHBIX ¥ KBA3HJIHHEHHBIX Mapa-
OOMMYECKHX YPABHEHHH B LUHMJIHHAPHYecKux obsactsx Bupa D = (0,T) x
xQ, QCcRN — HekoTopast obsacTb. B ¢Bsi3u ¢ ueM HeoOXOAUMO paccMmart-
pHBaTh ciefylomui Kaace gpynknuii — C2H0149/2(D). Namum onpenee-
HHe.

Onpenenenne 8. Juneinoe npocmpancmeo C*t9149/2(D) onpe-
Oeasiemcs kak kaacc ¢yukyuil f(x,t), komopole 0dun pas3 Henpepvl.8HO
Jugpepenyupyemor no t, dsa pasa Henpepvisro dugdeperuyupyemol no x,
npuuem coomsemcmayroujue wacmuole npouzsoouvie fi(x,t) u fz,.,(x,t)
npunadaexcam napaboauneckomy kaaccy leavdepa ¢ coomsemcmayro-
wum 6 € (0,1].

Teneps BBefeM Ha JuHeiiHoM mpoctpaHcte C2T0149/2(D) Hopmy cie-
oyooluM obpasom
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def
|flovsi+s/2 = sup [f(x,t)|[+ sup |fi(z,t)[+
(xt)ED (xt)ED

+Z sup | fas xt|+z sup | fose; (2, 1) |4

i=1 (z.t)€ED i=1 (@t
+ [ft]5,5/2+2[fzizi}5,5/2- (7.3)
i=1

CripaBe//IMBa Cjeyiollas TeopeMma:
Teopewma 8. Jluneiinoe npocmpancmeo C>T0149/2(D) agrsemcs 6ana-
xo8biM omuocumesvho Hopmoi (7.3).

Jloka3aTeabCTBO.

llaz 1. Tlyets {f,} € C*t91+9/2(D) dynnamentanbHas mnocsenosa-
TeJLHOCTb OTHOCHTe/1bHO HOpMEI (7.3). Torma oHa ABIACTCS dyHIaMeHTalb-
HOl MOCJ/Ie/I0BaTeIbHOCTbIO GaHAX0Ba IPOCTPAHCTES C2!(D) ornocurebHO

HOpMbi (7.2). 3HAUMT, OHA CXOZMTCS CHIBHO B C ( D). B YaCTHOCTH, UMeeM

fnt(z,t) = fi(z,t) pasHOMepHo no (z,t) € D,
fnziz: (T, 8) = fo,0;(x,t)  paBHOMepHO mo  (z,t) € D.
Ulae 2. TIoCKONBKY fnt ¥ fng,z, TPUHALJIENKAT NapabONHYECKOMY MpPO-
cTpaHcTBy [esbiepa, To B CHJly (DyHAAMEHTaJIbHOCTH MOC/IEI0BATENbHOCTH

{fn} mnst moboro £ > 0 Hafimercs takoe ng € N, uTo mJIst BCex n,m = ny
MMEIOT MECTO CJefyIOLIHe OLEHKH

{f;zt - ffm} <e, (7.4)

5.5/2

[fnmimi - fmxixi](;,g/g <e. (7.5)

Crano GbITb, HMEIOT MECTO CJeNyIOlHe HepaBeHCTBA

£ () = Fualen)] = [Fre(z2) = Frue(e2)] | <

ACTE FE S R RN D

|[f’ﬂ17z7 (Zl) - meIq(Zl)] - [ntzIz (ZQ) - meL(Z?)” <
<

5 5
< P (21,22) [fmcixl - fmmimi](sﬁ/g Ep (ZIYZQ)' (77)
Tenepb mepeiigem K moToueuHbIM MpefesaaM B HepaBeHncTBax (7.6) u (7.7)
npu m — +o00. 3aTeM pas3gesuM 00e YacTH TOJYUYMBLIMXCS TPeAesbHBIX
HepaBeHCTB Ha

p° (21, 22)
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U nepelizieM K supremum oT o6eux yacTeld HepaBeHCTB MO BCeM zi, 2o € D

Uz 7& z9.
Llae 3. B pesysbraTe NOJy4YUM HepaBeHCTBA

’ ’
_ < g,
ot = 11] 50 <
[fnLL - fIiIi](sﬁ/Q SE
M3 KoTopbiX, BO-NEPBBIX, B CUJYy HepaBeHCTBA TPeyroJbHUKA MOJIYYUM
’

[ft/h,a/z S [f;“f B ft/}a,a/z * [f”t}a,a/z’

[fl‘il‘i]ciﬁ/Q < [f”mwh - fl‘il‘i]é,ci/Z + [fnwiwi]§,5/2 ’

OTKYyIa BbITEKAEeT, UTO NpefesbHble GYHKUUS fi(t, ) ¥ fy,q, (t, ) npUHAL-
Jexar K KJjaccy napabo/JndecKux npoctpaHcTB lesbaepa. A BO-BTOPBIX,
MOJTY4HM, UTO

falt,z) — f(t,z) cuapro B CXHOIH/2(D),

TeopeMa JOKas3aHa.

§ 8. HHTepnonsiliiOHHOE HEPABEHCTBO B MapabdomuecKux
NMPOCTPAHCTBAX

Jlemma 3. Cnpasedauso caedyrouiee HepaseHcmeo:

[lss72 < [f55120F15,.5,/2 (8.1)

ede
5:(1—V)51+V52, I/E[O,l], 0<i <0<l

Jloka3aTeabCTBO.
CrnpaBei/IMBEl CJeAYIOLIHe COOTHOLIEHHSI:

|f(21) = f(=)]

P21, 2)

_ ) = Fe) T 1 (2) — f@))

< l—v v
p(l—u51)(zl’22) pmsz(zl,ZQ) B M[f}61y51/2[f]52,52/27

rie
52(1—V)51+V52, 0<d <6< <1, I/G[O,l}.

BssB supremum 1o zj, 29 € D oT 06eux yacTell YKa3aHHOTO COOTHOLIEHUS
nosy4yuM TpebyeMoe HEpPaBEHCTBO.

Teopema nokasaHa.

CnpaBensinBa cjefymouiasi TeopeMa 00 HHTEPIOJSIHH.
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Teopema 9. Hmeem mecmo caedyroujee Henpepvl8HOe 8a0MEHLE:
C2+5"1+6‘/2‘(ﬁ) N C2+52,1+62/2,(E) C C2+5’1+5/2(E), (8.2)

ede
52(1—V)(51—|-V52, 1/6[0,1], 0<d; <0< <1



Cemunap-Jlekuus 3

ABCOJIIOTHO HEIIPEPBIBHBIE ®YHKINH

§ 1. OnpegeneHus 1 CBOMCTBA

HanomuuM onpepesienne, 1aHHOE HA JIEKLHH.

Onpenenenne 1. @yukyus f(x) Hazeisaemes abcorromuo Henpe-
puieHoti Ha ompeske [a;b], ecau Oas arwboco £ > 0 Hailidemcs makoe
0(g) > 0, umo 0aa 4060l cuémHoLi cucmemol Henepecekarouyuxcs unmep-
8an08 {(ak, by)} e, us ompeska |a;b] maxux, umo

o0

Z(bk — ak) < 4,

k=1
umeem mecmo HepaseHcmeo

oo

D 1f k) = flaw) <. (1.1)

k=1

B TexHHYecKHX LesgX yooOHee HUCIONb30BAaTh HECKOJIBKO IPYroe OIlpe-
JeseHre abCOMIOTHON HeNpephlBHOCTH, @ HMEHHO

Onpenenenue 1. @ynkuyus f(x) wHassvieaemes abcoaromuo
HenpepuisHotl Ha ompeske [a; b], ecau das a0boeo € > 0 Hatidemes makoe
01(e) > 0, umo Oasn 41000 KOHEUHOL CUCMEMbL Henepecekarouuxcs
unmepeanos {(ay;by)},_, us ompesxa |a;b] maxux, umo

n

Z(bk—ak) <51, (12)

=1

=

umeem mecmo HepaseHcmaeo

n

D 1f ) = flaw) <. (1.3)

k=1

JlokaxeM aksusareHmHocmoy amux 08yx onpedeseriil.
JloxazaTeabCcTBO.
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1) Ol = OVl'. Ilyetb pnaHo ¢ > 0. BouiGepem 0,(c) =
= min (6(¢), 552). Torma ecim I = {(ar;br)}e, — NPOH3BOIbHAs
KOHeYHas CHCTeMa HerepeceKkalolixcsi HHTEPBAJOB € CYMMOH [JIMH,
menbutedt d;(g), To cayuait J = {(a;b)} nckiouén u cucremy J MOXKHO
HOCTPOMTb [0 CYETHOH CHCTEMBI HelepeceKalolInXcs HHTepBajoB (ro-
MpexHeMY BJIOXKEHHBIX B 0TPe30K [a;b]) ¢ cymmoit auuH MeHblue 0(e). s
LOCTPOeHHOH cucTeMsl Gyaer BepHo (1.1), a 3HauuT, A/ MCXORHOH — H
nonaBHo BepHo (1.3).

2) Ol'" = Ol. Ilycrb nano € > 0. Buibepem §(c) = 01(5). Torna
ecant {(ak;br)}y_, — NPOM3BO/IbHAS CUETHAs CHCTEMa HellepeceKarolnXCs
MHTEPBAJOB C CyMMOH [IJIHH, MeHblued d(g), To /s n0GOH €€ KOHeUHOH
MoacUCTeMbl (KOTOpasi, KOHeYHO, Toxke OyfeT Helepecekaiolledcs) OyneT

BEpPHO HEPABEHCTBO
n

9
S OIfF(ok) = flaw)| < 3
k=1
OTKyda B CHUJIY CBOHCTB pAOOB C MOJO2KHUTEJbHBIMU HYJI€HaMH TNOJYYHUM

D 1) = flar)] <
k=1

<eg,

NO| ™

YTO U TPeGoBaNoCh.
YTBepx)aeHHe NOKa3aHO.
INPUMEP 1. Iycrs g(z) € L' (a;b), Torna gpynxkuus

x

f(x) = C+Jg(y) dy

siB/IsieTCsl aGCOMIOTHO HENPepBIBHOM B CMbIC/e onpeneseHns 1.
. (- -
O HeitctButesbHo, ecan g(x) € L'(a;b), To dyHkuus |g(x)| uarerpu
pyema Ha [a;b] mo JleGery. Ilycts mato € > 0. Torna B cusy abcosOTHOH
HerpepeIBHOCTH HHTerpasa JleGera cymectByer Takoe §(¢) > 0, uTo mjs
Jao6oro usmepumoro mHoxectsa A C [a;b] us pu(A) < d(e) caenyer

[ 1awidy <.
A
Ho rorna ecaun {(ax;br)}72, — cucrema HelepeceKalolMXCs HHTEPBAIOB

U3 0Tpe3Ka [a; b] ¢ cymMMapHOi AJIHHON MeHble d(g), TO MOTYyYUM

b;c ag bk

oo oo

S Ifbr) = flar) =) Jg(y) dy — Jg(y) dy| = Jg(y)dy <
k=1 k=13 a k=1 |4}
00 by
<Y J 9(y)| dy = J lg(y)| dy < e,
k=

ag Ugczl(ak;bk)
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TOCKOJIbKY B CHJTy C4€THOH anauTHBHOCTH Mepbl JleGera 11 (LR (ak; br)) <
< d(e).

3aMeTHM, YTO TeM CaMbiM Mbl J[OKa3aJH, UTO W3 OMpeiejeHus 2
(cMm. nmekumio) caenyer onpenesnerue 1.

[TPUMEP 2. Bcsikasg aGCco/IOTHO HempepbiBHAasi Ha oTpeske [a; b]
(byHKLMSA HelpepbiBHA HA HEM.

OueBupnno: nosoxus B (1.2), (1.3) n = 1, nonyyuM ompepesieHue paB-
HOMEPHOH HempepelBHOCTH Ha oTpeske [a; b].

[TIPUMEP 3. Ecau f(x) € ACla; ], T0 |f(z)| € AC[a; b].

O Kax caenyer u3 ouenku |loo| —[6]| < |a — B, npumenéunoii k 3ua-
ueHUsIM QyHKUHMH f(2) HA KOHLIAX KaXXIOro HHTepBasa, dhyHkuus |f(x)]
OyneT yIOOBJETBOPATb OMNpefeseHHI0 1 ¢ Tem ke cambiM 0(g), KOTOpoe
monxonut aasi f(x). (Cp. mpumep 17 nekuuu la.) X

OueBnngHo, 06paTHOEe B OOIIEM CJyyae HEBEPHO: MOCTATOYHO B3ATh
JM06YI0 pas3peIBHYI0 Ha OTpeske [a;b] QYHKUHIO, MPUHHMAKILYI0 Ha HEM
sHauenusi —1 u 1. Torna eé mMomysb OyaeT KOHCTaHTOH (aGCOJIOTHO Hempe-
peiBHasi (DYHKIMSI), a camMa OHa He GyneT aGCOJIIOTHO HempepbiBHOH (cM.
n. 2).

[MPUMEP 4. Ilyers f(x) € Cla; b], |f(x)| € AC[a; b]. Torna f(x) €
€ ACla; b).

O Wpuest nokasaresibCTBa CXONHA C MCNOJb30BaHHOH B 1. 20 siekuuu la.
Bocmnosibayemcs onpenesnendem 17,

1. Iyctb mano mpousBosbHoe € > 0. Bribepem ) (¢) u3 onpenenenns 1’
nasi GyHkunu | f| 1 nokaxem, 4to QyHKuus f GymeT yIOBJETBOPSATH OMpe-
nenenuio 17 ¢ tem xe d;(e).

2. Tlycte {(ax; br)}}_, — npousBosbHASI CHCTeMA HelepeceKaroLnXcs
MHTEPBAJIOB, BJIOXKEHHBIX B OTPE30K [a;b], ¢ CyMMapHOH IJIMHOH MeHb-
ure 0)(e). [TycTb must 3TOH CHCTEMBI

K={ke{l,2,....n}| f(ax)f(br) < 0}.

3. Torma B cusy HempepbiBHOCTH ¢GyHKunu f(z) nas Beex k € K cy-
uecTByOT & € (ak; by) Takue, uto f(&) = 0. Pas36us unrepsasnl (ax; by),
k € K, toukamu & Ha wuHTepBanmbl (ak; &), (Ek;br), TOMyYUM HOBYIO
KOHEYHYIO CHCTEMY HEeIepeceKaiollMXCs WHTEPBAJIOB C MpexHeH CyMMOH
nauH. Takum obpa3omM, 3To HOBasi cuUCTeMa OYHeT YIOBJETBOPSATb YCJO-
Buio (1.2)) moatomy Oymem UMeTb

SR = flaw)l = D 1) = Fla)l + Y 1f(b) = flar)] <
k=1 k=1kZ¢K keK
<0 1FOr) = flan)l+ D (1) = FE) + 1 £(&r) = flan)]) =
k=1, kg K keK
= > IR = 1f (aw)l]+

k=1, k¢ K
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+ 3 (10 = £ + £ = 1F(a)l]) <e.

keK

4. Tlockosbky OblIM BbIOpaHbl MPOM3BOJbHOE &€ > 0 M NPOU3BOJIbHAS
CHCTEeMa HHTEpPBAJOB C CyMMOH MNJIHH, MeHblIeHd 0;(€), TO yTBepkKIeHHE
nokasaso. X

[TIPUMEP 5. Ha snekuuu u3 omnpeneseHuss 2 GblI0 BbIBEIEHO, UTO
BCsiKast aBCOMIOTHO HempepbiBHAs (DYHKIMS HMeeT OrpaHHYeHHYI0 BapHa-
uuio. B KauecTBe ympa)KHeHHsi Ha TOHSTHE BapHallMM NafHM HErmocpen-
CTBEHHOE JI0Ka3aTeJIbCTBO C OMOpo# Ha ompepesenue 1’ (sameTum, 4to ero
9KBHMBAJIEHTHOCTh OMpeesieH’io | yxe JIoKkasaHa).

O

1. Tlonoxum € = 1. BriGepem (B cmbicie ompenesenust 1) § = d;(e).
Pa3o6béM 0Tpe3ok [a; b] Ha KoHeuHoe yncao N OTPE3KOB [y;—1;y;] OJHHBI
MeHblIIe §.

2. 3ametuM, 4To J060Oe pasbueHHe y_| = a((f) < agl) < ... < aﬁf) =
=y, OTpe3Ka [y;—1;Yi] HA OTPE3KH aBTOMATHUYECKH MOPOKAAeT CeMeHCTBO
HemepeceKamlInXCsi HHTepPBaJoB {(al(kfl);a,(f)) AL, CyMMapHO# JJIMHEI
MeHblie J. [TosTomy Gaaronapsi BbiGopy 0 B cuay omnpefenenus 1’ noayuaem

i ’f(a’l(cl)) - f(agll) <e=1,
k=1

otkyza V¥ (f) <1, u B cuny agauTiBHOCTH nosHoi Bapuauun VY (f) =
=L Ve (f) S Ne=N. K

3ameuanue 1. BaxkHo, 4To U3 ONHOH TOJBKO HEMPEPHIBHOCTH (axke
paBHOMEpHOH) aGCoJIIOTHAsT HEMPEPBIBHOCTh HE CJEdyeT, KaK MOKa3biBaeT
npumep pyukunu f(x) = xsin(l/x) mpu x # 0, f(0) = 0, HenpeprBHOH (1
M03TOMY PaBHOMEPHO HEMPEepBIBHOH B CHJy Teopembl KaHTopa) Ha oTpes-
ke [0; 1]. Ykasaunas yHKIMsA 1axe He ABASETCH PYHKIMEH OrpaHUUeHHOH
Bapualues (CM. JeKIHIo 2a), a C/Ie0BaTeJIbHO, HE MOXKET ObITh A0COJIOTHO
HeIpepbIBHOM.

[TIPUMEP 6. Ha nekunu u B mpenbiylieM npumepe ObLIO H0Ka-
zaHo, uto ACla;b] C BV[a;b]. [Tokaxem reneps, uto BV(a; b N Cla;b] ¢
C ACla; b]. dto GymeT LeHTpanbHOH 4acTbio NAHHOH JEKLHH.

O Jasi mokasaTesbCTBa MOCTPOMM T. H. JecTHuly Kanrtopa (uHorma
OHa Takxe HasbiBaeTcsi mpocto (yHkuued Kanropa). Ham norpebyercs
pasBUTB UAEI0, UCTIOJNBb30BAHHYIO MPH MOCTPOEHNH MHOKecTBa KaHTopa (cMm.
JIEKIMIO 4 TIPeJIbIIYIIero CeMecTpa). _

1. Tlpexxme Bcero omuieM mnoctpoenue ¢(yHKund f(z), HA OCHOBe
KOTOPOH MBI 3aTeM noctpoum (yHkuuio Kauropa f(x). Paccmorpum otpe-
30k [0; 1] u monoxkum f(0) =0, f(1) = 1. .

2. Pa3o0béM HMeOLIUHCA 0TPe30K Ha 3 PaBHBIX OTPE3Ka TOYKAMH g3, 7.

TTomoxum 7(%) :?(é) :%(T(O)Jrf(l)):%.

I\ N
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BribpocuM u3 oTpeska [0; 1] HUHTepBaJ Il(l) = (%,%), nocje 4ero y Hac

OCTaHeTcs 2 0TpesKa
| 2
R
sl 5+

3. Pa3o0béM Kaxblii M3 ocTaBUIMXCs OTPe3KoB [0 %], [%;1} Ha 3
PaBHBIX OTPe3Ka COOTBETCTBEHHO TOUKaMH §, 2 U §, 5. [lonoxum

/3)73) -3 r01() -
/5)-76)-36)0)-

1 2
4. CHOBa BBIOPOCHM H3 OCTABIUUXCS OTPE3KOB CPeIHUE TPETH IQ( )y IQ( ),
rocJie 4ero y Hac octaHercs 4 oTpeska

i) [ B o]

5. Wrak, mepea KaxablM k-M IIarom y Hac Gyner uMeTbest 2F oTpeskos
IJIHHBL 3%1 KoopaounaTel ux Hadas GyayT UMeTb TPOMUYHYIO 3alKChb BHIA

NNRVCICN|

0,0162...Ck_1, (1.4)

TIe Kaxkaoe M3 uuces ¢;, ¢ = 1,k — 1, paBHo O uiau 2 (MCKJIIOUYEH JHUIIb
caydail ¢ = ¢y = ... = cp—1 = 2). Ilpu 3TOM 3HaYeHUs QYyHKLIHUU HA JIEBOM
Y IPaBOM KOHIAX [-ro no cuéry csesa otpeska (I = 1,...2%) 6ynyr pasHbI
COOTBETCTBEHHO 11 g

F, F. (145)

6. Ha k-m ware nsis Ka)Xa0oro UMerollerocs [-ro oTpeska Mbl BeIGUpaeM

1 2
TOYKH xl(cl)’ .I'](Cl), Aendue 3TOT OTPE30K Ha 3 paBHbIE YaCTH, U MOJaraem

P o) = () = (ZQ,C_} + Q,f_1> =2 e

!
[Tocsie atoro BbIOpachkiBaeM M3 Ka)KIOro [-ro OTpe3Ka HHTepBaJbl 1,
1 2
OrpaHUYeHHBlE TOUKaMH x,(d), x,(d).
7. B pesysabrate [-il 0OTPe3oK NJHHBI %%1 «TIOPOLHJI» (20 — 1)-it u 2l-@1

OTPe3KH [JIMHBI 3% [Tpu stom 3Hauenus (hyHkuuu f Ha KoHuax (20 —

— 1)-ro otpeska OynyT paBHbl 4t = 252 u 2l a Ha konuax 2l-ro —
21w 5t = 2L cootBerctBenHo, uto cBogutes K (1.5), ecau sameHuTh |

Ha 2l — 1 un 2l coorBerctBeHHO, k Ha k + 1. Takum o6pa3om, Haua
UHIYKTHBHAs MPOLefypa NeHCTBUTEJBbHO KOPPEKTHO OMUCAHA.
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8. Ilocsie 6eCKOHEUYHOro uMc/aa TaKMX IIAroB Mbl NONYUMM (YHKIMIO f,
onmpesieNéHHYI0 Ha MHOXecTBe J rpaHHI BceX BHIOPOLIEHHBIX MHTEPBAJIOB.
Oyukuus f MoHoToHHa Ha J. B camom gesie, sierko mnpocJenuTb 1O
UHIYKUWH, YTO Ha Ka)KIOM KOHEYHOM Ilare «HeJOCTPOeHHasi» (PyHKIUS
MOHOTOHHA Ha TOM MHOXECTBE, Ha KOTOPOM OHa yxke ornpezeseHa. Temepb
3aMeTHM, 4TO, KaKOBBl Obl HHM OBLIH TOYKHU ¢,d € J, MBI JOHAEM 1O HHX B
MOCTPOEHUH (DYHKUMH f 3a KOHEUHOE UMCJIO IIaroB [, COOTBETCTBEHHO.
Torna Tpefyemoe yTBepxjeHHe clefyeT M3 MOHOTOHHOCTH «HEIOCTPOEH-
HOi» (yHKuMHM f Ha ware ¢ HomepoM max(l,m): 3HaueHHs (YHKUUH B
3TUX TPH JaJbHEHIIEeM MOCTPOEHUU He U3MEHSITCS.

9. [MonoXKUM Temnepb

flx)= sup f(y). (1.7)

yeJlysw

3ameTHM:

1) f(0) =0, nockosbky ycaoBuw y < 1 yIOBJIETBOPSIET JIHIIb OIHA TOYKA
mHoxectBa J — Touka 0 — u f(0) = 0.

2) f(x) = f(z) npu Becex x € J, uto caenyer us (1.7) U MOHOTOHHOCTH

¢gyurunu f Ha MHOXKecTBe J; orciona xke ciaenyer, uto 0 < f(z) < 1 mpu
Bcex = € J.

3) f(1) =1, nockosbKy yciioBrio y < | yIOBIETBOPSIIOT BCE TOUYKH MHOXKE-
ctBa J, Bkmouas 1, f(1)=1wu f(y) <1 npuye J.

4) dyukuust f(r) — MOHOTOHHO HeyGBIBAKOLIAsl, YTO HEMOCPEACTBEHHO
caenyet u3 eé onpenesenuns (1.7).

5) MHoxecTBO 3HaueHHH (YHKUWM [ BCIOAY IUIOTHO 3alOJIHSIET OTpe-
30k [0;1]. HeHcTBHTeNBHO, B 3TO MHOXKECTBO BXOAHMT BCE MHOXKECTBO
3HaueHUH (QPYHKUMH f, a OHO COAEPXKHT BCe NBOHUYHO-pALlMOHA/bHbIE YHCIA
otpeska [0; 1] (zBOMYHO-palMOHANBHBIE YHCIA — 3TO YHCIA BHUAA 2% le
eNN{0}, 1 € 7).

10. B cuny moHoToHHOCTH (yHKUMH f(z) u3 4) cienyer eé HempephiB-
Hoctb Ha [0; 1] (cm. 3anauy 4).

(3amernm ewié, uro ¢yHKuUUs f() NOCTOSIHHA Ha JIOGOM K3 HHTEpPBa-
JIOB I,gl), a 1nosToMy AnddepeHLHpyeMa B KaxKIOH TOUKe JI060TO M3 HHUX
¥ UMeeT TaM HYJIEBYIO MPOM3BOAHYI0. DTO HabJofeHHe HaM NOTpebyeTcs B
JaJIbHEHILIEM. )

1. Urak, dpysxuus Kanropa HernpepoiHa Ha orpeske [0; 1] # MOHOTOH-
Ha Ha HEM, a CJIefoBaTeJbHO, HMeeT OrpaHHUYeHHYI BapHauuio. Jlokaxem,
4TO 3Ta QYHKIMA He sIBJsIeTCsl a6COMIOTHO HempepbiBHOH Ha [0; 1].

12. IOnst storo mokaxem, 4to mpu Jqo6oMm 6 > 0 Ha oTpeske [a;b]
HalgéTcsl KOHeUHasl CHCTeMa HelepeceKalouuxces HHTepsaos {(ax; by) 1,
C CyMMOH JIHH MeHblue §, fist Kotopoit >,y | f(bg) — f(ak)| = 1.

13. Pacemotpum MHOXkecTBO Py = [0; 1] \ Upen U l:wﬁfk . T. e. MHO-
KeCTBO, ocTaBiueecst oT orpeska [0;1] mocse onucaHHOH WHIYKTHBHOH

npouenypel (HaIOMHHM, 4TO Mbl He TOJIbKO CTPOMJIH (DYHKLHIO, HO U BhIOpa-
CbIBaJM MOAMHOXKeCTBA OTpe3Ka). Kak M3BeCTHO M3 MPOLLIOTO ceMecTpa,



54 Cemunap-Jlexuus 3. AGCOMIOTHO HelpepeIBHBIE (PYHKIHH

3TO MHOXeCTBO (Ha3blBaeMoe 3aMKHYTbIM MHoxecTBoM KaHTopa) umeer
Mepy Hynab. CJenoBaTesibHO, MPH J060M § > 0 0HO MOXKeT OBITb TMOKPBITO
KOHEYHOH MJIM CYETHOH CHUCTEMOH HMHTEpPBAJOB CyMMAapHOH IJIMHBI MEHb-
we §. [loctpoum Takyw cucremy /s BelOpaHHOro Bbille 0. [Tockosbky Py
3aMKHYTO U OTPaHHUYEHO, a CJIeJ0BATeNbHO, KOMIAKTHO, TO U3 MOJyUEeHHOro
TIOKPBITHS, €CJAM OHO COCTOMT M3 CUETHOro CeMeHCTBa MHTEPBAJIOB, MOXHO
BBIOPATh KOHEUHOE MOIIOKPBITHE (CM. JIEKIHMIO 12a mepBOro ceMecrpa).
[TycTh 3TO KOHEUHOe NMOANOKPBLITHE eCTb

{(ai; B) Hity,  UiZi(au; Bi) D o

OnHako MHTepBaJbl 3TOTO MOKPHITHSI MOTYT NepecekaTbesi. Hara 6mavxai-
mas 3ajjlaua — MOCTPOUTh CHUCTEMY HellepeceKalolUXCcsl OTPe3KOB, TOKPHI-
Batomyio Fy.

14. PaccMOTpUM 3aMKHYTOE MHOXECTBO

Ui [as; B3] D UL (as; i) D F. (1.8)
15. Ilyctb
{eitio = {a: ity U{bi}iL,, p<2m,

eCcTh HabOp YMOPSIIOYEHHBIX MO BO3PACTAHUIO HAyaJ M KOHIIOB MHTEPBAJIOB
nokpuitusi (1.8). Pacemotpum otpesku [ck; cpt1], k= 1,...,p — 1. OueBnn-
HO, 4TO

WP er; cran] D UM [aus Bil, (1.9)

U 4To Kaxnabli u3 otpeskoB (1.9) subo comepxutcs B (1.8) uenukom,
Jnbo He BXOOHUT (KPOMEe IDaHHYHBIX TOYeK) (TeM CaMbiM He Mepecekasch
C OTKpPBITHIM NOKpBITHeM). IIpn atoM oTpesku (1.9) nmeroT Hemepecekaro-
[MeCcsi BHYTPEHHOCTH M CyMMa [JIMH Te€X U3 HUX, uTo comepxkarcs B (1.8),
He npeBOCXOmUT Mepbl MHOXkecTBa (1.8), a moatomy menbine §. OcTaBuB
u3 (1.9) smumb Te oTpeskH, KoTopsle cogepxurcsi B (1.8), mepeo6osnaynm
ux (ax;by), k = 1,n. Torna {(ak;br)}}_, — KOHeUHOe ceMeHCTBO Hemepe-
CeKaILIUXCsl HHTEPBAJIOB, comepxKaiuuxcsi B orpeske [0; 1] u Takoe, 4o

n

> (b —ax) < 6. (1.10)

k=1
16. C npyro#t CTOpOHbBI, MHOXKECTBO
Q = Uiy [ax; be]

MOKpbiBaeT MHOXKecTBO Fy. MubpiMu coBamu, Bee Touku u3 [0; 1]\ @ cyTb
TOUKH BHIOPOIIEHHBIX MHTEPBAJIOB.
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17. ToctpouM Tenepb MHOXKecTBO () mo pasbuenus otpeska [0; 1] ko-
HEUHBIM YHCJIOM OTPEe3KOB JJIMHBI MeHblle 6. O603HaUNM 106aBJeHHbIE TIPH
3TOM OTpe3kH uepes {¢;;d;}i_,. Torna

n

L= f(1) = f(0) =Y (f(bx) = flar)) + > (fler) = f(dr).  (L.11)

k=1 =1

C 1pyroit CTOPOHBI, KaXK /bl W3 N00ABJEHHBIX OTPE3KOB B CHJIY CKa3aHHOTO
B TIpeIbIAyLieM ab3alle JIEXKHT [EJHKOM B OIHOM M3 BHIOPOIIEHHBIX HHTED-
BaJIOB, @ CJe0BaTeNbHO, QYyHKIHS f Ha HEM mocrosiHHa. CJjieoBaTeNbHO,
u3 (1.11) nonyuaem:

n

L= £(1) = £(0) = S (F(be) — flar)):

k=1

[Tockosbky BepHo (1.10), TpebGyemasi cHCTeMa HHTEPBAJOB MOCTPOEHA.

18. Urak, ¢pyukuus Kanropa f(x) obsmagaer cienyoOLMMH CBOACTBAMHU:

1) f e BV[0; 1] N C[0; 1];
2) | ¢ AC[0; 1];
3) f'(z) = 0 noutu Bcrony Ha [0; 1].

Onpenenenue 2. HenpepoigHyro yHKUUIO ¢ 02paHULeHHOU 8apu-
auuetl, UmMerouyo Noumu 8Ctody PasHyo HYAO NPOU3BOOHYIO, HA3bIBAOM
cuneyraproll Qynxyuet.

[TpuBenéHHoe BhIlLIE paccyKAeHHe OKA3bIBAET, UTO CUHIYAspHAs (HYHK-
14, OTJIMYHAs OT KOHCTAHThl, He MOXKeT ObITb a0CO/NIOTHO HENPepbIBHOM.

[TpuBeném elé HeKOTOpble BaKHble (DAaKTbl U3 TeOpUM (DYHKUUH HeH-
CTBUTEJbHOU mnepemeHHOH (m. 6—8). Mx mokasatesbcTBO (eCqH OHO He
TIPUBEIEHO 3/1eCb) MOXKHO HailTH y Kosmmoroposa u PomuHa, 1. VI

[IPUMEP 7. Jlio6asg MmoHOTOHHasi (DyHKLUS Ha oTpe3ke auddepeH-
uupyeMa IMOUTH Bclony Ha 3ToM oTpe3ke. (B cuiy noxasanHoro paHee, B
TOM YHCJIe Ha NpelblAyLIHUX JeKLHAX, OTCI0A CPa3y BbITEKAET aHaJOTHUHOe
yTBepXKAeHUe IJs1 (DyHKUHH OrpaHHYEHHOH BapHallMH, a C/Ie0BaTeNbHO,
abCoOJIIOTHO HerpepbiBHbIX.)

CuwnTast 3TO U3BECTHbBIM, JTOKaxeM, uTo eciu f(x) — HeyObBawIlas Ha
otpeske [a;b] Gyukuus, To f'(x) € L'(a;b) u BepHO HepaBeHCTBO

b
Jf@mxgﬂm—ﬂ@. (112)

(TonpasymeBaercs, uto f'(x) moompenesieHa NPOU3BONBHEIM 00Pa30M B TEX
TOUKaX, Ille 9Ta IPOU3BOAHAs He cyllecTByeT.) Tak, nns ¢pyHkuun Kanropa
JieBasi 4yacTh PaBeHCTBA paBHA HYJIO, a MpaBas — eIUHHLE.
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O Hast mokasaTenbcTBa Npono/kuM ¢yHkunio f(x) sxHauenuem f(b)
mput > b 1 mosoxkuM mput Beex 1 € N, x € [a; ]

Fo(z)=n (f (g; + %) - f(x)) .

Ouesuano, uto Fp(x) > 0 npu Bcex z € [a;b] (B cH/Iy MOHOTOHHOrO
HeyObiBanus Gpynkunu f) u F,(x) — f'(x) noutu Bcrony (Bo BCex TOYKax
nuddepenunpyemoctu f(x)). 3amerus, uto F,(x) uHTerpupyembl (naxe
no PuMaHy Kak pasHOCTH MOHOTOHHBIX (YHKIIHE), UMeeM

b b b
JFn(:L‘)dZE_TL Jf<:c+%> dZE—Jf(fE)dZE =

a+
=N —_ J'
a

nockosieky f(z) > f(a) npu x > a u f(z) = f(b) npu = > b.
CuienoBaresibHo, 1o Teopeme Pary, npumeHEHHOH K (yHKUusIM F,(z),
uHTerpas JleGera IZ f/(x)dx cymectByeT U ero sHayeHHe Tak¥Ke OLEHHBa-
ercst cepxy uucaom f(b) — f(a), uto u mokaswiBaer (1.12).
3amernmM Tenepb, uto B cuiy (1.12) ¢ yuérom monoToHHOCTH f(x)
rMeeM

1

n

, +
f@ﬁm+_[fWMx < F(b) - f(a).
b

1
w b

b

b
jwunmEjfmmI<ﬂw—ﬂw

a
1. e. f'(z) € L'(a;b).

Jlerko BuaeTb, 4TO B CHJy JHHEHHOCTH NPOCTPaAHCTBA Ll(a; b) To
XKe (TIpHHaIJIeXHOCTD Ll(a; b)) BEPHO /151 NMPOU3BOAHON BCAKOW (PYHKLHH
orpaHU4YeHHOH Bapuauuu. X

[TPUMEP 8. Kak mbl Bugesu, B o6lieM cjaydyae paBeHCTBO

ﬂm=jﬂmm+f@,xeMM, (1.13)

HeBepHo. DoJjee Toro, MoxHO yTBepxaath, uto (1.13) BepHo B TOM H
ToJIbKO caiydae, koraa f € ACla; b).

O Jlerko nokasaTb, uyTo ycgosue (1.13) mocraTtouno. ledcTBHTEND-
HO, OHO TpeJIoJaraet, 4to HHTerpaj umeer (KOHEYHOE) 3HAUEHHE, a TO-
rna f'(zr) € L'(a;b), nanee cm. m. 1. CyllecTBeHHO c/OXKHee J0Ka3aTb,
4TO [IJIsi BCSIKast aGCOMIOTHO HempepbiBHAST (PYHKIHS MOYTH BCIOLY HMEET
MPOU3BOAHYIO (CM. MPENBIAYIIHE TYHKT) U UTO 3Ta MPOU3BOAHAS MO3BOJISET
BOCCTaHOBUTb (YHKUHIO 1o (opmyse (1.13).
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[TPUMEP 9. BepHo U B KAKOM-TO CMBbIC/Ie 0OpaTHOE yTBEPXKIEHHUE:
ecan g(z) € L!(a;b), To nouTH Belofy Ha [a; b]:
1) ¢pyHKUUS nepeMeHHOH x fa 9(y) dy anp(pepegLLnyeMa U
2) npu noutH Beex x € [a; b] BepHo pasencTBo 4= [ g(y) dy = g(x).

[TPUMEP 10. B 3agauax mssg caMOCTOSITEJIbHOTO pelleHHs K JieK-
v la Tpe6oBasiock MoKasaTh, YTO BCsIKash (PYHKIMSI OrpaHHUEHHON BapHa-
unn f(x) packnagbiBaeTcsi B CyMMY HEPEpLIBHOH (DYHKLHH OrpaHUUeHHOH
Bapraunu g(x) v QyHKUMH CKaykoB s(x). Termepb MBI MOXKeM yCTaHOBHUTBH
JaJbHeHIINHA pe3yJ/ibTar.

VmeHHO, 6csikas Henpepul8Has QYHKYUSL O0epaAHUUEHHOU sapu-
ayuu g(x) packaradvigaemcs 6 cymmy aOCOMOMHO HenpepbleHOL

pynkuuu P(x) u cuneyaaproil gynryuu x(x).
O

1. JeficTBUTEbHO, MOJOXKHM (CM. 1. 6, 7)
vie) = 1)+ [0 v, x(@) = glo) = (o).

2. Torma serko Buuetsb, uto ¥(z) € AC[a;b], x(z) € Cla; b] N BV[a; b]
u (cMm. m. 8)

X' (z) = g'(x) —¢'(x) = ¢'(x) - % Jg'(y) dy=¢g'(x)—¢'(x) =0 n. B

3. Takum o6pasoM, JOOYI (QYHKIMIO OrPAHHUEHHOH BapHAaLlUH MOXHO
NPEeNCTABUTb B BHAE CYMMBl HENpEpbIBHOH (YHKLUHHM OTrpaHHYEHHOH
BapuaLWH, QYHKIHWH CKAaYKOB M CHHIYJSPHOH (QDYHKLHH:

f@) = ¢(z) + s(z) + x(2), (1.14)

MPUYEM  3TO  Pa3foKEHHe MOXKHO CfieJaTh eNHHCTBEHHBIM, €CJH,
HampuMmep, HaJoXKUTb ycaoBusi X(a) = s(a) = 0. Baxso, uto mpu
MHTErPUPOBAHHWH  TIPOM3BOIHOH BOCCTAHABJIHBAETCS JIMIIb  aGCOJIOTHO

HerpepbiBHAsE KOMIIOHEHTd, TOTAA KakK (DYHKIUS CKAauyKOB M CHHTYJspHas
(4bM MPOU3BOAHBIE PABHBI HYJIO MOYTH BCIOAY) «BECCJAENHO HCUE3AM0T»:

jf'@) dy + f(a) = jw'(y) +5'(5) + X W) dy + F(a) = (2).

X

[TPUMEP 11. Ormerum ewé, urto ecau f € ACla;b], o fi =
= VZ(f) € AC[a; b].
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(51 cxauKoB » ()-s1 CKAUKOB
-1 orpamentofi BapuarI s +
cunryaspras ¢-s

HenpepbiBHast (-5 OrPaHIIEHHO BapHAIT < +

a0COTOTHO HempephIBHast

Puc. 3. Cxema k m. 9: pasnokeHHe (YHKLHHM OrPAaHHYEHHOH BapHallUM B CyMMY
(YHKLHMH CKayKOB, CHHTYJ/IAPHOH (DYHKLUHMH U aGCOJIOTHO HeNpepbiBHOH (PyHKLHH.

O [eiictButesbHO, mycTh 3agano & > 0. [onoxum § = &) (5) B cMbicae
onpenesenus 1’. Tloayuum Torna /s 060 KOHEUHOH CUCTEMbI Hemepece-
Katoluxcest nHTepBanos {(ax; by)}i_,

n n

D Ailow) = filar)l =D VEE(S) —ZbupZIf bi,) = flar,)| =

k=1 k=1 =1 Tr =1

i €
supy S (o) — el < S <e

T k=11=1

nockonbKy Up_;{(ai,;bi, )}, Takxke ecTb cucTeMa HemepeceKamouluxes

UHTEPBaJOB CyMMapHO# AJIMHOH MeHblie 0] (%) a cJefoBaTeIbHO, KaxXas
CymMMa, CTosillast MO 3HAaKOM Sup, MeHblie 5. X

[TIPUMEP 12. Orciona HenmocpenCTBEHHO CJeyeT, UTO Bcsikasi ab-
COJIIOTHASI HerpepbiBHAsT (PYHKLHS MOXKeT ObIThb MpEeACTaBJeHA B BHIE CyM-
Mbl MOHOTOHHBIX a0COJIIOTHO HENMPEePBIBHBIX (PYHKIHH.

[TIPUMEP 13. Tloxkaxem, 4To, XOTs BcsiKasi aOCOJIIOTHO Hempe-
peIBHas (DyHKLMS HeNpepbiBHA, OT Heé, BOOOLIe roBOps,, HEJb3s OXHIATb
BBIIIOJIHEHHST «4yTh GoJiee» CHUJBbHOTO TpeGoBaHHs — TEJbAepoBOCTH (HH
C KaKHUM MOKa3aTeseM) U TeM 0oJjiee JIUMIIMLEBOCTH (= réJbIepoBOCTb C
nokasareJjem 1).

O PaccMoTpuM yHKIHMH

éa T E 0717 L, T € 0,1,
glz)={ =03 (0 1] flz)y={ % (0;1]
0, =0, 0, =0,
HetpynHo BHIETH, UTO
1) g(z) > 0 npu x € (0; 1],
2 g x) € L(0~ 1)
3) [o9y)dy = f(x), z € [0; ]
Canenoatessho, f(x) € AC[0; 1]. C npyroii ctoponsl, npu Jo6oM « € (0; 1]
uMeeM .
lim ) - ():lim—:+oo,

flz
z—+0 ( ) z—+0 % In z
}

noatomy f(z) ¢ C*[0; 1] uu npu kakom « € (0; 1] (OTmeTHM, YTO MOMYTHO
MBI YCTAHOBHJIM, YTO HE BCE HelpepbiBHBIE (PYHKIHU réjbaeposh). X
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§ 2. 3agauu a9 CaMOCTOSITEILHOTO pelleHUus

Samaua 1. 1) Ilpusectn mnpumep nuddepeHLHPyeMON MOYTH
Bciony (yHkuuu f(x), mJs KOTOPOEH HHTErpais IZ f'(z) dx cywecrsyer,
wo [ f'(w) da # f(b) - f(a).

2) To xe, HO f(x) HO/KHA GBITh HEMPEPLIBHOM, 8 MHTETPaJ OT MPOU3BOLHO
LOJKeH OBITb OTJIHYEH OT HYJIS.
3) IlpencTaBUTb MOCTPOEHHYI B 1. 2) pyHKUUIO B BHae (1.14).

3anauya 2. JlokasaTb, 4TO % € AC[a; 0], ectu f,g € ACla;b),
lg| > C > 0.

3anpavya 3. Jlokasarh, YTO JIHUIIIUL-HeNIPepbiBHAS (QYHKLHS aOCOIOT-
HO HeIpepbIBHA.

Samaua 4*. JlokaszaTb, uTo ecyu (YHKIUS f MOHOTOHHO He yObIBaeT
Ha oTpe3ke [a;b], a MHOXeCTBO eé 3HAYeHHH BCIOLY MJOTHO Ha OTpe3-
ke [f(a); f(b)], To f(x) € Cla;b].

3agaua 5*. Kak Mbl BUsienu B npumMepe 12, abconoTHast HEMPephIB-
HOCTb He rapaHTHpyeT éjbiepoBoCTH. [1okasarh, UTO eCsi B ONpeleseHHH
abCOMIIOTHON HEMPEPBIBHOCTU CHATh TPeGOBAHHE MYCTOTHI MONAPHOTO Iepe-
CeyeHHs] MHTEPBAaJOB, TO (YHKLHH, yIOBJETBOPSIOLIHE HOBOMY OIpelesie-
HHUIO, OYAyT Naxe JHUIMIINLEBHL.

3anaua 6*. [loctpouth hyHKIUHIO

f(z) € (ﬂae(o;l)C“[O; 1]) \ BVI0; 1].

3amaua 7*. Tocrpours ¢pyukumio f(z) € BVI[0; 1] N C[0; 1], e ss-
JISTIOLLYIOCS TbaepoBoit HE py KakoM « € (0; 1) (1 Tem Gosee JumIuHLe-
BOH).

3apaua 8*. [locTpouTb Ha HEKOTOPOM OTpe3ke [a; b] pyHKuHio g(x),
IJ1S KOTOPOH (PYHKLHS

f(z) = fg(y) dy,

e WHTEerpaJj MoHWMaeTcsi B HecOOCTBEHHOM cMbicje Pumana, ompeneseHa
(kak KoHeuHast (PYHKIMs) MPH Beex x € [a;b], HO He sABJAETCS a6COMIOTHO
HenpepbiBHOH. BO3MOXKHO JIM TaKoe, ecyid HHTerpaJj MoHUMAaeTCsl B CMBICJE
Jleb6era? UeMm 00BSICHUTH KaxKyllleecsi HECOOTBETCTBHE?



Cemunap-Jlekuus 4

TEOPEMA PAJOHA—HHUKOJINMA

dto 3aHATHe OyneT TMOCBSIIEHO A0KAa3aTesJbCTBY TeopeMbl PanoHa—
Hukonuma. Ona 6yner Hy»Ha HaM [Js1 TOrO, YTOObl 10Ka3aTb H30MOP(HHU3M
npoctpanets LP(Q) u (LI1(Q2))*, rme p,g > 1, % + é = 1.

§ 1. 3apsaasi

[Tycts X — HeKOTOpOe MHOXKECTBO (KOTOPOE MBI 4acTo GymeM Hasbi-
BaTb MPOCTPAHCTBOM, MONUEPKMUBAS TEM CaMBIM, YTO B AaJbHeHleM OYAyT
paccMaTpuBaThCsl ero noaMHoxectsa), A, — Hekoropas o-ajare6pa ero
nogMHoxecTB. Hanomuum

Onpenenenue 1. Hucrosas ¢yukyus u, onpederéunas na A,
Hasvieaemcs mepoli, ecau
1) VAe A, n(A) > 0;

2) p obradaem ceoticmeom o-addumusHocmu, m. e. ecau {A,}>° | C A,
u npu scex i,j € N sepro A; N A; = &, mo u( C AL =, —1M(An)

Jlas mpocToThl OyneM IOKa paccyKaaTh O KOHEUHBIX mepax: pu(X) < +
+00.

[ycts f(x) — HekoTOpasi HEOTpHLATENbHAS H3MEpPHUMasl 10 Mepe (i H
unrerpupyemas (mo Jlebery) Ha X ¢yukuus. Torna BeqnurHa

B(4) = | 1(a) do (L.1)
A

onpeseneHa ais Bcex A € A, u ob6ianaer BceMH cBOHCTBaMH Mepbl. Takum
o6pasom, dopmyna (1.1) ompesenser HeKoTOpyto HOBYIO Mepy Ha A,. Ecin
CHATb YCJIOBHE HEOTPHULATEJIbHOCTH (PYHKLHH, TaK yxke He Oynmer. OnHako
B ONpeleseHHH Mepbl TOXKe MOXKHO CHATb YCJIOBHE HEOTPHLATEJbHOCTH H
NPUHTH K 0000L1EeHHUI0 MOHATHUS Mephl:

Onpepnenenuve 2. Yucrosas ¢yuxuyus ®, onpederénmnan Ha o-
arcebpe Ag nodmuosxcecms npocmparcmea X u obiadarowas Ha 3moli
o-anrzebpe ceolicmeom o-addumusrocmu, Hasvieaemcs 3apadom. 3apsd
HA3b180MCS KOHEeUHbIM, ecAl e20 3HaueHue Ha aobom A € A svipadca-
emcs KoHeunvim wuciom (oo we donyckaemcs).

Cmblic Takoro HasBaHus siceH: ®(A) MOXKHO mpeacTaBuTb ceGe Kak
TOJIHBIHA 3JIEKTPUUECKHE 3apsifl, 3aKJIHYEHHbIEH B 00béMe A. B atom cay-
yae f(x) Gymer UMeTb CMBICT OOBEMHOM MIOTHOCTH 3apsifa.
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Hare#i nesbio 6yneT A0oKasaTb, UTO He TOJNBKO BCSKas HHTerpupyemas
(PYHKIHS TIOPOXKAAeT 3apsii, HO W, HANpPOTHB, NMPH HEKOTOPBIX YCJIOBHIX
BCSKHUE 3apsi MOXKeT ObiTh mpeactasied B Bupe (1.1) ¢ mekortopo# (yHK-

uuedt f(z).

§ 2. Pasnoxenue XaHa u pasnoxeHnue 2Kopnana

Hrak, nyctb paccmatpuBaetcs 3apsin P, onpenenéHHblil Ha o-anrebpe A
TOAMHOXKECTB TpOCTpaHcTBAa X W NMPUHUMAKUIMN JHIIb KOHEYHble 3Haye-
HUst (TakOH 3apsii HasbiBaeTcsi KOHeuHbIM). KpaTko Gymem roBOpHTH, YTO
3apsii omnpesiesiéH Ha pocTpaHcTBe X, a MHOXKecTBa U3 A OyneM B 3TOM ma-
parpade Ha3blBaTh H3MEPUMBIMU (pacCcMaTpHBasi TEM CaMbIM H3MEPHMOCTh
He OTHOCHTEJIbHO Mephl, & OTHOCUTEJIbHO 3apsija).

Onpenenenune 3. Mnowecmso E € A  Haswaemcs
ompuyamervhoim omuocumervio sapada P, ecau VF € A sepro ®(E N
NF) <0 Muowecmso E € A Ha3bl8aemcs  NONOHCUMEALHOIM
omuocumenrvho 3apsda @, ecau YF € A geprno ®(ENF) > 0.

Gameuanue 1. Boobuie roeopsi, najeko He BCSIKOE MHOXKECTBO,
UMeIolllee OTPULIATEbHBIA 3apsil, sBAseTCS OTpulaTesbHbIM. (B Kakom
clyyae BCE-TAKH 3TO MOXKHO YTBEPXKAATh?)

Jlemma 1. Mnowecmso A € A noroxmumesbHo OMHOCUMENLHO 3Q-
pada ® moeda u moavko mozda, Koeda 8csaKkoe e2o umepumoe noOMHO-
aHecmso umeem Heompuyamesvioill 3apsd. (Anaroeuurnoe ymeepaicoerue
MOKHCHO CHOPMYAUPOBAMb OAS OMPULAMEALHOSO MHOMECMBA.)

Jloka3aTenbCTBO DPEKOMEHAYETCSl MPOBECTH CAMOCTOSITENBHO (CM.
3amady 2).

Jemma 2. Mycmo Ay € A, ®(Ay) < 0. Toeda 8 Ay Hatidémcs
uamepumoe OMpPULAMEAbHOE NOOMHOMECMBO CMPO20 OMPULAMENbHOZO
3apsoa.

Jloka3aTeabCTBO.

1. 3amerum, uto Ay Hemycto (cm. 3amauy 1). Ianee, eciu B Ap
HeT TIOAMHOXKECTB TOJIOXKHUTEJIbHOTO 3apsifa, YTBEpXKIeHHe N0Ka3aHo (cM.
Jemmy 1).

2. PaccmoTpum Tenepn cayuai, korna B Ay Ha#mnércs XoTs Gbl OIHO
MOJMHOKECTBO TI0JIOXKHTEJBHOTO 3apsifa. Torma cyllecTBYylOT Takoe k €
€ N u rakoe usmepumoe nogmuokectso C' C Ay, uro ®(C) > % Bribepem
HavMeHblllee W3 HaTypaJsbHBIX k, o6Jajamollee CJAedYIOUUM CBOHCTBOM:
B Ag ecb namepumoe noamuoxkectso C' ¢ ®(C) > +. adukcupyem Takoe k
u Takoe C', 060o3HaunB ux coorBercTBeHHO k1, C). ITosoxum

Aj = Ay \ C1.

3amernM, uto P(A;) = P(4y) — ¢(C)) < 0, nosromy A, Hemycro. MoryT
MPeACTABUTLCS [Ba caydas: JHG0 A; SIBJASETCS OTPHLATEJbHBIM MHOXKe-
CTBOM, M TOTZA yTBEpXKAEHHe N0Ka3aHo, nH60 B A; HaHLETCs MOAMHOXKe-
crBo C' MO/OXKUTENBHOrO 3apsifia. Bo BTOpom ciydae BHOBb BbGepeM HaM-
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MeHblllee HaTypaJjbHoe k, 1Js KoToporo B A; Haiinércs nogmHoxectBo C
c®(C) > % O603HaYUM 3TH YKCJIO U MHOXKECTBO COOTBETCTBEHHO ko, (5.
3ameTHM, 4TO ¢ HeoOXomuMOCThio kg > ki. B camom nene, B ciyuae ko <
< ky mosyumau Obl, uTo ki, HalIeHHOe Ha MEPBOM Iare, He SIBJSETCS
MHHHMAJIbHO BO3MOXKHbBIM, Belb mist Cy C A; C Ag umeem &(Cy) > k%

3. [pono/mxum 3Ty MpoUeRypy, eCIn MOHATOOUTCS, 10 OECKOHEYHOCTH.
YroObl KOPPEKTHO BOCIOJNb30BATbCS 3THM MOCTPOEHWEM B JajbHeHel
YJaCcTH JI0Ka3aTeJbCTBA, ONUIIEM eé GoJsiee MOAPOGHO.

Wrak, mepex kaxknbiM warom ¢ HomepoMm [ € N umeem: ®(4;_;) <
< 0, Ho A;_| He siBJsleTCsl OTpHUIIATENbHBIM MHOXKecTBOM. [loaToMy cyiie-
CTBYeT Takoe k; — HaWMeHbllee M3 HATypaJbHBIX 4uces k, HJs KOTOPBIX
Hadinéres C C Ay ¢ ®(C) > % (Orcioma caenyet, uto

Bce mopmHoxkecTBa D C A;_; takossl, uto ®(D) < % npu Bcex m < k.)
(2.1)

Bribepem a5t 3Toro uucaa k; takoe muoxkectso C' C A;—y, ®(C) > kil, H

3athukcupyeM ero, 06o3HaumB uepes C). Hanee, k; > kj_1, uHaue umesu Gbl:

CrCA_ 1 CA_udC) > kll > ﬁ YTO MPOTHBOPEUHT OMPEAELEHHIO

yucaa kj_y. (ITpoepbTe, 4To B caydae | = 1 Mbl MPUXOAUM K OINHCAHHIO

ePBOro Iara, ¢ KOTOPOro Hayaju H3JI0XKeHHe MPOoLeLyphbl.)

4. ITonaraem rtemnepb

A=A\ C. (2.2)

3amernM, uto (4;) = ®(A;—;) — &(C;) < 0. CnenosarenbHo, A; HemycTo.
Ecnu A; — oTpuuaTe/ibHOE MHOXKECTBO, yTBepKIEHHEe A0KasaHo. Ecau A
He SIB/ISIeTCS OTPHLATENbHBIM MHOXKECTBOM, NepexoiuM K wary [ + 1.

5. B pesynmbrare Mbl JHGO 32 KOHEUHOE YKCJIO LIATOB TPHAEM K OTpH-
LaTeJbHOMY MHOXKECTBY CTPOTO OTPHLATENBHOTO 3apsifia, JHGO0 MOCTPOUM
OeckoHeuHyio mnocsegosarenbtocts nap {(ki, Cp)}i°,. Jlerko BHmeTb, uTO
MHOkecTBa C) IOMNapHO He MEepeceKainTcsi, MOCKOJBKY MPU p < ¢ UMeeM:
CyCAi1C...CAy, C,NA, =0 B cuny (2.2). Nanee, 1erko BUAETb,
4to k; — +00. B npoTHBHOM cayuae nmesu Gbl:

dM >0VN e N3l > N k < M,

T. €. B mocJjenoBatesbHocT {k;} vMeercs moanocienoBaresbHoctb {ki, }
c kiy <M, wu ®(C,) > ﬁ > 0. Ho rtorna, mockosbKy mHoxkectBa Cf
MOTIAPHO He MepeceKarTcsi, UMeJn Obl

® (UvenCiy) = Y ®(Cry) = +oo,
NeN

YTO MCKJI0YaeTcsl YCJOBHEM KOHEUHOCTH 3apsina ¢ Ha BceX MHOXKECTBax
us A. (Ha camom nese mommocsiefnoBaTeNbHOCTb BBIOHpATb NaXke He MpHU-
Ioch Obl, T. K. U3 IOKA3aHHOH paHee MOHOTOHHOCTH cJieoBaJia Obl orpa-
HUYEHHOCTb BCeH IM0CJ/Ief0BaTEIbHOCTH.)
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6. PaccMoTprM Tenepb MHOXKECTBO
Ao 1= Ap \ UienC = NienA;.

[Tockoseky ®(Ag) < 0, @ (LjenC)) > 0, To Ay, MMeeT CTPOro OTPHLIATEb-
Hblit 3apsin. Jokaxem, uto Ao, — OTpHLATebHOE MHOXKeCTBO. [IpenmoJio-
UM MPOTHBHOE: TMyCTh cyinectByeT D C Ay Takoe, uto ®(D) > 0. Iyctsb
M — HauMeHblllee HATYPaJbHOE YUCJIO, /s KOTOPOro cymiectsyeT D C Ay
¢ ®(D) > % [TockosbKy, KaK paHee MokasaHo, k; — 400, TO Ha#mércs
TaKOe HauMEHbILee n, UTo ky > m:

n=min{n € N |k, > m}.

Torna B cuny (3.3) umeem masi ky,: Bce C' C A,—; takossl, yro O(C) <
< % Ho sto mpotuBopeunt ycsoBuio BriGopa m: ®(D) > %, IOCKOJIBKY
no npenmnosoxennio D C Ay C Ap—y.

JlemMMa goKa3zaHa.

JloKakeM CJIefyIOIYI0 BaXKHYIO TEOPEMY.

Teopema 1. Ecau ® — koneunwvil 3apad, onpederéunoiti Ha X,
mo cyuecmeyem maxkoe usmepumoe muoxcecmeo A~ C X, umo A~
ompuyamervno omuocumesvto P, a AT = X \ A~ nosoxcumenrvro om-
Hocumenvro P.

JlokazaTeJabCTBO.

1. TpuBuadbHBIH caydadl 3apsiia, MONOXKUTENBHOTO HA BCSIKOM H3MEpH-
MOM MHOXecTBe (T. €. SIBJISIOILErocss Mepoi), MOXKHO He pacCMaTpPUBaTh: B
3TOM CJIydae JOCTaTOYHO MOJNOXKHTL A~ = &,

2. ToJsioxkuM

a = inf ®(A),

TIle TOUHAsl HWXKHSS TpaHb OepéTcs Mo BCEM OTPULATEBbHBIM H3MEPHMBIM
MHO2KECTBaM (CceMeHCTBO TaKHUX MOJMHOXKECTB HEMYCTO B CHUJIY JEMMbI 2).
[Tycts mocaenoBaTeibHOCTL {A;,} OTPHLATENBHBIX H3MEPUMBIX MHOMXKECTB
TaKOBa, YTO

lim ®(A,) = a.

n—oo
Takas nocsie10BaTe/bHOCTD CYLIECTBYET B CUJY ONpeleJieHUs] TOUHOH HHX-
Hell rpanu. [losoxum Tenepnb

A™ = U2 A,.

3ametuM, uyto A~ wu3MepuMo (T. K. 3apsii ONpeflesiéH Ha o-anredpe)
1 (A7) = a (cm. 3amauy 3). Orciona, B 4aCTHOCTH, CJIEAYET, UTO G > —00,
WHave 3apsj NpHHUMan Obl GecKoHeuHble 3HaueHHs. Kpome Toro, MoxHO
yTBepXKIaTb, uTo A~ — oTpullaTesbHOE MHOXKeCTBO (CM. 3agauy 4).

3. Jlokaxem Tenepb, uto AT = X \ A™ — M0JIOXKHUTEeIbHOE MHOXKECTBO.
[Ipeanonoxxum npoTueHoe (cM. JemMy 1): mycTe AT comepXuT namMepumoe
monMHOXKecTBO Ag Takoe, uto P(Ag) < 0. B cuny semmbl 2 Haiinércs
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oTpuuaresbHoe nogMHoxkecTBo A C Ag ¢ ®(A)<0. Ho torna A C AT, or-
kyna ANA”™ =2, u ®(A-UA)=®(A™)+ ®(A) < a. Ho no nocrpoenuo
4ucsia @ OTPULIATE/IbHBIX MHOXKECTB 3apsiia MeHblie a HeT. [lomydyeHnoe
NpOTHBOpeure J0KasbiBaeT, uTo MHOXecTBO A1 fBiseTca nosoxuTe LHEIM
OTHOCHUTEeJNbHO 3apsina P.

Teopema nokasaHa.

Onpenenenne 4. Pasbuenue npocmparncmsa X Ha NoAOHCUMENLD-
HOEe U OMpULamensbHOe MHONEeCmB8a Ha3vieaemcs pasioxceruem Xawa

npocmparncmea X omuocumenvro 3apada P.
Jlerko BUOeTh, 4TO pasJjoxkeHue XaHa, BOOOIle TOBOPSI, HE eAUHCTBEHHO
(mouemy?). OmHAKO MOXKHO YTBEPXKAATh, YTO €CJIH

X =A7 UAf, X=A; UAS
CYTb [Ba TAKHX Pa3JOXKeHHs, TO 1Jis JI0O0ro U3MEPUMOro MHOXKecTBa F
D(ENA;)=®(ENA4y), ®ENA])=3ENA)).
JlelCTBUTEbHO, MOJOXKHUM

Al =AY AT, Af =ALUAl, Af = A UAS

Torga ~
®(ENAf)=2(ENAJ,) +(ENAY),

D(ENAS) = ®(ENAL) +®(ENA).

Af c A7 = ®(ENAf) <0,
AF Cc A = ®(ENAF) > 0.
Crenosarensio, ®(E N Af) = 0. Ananormuno ®(E N Af) = 0. Takum

obpasom,
P(ENA])=D(ENAS) =D(ENAL).

AmnaJjioruuso
P(ENA])=2(EN AQ_),

YTO U TPe6OoBaJOCh.
Takum obpasom, 3apsa ¢ ogHosHauHO omnpenesser Ha o-anrebpe A nBe
HeoTpHLaTeNbHble (DYHKLIHH MHOXKECTBA

O+ (E) = B(EN AT),
3~ (E) = —®(ENA),

HasblBaeMble COOTBETCTBEHHO BepXHEH M HMXKHeH BapuauusMHu 3apsiga P.
[Tpu atom:

1) ® = ®T — &~ (an1a KaxKA0r0 U3MEPUMOr0 MHOXKECTBA);

2) ®F, &~ cyTb HeoTpulLATeJbHble O-aAJWTHBHBIE (YHKIHH MHOXKECTBA
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(cm. 3amauy 6), T. e. MephlI.
[Tostomy ¢yHKIUS |<I)| = &t 4+ &~ (nosnas Bapuauusi 3apsiga P®) Toxe
6ynet MepoH.

Onpenenenue 5. [Ipedcmasaenue sapsda ® 6 sude pasnocmu eeo
gepxneil u nuscretl sapuayutl ® = ®T — &~ nasweaemes pasionceruem
Kopdawna 3apsda P.

3amMeuanue 2. B 3ToM ompenesenuu cyuiecTBeHHO, yTo T u ®T
CyTb HHUXHSSI W BepXHss Bapuauuu 3apsna ® (onpeneséHHble BBHILIE).
DTO rapaHTHpyeT eIMHCTBEHHOCTb passoxeHusi 2KopmaHa. OueBUIHO, YTO
B oOlleM cJyyae TpelcTaB/eHHe 3apsga B BHUAE PA3HOCTH ABYX Mep He
€IMHCTBEHHO (TIPUBECTH MPHMEP).

§ 3. Tunb! 3apsigoB

[lycte 4 — HexkoTopasi o-agiWTHBHAsi Mepa, ONpeleséHHAas Ha O-
anredpe A monMHOXKecTB npoctpaHcTBa X. MHoxecTBa, Bxomsuue B A,
6yneM HasblBaTb M3MepUMbIMH. [IycTb Ha TOU ke o-anrebpe A onpenenéx
3apsn .

Onpenenenune 6. [osopam, umo zapad ® cocpedomouer nHa mHo-
awcecmee Ay € A, ecau

VAEA AC X\ Ay= B(A)=0.

Mmnoxmcecmeo Ag 68 amom cayuae Hasvi8aemes nocumerem 3apsoa .
Onpepenenune 7. 3apad ® naseieaemcs duckpemrvim, O cocpe-

domouen HG KOHEUHOM WAL CUEMHOM MHONCecmee. Imo paBHOCUALHO

ymsepacdenuto I{c,} (n =1, N uau n € N) maxoe, umo VE C X

O(E)= Y 2({a}).

kickeE

Onpenenenue 8. 3apad P nasvisaemcs wHenpepvisHbIM, ec-
au ®(E) =0 0aa awoboeo odnomoueuroeo mHoxecmsa E.

Onpenenenue 9. 3apsd P  wHaswigaemca  abcoarromuo
HeNnpepouLeHbiM OMHOCUMEAbHO MepPbL i, eCAU

VAeEA p(A)=0= d(A)=0.

Onpepnenenune 10. 3apad @ wHaseisaemcs  cuneyASpHbLM
OMHOCUMEAbHO _Mepbl  [L, eCAl OH CcOCpedomoUuer Ha HeKOmopoM
mroxcecmse A ¢ u(A) = 0.

3amerum, uto unrerpan JleGera (1.1) or ¢uKCHpOBaHHON HHTErpu-
pyemoii no Jlebery (yHKIMU sBAsETCS abCOMIOTHO HEMpepbiBHBIM (OTHO-
cuTesnbHO Mepel JleGera p, (UrypHpylLled B 3TOM HHTerpale) 3apsioM.
OkasblBaeTcsi, TUM NPUMEPOM Bce abCOJIIOTHO HeNpephIBHEIE 3apsiibl HC-
YepIIbIBAOTCS.

3 M. O. Kopmiycos, A. A. [auun
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§ 4. Teopema Pagona—Huxkoguma

Teopema Pagmowa—Hwukonuma) [lycmo p — Koweunas o-
addumusnasn mepa, onpedeséunas Ha o-aseebpe A nodmroxcecms npo-
cmparncmsa X; nycmo ® — xomeunwili 3apsad, onpedesérnovii Ha A u

abcoaromro Henpepvierblll omHocumenvro (. Toeda cywecmeyem maxas
unmeepupyemas (no Jlebeey) no mepe p gynkuyus f(x), onpederénnas
na X, umo

VAEA B(A)= Jf(;z;) d.
A

Ima pynkyus (Hasvieaemas npoussodnoil sapsda P no mepe ) onpede-
AEHA C MOYHOCMbIO 00 [1-3KBUBANCHMHOCMU.

Gameuyanue 3. OueBUAHO, UTO OT YCJOBUS aOCOMIOTHON HelpepbiB-
HOCTH 3apsina ® OTHOCHTEJbHO Mephl f Hesb3si oTkasartbesi. ([Touemy?
[TpuBenuTe KOHTPIPHUMEP M IMOKAaXKWTE, IIEe 3TO YCJIOBHE HCIIOJb3YETCS B
JI0Ka3aTe/IbCTBE.)

[Tpexkne yem mepedTH K J0Ka3aTe]bCTBY, OTMETHM, YTO NPOCTEHIIHMH
NpUMepaMy MPOU3BOLHOHN 3apsiia MO Mepe sIBJSIOTCS MJIOTHOCTb (Macchl),
TUVIOTHOCTb 3JIEKTPHUECKOTO 3apsifia.

Jloka3aTenbCTBO.

1. IMockosbKy KaxKAbIH 3apsifi €CTb Pa3HOCTb ABYX HEOTPHLIATENbHBIX
3apsioB W MIpU 3TOM abCOMIOTHO HEMPEepBIBHBIN 3apsii MpPeACTaBJsieTcs B
BHJE PA3HOCTH IBYX abCOMIOTHO HempepblBHBIX (CM. 3agady 7), TO IoKasa-
TEJNBCTBO AOCTATOYHO NPOBECTH [JIs HEOTPHLATENbHBIX 3apsioB, T. €. Mep.
Hrak, nycts ® — mepa, abCoOIOTHO HeMpepbIBHASE OTHOCUTENBHO MEpHI fi.

Jlemma 3. Ilycmo mepa ® abcorrommo Henpepvl8Ha OMHOCUMENLHO
mepor pu ® £ 0. Toeda cyuwecmsyrom makue Hamypaivioe n u B € A,
umo u(B) > 0 u B noaroxcumenrvHo omrocumersro sapsda & — %M-

Jloka3aTeabCTBO JEMMBI.

[ycts X = A, U A — pasnoxenus Xana npoctpanctBa X OTHOCH-
TeJbHO 3apsnoB & — %u, n € N, u mycTb

A =N 4, AT =Uu2 Af

Torna npu Beex n € N nmeem ®(A7) < Lu(A7), nosromy ®(A~) = 0.
Caenosaresibho, ®(AT) > 0 (mouemy?). Ho Ttorma B cuay abconmoTHO#R
HErpepbiBHOCTH Mepbl ® oTHOocHTesbHO Mepbl p uMeeM pu(AT) > 0. Ilo-
3ToMy cyuiectByer Takoe m, 4to p(A}) > 0: unaue p(A%) =0 B cuay
o-aIUTUBHOCTH Mepbl. Ho A,, M0 YCJOBHIO MOJNOXKUTEIBHO OTHOCHTEJBHO
3apsina ¢ — %ﬂ. [Toatomy muOXecTBO B = A,;, u 4ncio n = m u Oyayt
HCKOMBIMH.

JleMMa nokasaHa.

2. Tlyctb Tenepb K — MHOXeCTBO (hYHKIHH ¢ Ha X, yIOBJIETBOPSIOLINX
YCIIOBHSIM:
)¢ >0,
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2)  “3MepUMBl ¥ HHTErpUpyembl no y Ha X,
J)YVAc A [, po(x)du < D(A).
[Tycte

M = sup Jgp(x) dp.
<p€KX

(M xoneuno B cusiy KoHeuHocTd Mepbl ® u onpenesenust mHOXKecTBa K.)
B cuny onpenesneHns TOYHOH BepXHeH IpaHH CYLIECTBYET Takas IMOCJENO-
BaresbHocTh {f,} C K, 4ro

lim an(x)du:M. (4.1)

n— 00
X

[Tosoxkum mpu Kaxaom x € X

gn(x) = max(fi(z), ..., fn(2)).

(okaxuTe, 4To 3TH (DYHKIHM H3MEPUMbl U HHTerpupyembl Ha X, CM.
3afgauy 7.)
3. [lokaxewm, uto g, € K, 1. e. 4yTo nas Bcex F € A BepHO

jgn@c) dp < B(E).
E

O [e#icTBuTesbHO, E MOXKHO MPEACTaBHUTb B BHIE IH3BIOHKTHO-
ro 0oGbeIHHEHHs: HM3MePHUMbIX MHOxecTB E = UP_ Ej, rae g,(x) =
= fx(z) npu Bcex x € Ej, monaras, Hanpumep, Ep = {z € X | gp(x) =
= fr(x),k — min} ). [Tostomy

Jgn(sc) dp="Y" J fe(@)dp <Y @(Ey) = ©(E).
B k

k::lEk =1

3aMmeTnM, 4TO MOC/IeN0BATENbHOCTL QYHKLME gy, (z) oOnanaer ciaepyro-
LIMMH CBOKCTBAMHU:
1) oHa MOHOTOHHO He yOBIBaeT B KaxKAOH TOUKE;
2) Bce g, U3MepHUMbl U HHTETPHPYEMBI IO Mepe [i;
3)VE € A [ gn(x)du < ®(E) 1, B yacTHOCTH,
3) [y 9u(x) dpp < B(X).

Torma us 1), 2), 3') no reopeme Benmo JleBu caenyer cyluiecTBoBaHue
MOYTH BCIOAY Ha X KOHEYHOro Tpefesa

fla) = lim gy, (z),

) Ecsin He m03aGoOTHTBCS O TOM, K KAaKOMy UMeHHO U3 Fj OTHECTH TOYKH, Iae
HECKONIbKO DYHKUME fi () NIPUHUMAIOT paBHbIE 3HAYEHHS, Mbl PUCKYEM CTOJNKHYTh-
csl C HEM3MepPHMbIMH MHOXKeCTBaMH.

3
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a Takxe CyllecTBoBaHHe nHTerpana [ f(x)du u paBeHcTBO
J f(x)dp = lim J gn(z) dps. (4.2)
X

C npyrofi CTOPOHbI, W3 IOCTPOEHHSI CJEAYeT, YTO BCIOAYy Ha X BepHO
HEpPaBeHCTBO ¢n(x) = fn(x), oTKyna

Jgnm d > J ful) di. (4.3)

X X

Ho no Tosibko uTO mOKazaHHOMY 1. 2) uMeeM g, € K, oTKyla 1o onpeze-
JeHut yucaa M ciemyer, uTo

M3 fgn@c) i (4.4)
X

Torna us (4.1)—(4.4), a TakKe TeOpeMbl «0 ABYX MUJIHLHOHEpAX» MOJyya-
eM:

J f() du =M.
X
Bosee Ttoro, mpumensis Teopemy benmo JleBu k s06oMy MHOXKeCTBY

u3 A, nosyuaem u3 1), 2), 3):
VE € A Jf(x) du < O(E), (4.5)
E

T.e. f(r) e K. K
4. Tlokaxkem Tenepb, 4yto Ajs Jwboro F € A

®(E) — Jf(:p) du =0,

E

SaMeTI/IM, 4qTo q:)yHKU,I/IH MHO2KeCTBa

A(E) = B(E) - Jf(ac) dy

HeoTpHLaTesbHA B cuay (4.5) u obianaer BceMu cBodcTBamu Mephl. Jaiee,
oHa abCOJIIOTHO HeMpepbiBHA OTHOCHTENbHO Mephl i. Ecau A # 0, To B cuiy
JeMMbl 3 CYILeCTByeT Takoe 4ucao n € N M Takoe MHOxKecTBO B € A,
uro u(B) > 0 u mas aw6oro £ € A BepHO HEpaBEHCTBO

%M(E N B) <AENB).
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OBosHa4MM 115t KpaTKOCTH € = ~ u nosoxum h(z) = f(z) 4+ exp(z), rae

X5(x) — unoukaropHas GpyHkuus MHoxectBa B. Torna npu Bcex E € A ¢
yaérom f(x) € K monydum

Jh(m) du =

E
:jf@)duw(mm <jf<x>du+A(EmB>:

= | f@durowns)~ | fwdi= | 1@+ owns <
ENB E\B
<®(E\B) +®(ENB) = d(E).

9710 o3Havaer, 4To h € K. Ho, ¢ apyroil cTopoHH,
J h(z) dy = J F(@)dp + ep(B) > M,
b'e

YTO MPUBOJMUT HAC K TMPOTHBOPEUHIO ¢ onpefeseHueM M.
CurienoBaTtesibHO, CYLLECTBOBAHHE TaKOH (QYHKUMH f, UTO

D(A) = Jf(x) dp mpu Bcex A€ A,
A

JI0Ka3aHo.
5. Jloka)keM €IHHCTBEHHOCTb (C TOYHOCTHIO MO fi-3KBHBAJEHTHOCTH).
[Tycts npu Bcex A € A

(A) = | filz)dp = | fo(z)dp.
Jscre]

Torma mast Bcex

Anz{x|f1(a:)—f2(x)>ﬁ}, neN,

UMeeM B CHJy HepaBeHCTBa UeObllEBa

i(An) < n J (f1(2) — folz)) dp =

A’VL

—n j fi(z)dp—n j fol) d = n (®(A,) — ®(A,)) = 0.

Ap Ap
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Ananoruuro, ans By, = {z | fo(z) — fi(z) > L} umeem p(By,) = 0. Cie-
Jl0BaTeNbHO,

plz € X | fi(z) # fo(2)} = p((Unendn) U (UmenBm)) =0,

T. €. fi(z) = fo(x) mouru Bciony.
Teopema nokasaHa.

§ 5. 3amauu asg CaMOCTOSITEJbHOTO pelieHus

Sanaua 0. OTBeTUTb Ha BOMPOCHI MO XOAY TEKCTA.

Samaua 1. JlokasaTh, 4YTO W3 CYETHOM afJUTHBHOCTH MephI (3apsaa)
cleyeT KOHeYHasi aliIMTHBHOCTb. YKa3aHHe. JloKa)KHTe cHayasa, yTo My-
CTOe MHOXKECTBO MMeeT HYJeByI0 Mepy (3apsin).

Samaua 2. Jlokaszath JemMmy 1 Ha c. 173.

3apgaua 3. [lokasaTh, 4TO B [OKa3aTeJbCTBE TEOpPeMbl 1 MHOXKe-
ctBo A~ nsmepumo u $(A7) = a.

Samaua 4. Ilokasath, uTO B [0KaszaTeJbCTBe TeopemMbl 1 A~ —
oTpHLIaTesNbHOE MHOXKecTBO. [lpenocrtepexkenue. Tpebyercs mokasaTb Cy-
ECTBEHHO GoJiee CHJbHOe yTBepxaeHue, ueM (A7) < 0.

Sanaua 5. Ilokasarb, uTo BepxHsist U HUKHsISI BApUALMHU 3apsifia CyTh
O-aNINTUBHbIE (PYHKIIUK MHOXKECTBA.

3apaua 6. [lokasaTb, uto ecau 3apsin P abGCOMOTHO HeNpephBeH
OTHOCHTEJIbHO MEpHI (i, TO TO XKe MOXHO CKa3aTb O €ro BepXHei M HUXKHel
BapHUalUsX.

3amaua 7. JlokasaTb, uT0 (QYHKUHU g, (x), UCIOJIb30BAHHBIE B J10-
KazaresbCTBe TeopeMbl Pagona—Hukomuma, u3MepuMbl ¥ HHTETpPUPYEMbI
Ha X.

3amaua 8. 1) Onpepensier nu dyukuuss Kanropa Ha orpeske [0; 1]
HekoTopyto mMepy mo dopmyse (1.1)?

2) Yrto MOXKHO cKasaTh 06 3TOH Mepe MO OTHOIIEHHI0 K Mepe JleGera?

Sanaga 9. O6obwuth TeopeMy 2 Ha cjayudai, Korma (i SIBJseTCS O-
KOHEYHOH MepoH.

Samaua 10*. Ilycts g(x) — npousBosibHASE MOHOTOHHO HeyObIBaO-
wast GyHKUHs, onpenenénnas Ha otpeske [0; 1]. [Tpomo/mkum eé KoHCTaH-
Toil g(a) cieBa oT a W KoHcTaHToi ¢(b) crmpaBa oT b. Paccmorpum mosy-
KOJIBIIO (CM. JIEKILHIO 2a TpefBbIAyLIero ceMecTpa) S BCeX MPOMEXKYTKOB,
BJIOXKEHHBIX B 0Tpe3ok [0; 1], U ompemesvim Ha 3TOM MOJYKOJBLE Mepy m
caepyoumm oopasom (mpu Beex a,b € [0; 1], b > a):

m([a; b]) = g(b+0) — g(a — 0);
m([a;b)) = g(b—0) — g(a - 0);
m((a;b]) = g(b+0) — g(a+ 0);
m((a; b)) = g(b—0) — g(a+0)
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1) JdokasaTb, UTO m — [OeHCTBUTEJbHO Mepa Ha S, T. €. HeOTpHULlaTeJbHas
o-aJIUTHBHAs (PYHKUHUS TpoMexyTKa. ([loKaszaTesbCTBO o-alAUTHBHOCTH
pa3BUBaeT WAEH JieKUUH | TepBoro cemectpa).

[Tosb3ysicb MponOJIKEHHEM Mepbl C TMOJYKOJblia Ha o-aaredpy, MOXKHO
MONYYUTb Mepy [tg, ONpele]eHHY Ha HeKoTopoi o-anrebpe. (Ham
BakeH JIMILIb 3TOT (PAKT; AOKA3aTeNbCTBO MOXKHO, HO He 0053aTesbHO 115
pelleHHsl NaHHOH 3amauu, mpountaTb y Kosamoroposa, domuna.)

2) Bynmer sn mepa pg aGCOMOTHO HENPephIBHOM OTHOCHTEJBHO KjaccHye-
CKOH Mepsnl Jlebera?

3) MoxeT /i1 npu HeKoTopoil GYHKUHH g(z) Mepa fig ObITb CHHIYJISPHOH
OTHOCHUTEJIbHO KJaccHuecKoi Mepel JleGera (cM. ompezesieHHe Bhbille)?

4) MoxHO 5, CHSIB TpeGOBaHME MOHOTOHHOCTH (PYHKLIHH ¢, MOCTPOUTH
aHAJIOTUYHBEIM 00pasoM sapsan ®,°?



Jlekuug 3
ITPOCTPAHCTBA JIEBETA. ITPOOOJ2KEHHUE

B sToii seKUMH MBI MPOJOJKUM paccMOTpeHHe MpocTpaHcTB Jlebera,
HayaToe B TPeTbeH JIeKIMH Mpenblayllero cemectpa. Iis 6oJjee MOJHOTO
TIOHUMaHHS CJeLyeT MOCMOTPETh 3TY JIEKLHIO.

§ 1. CrencrBue HepaBeHcTBa [enbaepa

[Tycto 3apana tpoiika (X, A, 1). Cnpasensusa cienyoluas Teopema:
Teopema 1. Mlyemo 1 < p< g < +oo u pu(X) < 400, moeda umerom
mecmo caedyroujue ceoticmeaa

1fllp < [w(X)]7 73 || fll, Oan 6cex f(x) € LUX),
Jtim |l = Il 011 scex f(x) € L¥(X).

Jloka3aTeabCTBO.
Hlae 1. Urak, nyctb pu(X) < 4o00. Torna B cuny HepaBeHcTBa [esibaepa

C mapameTpamu
_q Q@ q

ql ) q? - 1 -
p qr — q—p

HUMeeT MeCTO CJeAyrollas Lernodyka HepaBeHCTB:

j @) plde) = j (@)1 pde) <
X

. r/q 1-p/q
< | | @) pld) 1 p(de) -
| |
p/q
= | [1r@itutaoy |yt

OTKYZla Cpa3y ke MoJyyaeM MepBOe yTBEPKIEeHHE TeOpEMBI.
Ilae 2. Tenepsb, ecau Mbl B IEPBOM HePaBEHCTBE YTBEPKIEHHS TEOPEMbI
TMOJIOXKUM ¢ = +00, TO MOJNYUUM CJeAlylolliee HEPABEHCTBO

1fllp < O] 1f oo aas Beex  f(2) € L¥(X),
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OTKYyHa BbIT€KaeT IpeaesibHOe HEPaBEeHCTBO

limsup|| f|lp < [|f]loo-
p—4o0

Llae 3. Tenepb n0KaxkeM, 4TO
L jnf 7 > /.

OTKyIa ¥ OyIeT C/Ie[0BaTh BTOPOE YTBEPXKAEHHE TEOPEMBI.

O JleHCTBUTENbHO, LJS JIIOOOr0 AOCTATOYHO MaJjoro € > 0 Halpgercs
Takoe p—u3MepuMoe noaMHoKecTBO A, € A, uto p(A.) > 0 u uMeeT MecTo
HEpPaBEHCTBO

[f(x)] = || fllco —€ nmast Bcex x € A..

Otcrona BhITEKaeT HEPaBEHCTBO
1/p
1
1fllp = J |f(2)]P p(dz) > [l flloe — €] [u(A)]'77,
A.
timnf[| £}, > £l — =
OTKYJla B CHUJIy MPOU3BOJBHOCTU € > 0 U BBITEKAET UCKOMOE yTBEDPXKJEHHE.
Teopema mokaszaHa.

CrnpaBe/iMBa OflHA UHTEPIOJISILIMOHHAS JIeMMa.
I[lyetb 1 < s<r<t<+o0o

1 1—9
L

r S t

Jlemma 1. Hueem mecmo sroxncerue
L3 (X)N Lt(X) C L"(X)
U cnpasediusa oueHKa

LA < AN

Jloka3aTeabCTBO.
JlecTBUTENBHO, HAXOAUM

j T () = j P10 u(de) <
X X
Ir/s w

< j|f|ﬁ"«% (dz) Jlfl“”ﬁ“u-%)r u(da)
X X
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MUl Henosb3oBaiu HEPaBEHCTBO I'em:aepa, KOTOpO€ MOXKHO MPUMEHHUTDb, TaK

KaK
d9r (1 =9)r
- + ~ 7
S t
JlemMMa goKa3zaHa.
3amMeuanue 1. 3aMeTuUM, UTO yTBepKIEeHHE ITOH JIeMMbl TPHUBHAJIb-
HO B Cjydae i—orpaHHdeHHbIX MHOKeCTB X : pu(X) < +o00. JelcTBUTEb-
HO, U3 TeopeMbl 1 BhITEKaeT LeNoYKa BJIOXKEHHH

LYX) C L"(X) C L*(X).

=1.

OnHako, B cilydyae He KOHEUHOH Mepbl yTBepKeHHe JIeMMbl HETPHBUAJBHO.
CripaBensinBo 06061IeHHOe HepaBeHCTBO [enbepa.
Teopewma 2. Ilycmo fi, € LP*(X), npuuem py € (1,+00) npu k=1,n u
1 1 1

1
— Y — 4+ — = re[l,—l—oo).
pP1 D2 Pn r

Tocoa umeem mecmo o60buiennoe Hepasercmso leavdepa:

[fife - fulle < I ftllpll fallps - - - 1l fnllp- (1.1)

JlokasaTenbCcTBO MpoBefeM o HHAyKUUH. [lycTe 06oblieHHOEe Hepa-
BeHCTBO [esnbnepa nokasaHo masgs n = N — 1 pmokaxem ero mas n = N.
JleficTBUTEJIBHO, MYCTh

f=h-forIn-1

Jloka3aTenbCTBO.
llae 1. V13 HepaBeHcTBa [esbiepa Moy4uM LIETIOYKY HEPABEHCTB

1/r
Il = j|f|r|fN|m<dx> <
X
l/p l/q l/T’
< J\fl””u(dw) J|fN|w<dx> <
X X
1/(rp) 1/(rq)
< j\frwdx) j|fN|w<dx> -
X X
:”f p* fNHPN’
rue
111 1 11 .
—=—+—+-F , —+-=1, rp=p", rq=pn.
p D1 D2 PN-—1 p q
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llae 2. Tenepb 3aMeTHM, UTO MO MPENNONOXKEHHI0 MUHAYKIUH HMeeT
MeCTO CJieyIolllee PaBeHCTBO:

1 1 1

= — 4+ ...+ .
L2 41 PN-1

C npyroil CTOpPOHBI, TIOJIOXKUM 7' = P, TOTAA

[Ipu stom

q 1 1
p=—= q=pN|—+ -+—].
q—1 D1 PN

C/ienoBaTe/IbHO, MO UHAYKIUK Mbl TIPUXOAUM K YTBEPXKAEHHIO TEOPEMBI.
Teopema moxkaszaHa.

§ 2. Teopema Pucca

Teneps 3amagumcsi CAENYIOUIUM BOMPOCOM: KAKOH SIBHBIH BHI HMEIOT
CKOOKH [BOHCTBEHHOCTH MEXIY COMpSIKEHHBIMH OaHAXOBBHIMH MPOCTPaH-
crBamu LP(X, ) u (LP(X,p))"? OTBeT Ha 3TOT BOMPOC AaeT cjedyolas
BaxkHasi TeopeMma Pucca.

Teopema 3. Conpsamentoim Kk 6anaxosy npocmparcmsey LP(X, ) npu
p € [1,+00) asasemesn 6anaxoso npocmparcmeo L1(X, i), ede

1
-
p

:1’

| -

npuuem umeem mecmo s8Hoe npedcmasierue 015 CKOOOK 080LCMBEHHO-
cmu:

@0 0), " | F@)o(w) () @.1)
X
ons 8cex
flx) e LP(X, ), g(z) € LU(X, p). (2.2)

Omobpaxcenue g — O, asasemcs usomempuseckum U3oMopPHUIMOM.
JlokasaTeabcTBO.
Llae 1. CHauana mokaxkeM, 4to dopmyna (2.1) mpu p > 1 nas xax-
JIOTO g(sc) S Lq(X,u), JNEUCTBUTEJIbHO 3aJaeT HEKOTOPBbId JHHEHHBIH U
HerpepeIBHbIE (yHKIHoHAN Ha LP (X, ). VI uMeeT MeCTO paBeHCTBO HOPM

1®gllpe = llgllq-

||(I)g||p*: sup |<(I)g’f>‘ =
Ifllp=1
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T AR Jf(‘”)g(ff)u(dl“) < flbllglle < llglle, (2.3)
Tk

o *
M3 KOTOPOH, B 4aCTHOCTH, BbITeKaet, uto O, € (LP(X, u))".
Hlaz 2. JlokaxeM, 4yTo IpHU p > 1 Ha camoM [ese UMEeT MECTO paBeH-
CTBO
[@gllpe = 1lgllq-
DT0 pPaBEHCTBO, OYEBMAHO, BbINOJHEHO, ecan g = ¥. Ilyers |[|g|l; > O.
Bosbmem B dopmysie (2.1) dyHKIMIO

Fa) = sign(g)|g|*/”

lgllg’”
Torna vMeer MecTo paBeHCTBO
q/p+1
g xr
(@) = [ g1 10 ) = [ ) =
4 4 Nl
1 llglld
= — [ le@) utaa) = 2 = g,
lgl4™ § gl

OTkyzna cpasy ke MoJy4yaeM, 4To

1%l = W (R, )] = llgllq-

3uaunt, orciona U u3 (2.3), NeHCTBHUTENBHO, MPHUXOAHM K CJAEAYIOLIEMY
PaBEHCTBY:

1®g[l, =1llglly mpu p> 1.

lllae 3. PaccmoTtpum Tenepb cayuaéh p = 1, Torma g = +oo. W3 npen-
craBjenus (2.1) BeITekaeT B cujy HepaBeHcTBa [esibiepa oleHKa

1Pl < llglloo-

C npyro# CTOPOHBI, [Jis1 JI0OOOr0 TOCTATOUYHO MaJioro € > 0 HafizeTcst Takoe
p—u3mMepumMoe MHOXkecTBO A, € A ¢ mnosoxkutenbHOH Mepoit u(Ag) > 0,
4TO UMEeT MeCTO HEPABEHCTBO

lg(z)| = llgllec —€ mast Bcex z € A..

Bes orpanuueHnst OGLIHOCTH MOXKHO cuuTaTh, 4T0 (Ac) < +oo. Tenepnb
BeefieM pyHkuuo f(z) € L'(X, ) crenyomum obpasom:

sign(g)(z) {XAE (), weA;

f@) == 0. z € X\A.,



2. Teopema Pucca 77

roe xa,.(x) — xapaktepuctuueckast ¢yHKuHs MHoxkecTBa A.. Ho rtorna
MIMeeT MeCTO HepaBeHCTBO

jf<x>g<xm<dx> > @ j l9()] uldz) >
X

€

> @ glloe — 2] 1(A2) = glloe — .

Orcrona B CHUJY MTPOU3BOJIBHOCTH € > 0 NpUXOAHUM K BbIBOLY, YTO

1®gll+ = llgllcc = ®gll« = lglloc mpn p=1.

Tem cambiM Ha 3TOM 3Tane Mbl J0Kasa/lH, 4TO OToOpakeHHe ¢ +— Py
SIBJISIETCS M30METPUUYECKOH HHbeKlHed Bcero mpocrpanctsa L1(X,pu) B
npoctpanctso (LP(X, )" mpu p € [1, +00).

llae 4. IlokaxxeM, 4To 3TO oTOOpakKeHHe sBJseTCs Clopbekuuel. Pac-
CMOTPHM CJIy4ald KOHEUHOH MEpHI [i, TTOCKOJBKY M3 JI0Ka3aTeJbCTBa BHIHO,
YTO BCE Pe3yJibTaThl PACIPOCTPAHSIIOTCS U Ha Cjydail 0 —KOHEeUYHOH Mephl L.

Urak, nyets ® € (LP(X,p))". Tlyets xa(z) — 3T0 XapaktepucTHue-
ckasi pyHKuus MmHoxxectBa A € A. BBenem o6o3HaueHue

v(A) ¥ (@, xa), xa € LP(X,p), (2.4)

MOCKOJBKY (X 4) < 400.

Iokaxem, uto v(A) — 3TO CUETHO-afIWTHBHAS W a0COJIOTHO Hempe-
pbIBHas OTHOCHTEJ/bHO Mephl Jlebera f Mepa.

HeiictButenbro, nycts {A,} C A — 3To cucTeMa nomnapHo Hemepece-
KaIOIMXCsl MHOXKECTB, HCUeprnbiBamoias A, T.e.

+oo
A=|J A, AyNA, =2 mpu ni#ny.

n=1
Torma umeem
N N
> v(An) = (@ xa,
n=1 n=1
[TockoabKy

N
fn(x) = Z X4, (x) = xa(z) noroueuno z € A

n=1

U, KpOMe TOTro, UMeeT MECTO OLEHKa

N
Y xa (@] <1,
n=1
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TO K3 TeopeMbl JleGera o mpemesibHOM TEPeXofie MOA 3HAKOM HHTerpasa
JleGera nmeem

+oo
In(z) = xa(z) = ZXAn (x) cuabHo B LP(X, p). (2.5)
n=1

[ockonbky ® € (LP(X,pn))", 10 B cuay (2.5) monyuaem
N

N “+o00
D v(A) = (2 xa, )= (2 xa, ) = (D,xa) = v(4),
n=1 n=1

n=

+o00
v(A) = Z v(Ap).
n=1
Tem CaMbIM, OOKa3aJu CHETHYIO adAHUTHUBHOCTD.
JlokaxkeM Ternepb aGCOJIIOTHYIO HENPEPHIBHOCTb MEPbl I/ OTHOCHTEJNBHO
MephbI W. ,U,el';ICTBI/ITeJIbHO, HMeeT MeCTO LeIllodyKa COOTHOLLIEHUH.

lv(A)] = (P, xa)| < [|]lllxall, =
1/p

— . | [Lutan) | = 1l fuca) .
A

Orclona BHITEKAET, UTO
lim v(A)=0,
n(A)—+0
T. €. MBI J0OKa3aJu abCOMOTHYIO HEMPEPbIBHOCTh CYETHO—aAUTHBHON MephI
v(A) orHocutesbHO Mephl JleGera p Ha usMepumom npocrpanctee (X, A).

Llae 5. Tenepb HaNOMHHUM OOHY Ba)KHYI0 TeOpeMy TEOPHH MepBl H
uHrerpana Jle6era:

Teopema Pagpona-Huxkonuwma. llycmo 1 u v — KOHeurbvle mepol
na usmepumom npocmpancmee (X, A). Mepa v abcorromuo Henpepolera
OMHOCUMEALHO MePbL [L 8 MOYHOCMU moeda, K020a Cyuecmayem makas
—UHmezpupyemas PYHKYUS g, 4mo umeem mecmo npedcmasierue:

v(A) = Jg(x) u(dz) Oas scex A€ A. (2.6)

A
TeMm camblM 17151 BBeJeHHOH Mepbl I/ BHIIIOJHEHB! BCE YCJIOBUSI T€OpPEMbI
Panona-Hukonuma. Takum ob6pasom, HaljeTcsl Takas [ —HHTerpupyemas

GyHKUHs g(x), 4TO UMeeT MecTo npeacTasienue (2.6). Ocranoch 10Ka3arh,
urto g(z) € LY(X, ). 3HAUUT, NMEET MECTO PaBeHCTBO

(B, xa) = jgmmw) u(dz). 2.7)
X
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[Tycts f(x) — ato nmpocras ¢pyHKuHMs, Toraa U3 (2.7) moJayuum

(@, f) = jg@)f(x) u(dz). 2.8)

X

B cujly MJIOTHOCTH MHOXECTBA MPOCThIX (DYHKIHH BO MHOXECTBE H3Me-
pUMbIX W orpaHuueHHbX GyHkuni B(X) npuxomum K BeiBomy, uto (2.8)
cnpasenanso mas f(x) € B(X).

Hlae 6. Tenepb ocranoch nokasatb, uto g(z) € LI(X, ) npu p > 1,
g=p/(p—1). C 970 uesibI0 BBEAEM CIENHAJIBLHO BEIOPAHHYIO (DYHKIIHIO
u3 B(X). MmenHo, nycThb

Fa(@) = |g(@)|Pxa, (x) sign(g),  An={z: |g(x)| <n}.

[loHsATHO, 4YTO MHOXeCTBO A, £BJAETCs [—H3MEPHUMBIM B CHJIY [i—
usmepumoctd QpyHkunu g(x). Torma, ¢ ooHOH CTOPOHE,

(@, f,) = j 1917\g] pu(der) = J l9(2)|7 u(dz),

n An
ITOCKOJIbKY

11

Syt oi=149-y

q p p

C npyroif cTOpoHH,
(@, f) | < @]l frllp-

Tak 4yTo UMeeT MecTO HEPaBEHCTBO

1/p
j l9(2)|7 p(dz) < 2. j 19(2)|? u(de)
A, Ay
3Haywur,
1/q
j 9() Py, (@) pldz) | <)1)l
X

B cuny nemmer daty npuxoauM K BBIBOLY, YTO
g(x) € LUX, p).

llae 7. PaccmorpuM Tenepb caydad p = 1. Jlokaxewm, uto (QyHKUHSA
g(x) € L*°(X, ). C 970l Uesibio pACCMOTPUM MHOXKECTBO

A=A{z: |g(@)[ > [P}
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JlokareM, 4To 9TO MHOKECTBO HMEIOT HyJeByto u—wmepy JleGera. JleficTBu-
TeJIBHO, Mpeanoaoxkum, uto pu(A) > 0. Torna

xasg0)y L ooea ) alda) > — _
<q” (A >—M(A)ig( )‘XA()N(d)>M(A)N(A)H(I)H* @]

C npyro#l cTOpoHbl, UIMEET MeCTO HEPAaBEHCTBO

XA Sign(g)>
P||, = sup P, > (0, =) > |d|,.

3Haywur,
[®[« > (D]

[Tonyuennoe mpoTHBopeure mokasbiBaet, uto p(A) = 0. W 3Hauut, moutu
Berony |g(x)| < ||@]|«. Tem cambiM mokasaHo, uto g(x) € L (X, p).

llae 8. Crano ObITb, Mbl MOJYYHJIH CJAefyOLIUHA pedynbraT. Jas mpo-
M3BOJILHOTO JIMHEHHOr0, HempepbiBHOro dyHKuKoHana ® € (LP(X, u))" npu
p € [1,+00) Haiipercs takas dyukuus g(z) € LY(X,p) ¢ g =p/(p— 1),
4TO UMEET MECTO PaBeHCTBO

(@, f) = jg@)f(x) u(dz),

X

CIpaBe[IMBOE [JIsl BCeX MPOCTHIX (PyHKUME f(x), HO, KaK U3BECTHO, MHO-

JKECTBO MPOCTHIX (PYHKIME B Clydyae KOHEUHOH Mephl y mioTHO B LP(X, p)

npu p € [1,4+00). Crano GbiTb, TPUXOAUM K YTBEPKIECHHIO TEOPEMBI.
Teopema nokasaHa.



Cemunap-Jlekuus 5

ITPOCTPAHCTBA JIEBETA

§ 1. IToanota npoctpaHcTB JleGera

Mbi pacemarpuBaem npoctpaHctBa LP(§2), rae {2 ecTh HEKOTOpPOe H3Me-
pHMO€ TTPOCTPAHCTBO (KOHEUHOH MM GeCKOHEUHOH, HO o-KOHEYHOH Mephl),
p € [1;+00].

Teopema 1. [Ipocmparncmea LP(Q)) noatoL.

JlokasaTeJabCTBO.

[Tyctb naHa mocsenoBaTesbHOCTb {fn}, GyHIaMeHTasbHAst MO HOpMe
npoctpancTBa LP()). Mbl noka)eM, 4To cyluiecTByeT sjneMeHT f € LP((2)
Tako#, uto f, — f B LP(2).

Hlge I p=1.

1. Cnenyer HauaTb ¢ BbIOOpa TpelCTaBUTeNeH 3j1eMeHTOB f,. Coenaem
3TOT BbIOOp MPOU3BOJIBHEIM 0Opa3oM. M3 nmanbHefiiero 6yneTr sicHO, 4YTO
pe3yJbTaT He 3aBHUCUT OT KOHKpeTHOro Bbibopa. Temepp OyneM CUYUTaTh,
uto fp(z) CyTh He YTO WHOE, KaK BhIOpaHHBlE MPEACTABUTENN 3JEMEH-
T0B fp. [lo ompenesenuio hyHnaMeHTa bHOH M0C/IE0BATEILHOCTH HMEEM:

Ve >03N(e) € N Vn,m = N(e) || fn(x) — fn(2))]1 <e. (1.1)

2. Tlonoxxum Ng = 0. Janee npu kaxaom k € N nonoxum N = N (2%)
B cMeicsie (1.1). Herpyano Bumets, uto mpu kaxaoMm k € N

Ine = I + (v = Invg) + o4 (v — Iy - (1.2)
C npyro#t cTopoHbl, B cusy Boibopa Ny, umMeeM npu Bcex k € N
1wl + 1w = Fvolly + o+ v = Fvi ||y < I wolh+ 13 = ol + 1
OTKYZa

J(|fN0| 1 fv = fvgl o | v = fv|) dp < C.
Q

3. Torna no teopeme bBenmo JleBu psin

‘fNol + |fN1 7fNo| +o T+ |ka 7ka71| +.
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CXOOMTCA TOYTH BCIOAY Ha () K HEKOTOPOH (yHKLHH flz),
npuuém [, f(z)dp < C. CrnenoBaTesbHo, TO ke BEpPHO A5 psifa

fN0+(fN1_fNo)‘F-.-‘i'(ka_ka_l)“F.--- (1.3)

OGo3HauuB cymmy nocnenHero depes f(z), ¢ yuérom (1.2) mbl MoxeM
HamucaTh, UTo
fw) = Jim fv, (2) (1.4)

rae mpejes CyLIeCTBYeT MOYTH Beiopy. (B ocrasbHbIX Toukax moorpene-
auM oyHkuuo f(x) myném.) Torma ¢ynkuns f(x) u3mepuma Kak mpefed
MOYTH BCIOAY MOCJIe0BATebHOCTH M3MePHMbIX (YHKIMH, a B CHIy Ode-
BupHo#t ouenku |f(z)| < f(x) u cBoiictB unTerpana JleGera mosydaem,
uro [, |f(x)|dp < Cu f(z) € L'(9).

4. Wrak, Mbl MOCTPOMJIH MOAINOC/AEA0BATENbHOCTb { f, } HCXOMHOH TMO-
c/en0BaTebHOCTH { fi, }, CXOAsiLLyOCsl MOYTH BCIOAY K HEKOTOPOH (yHK-
wan f(x) € L'(Q). Tenepp Hawa 3ajada nokasatb, 4to f, — f 1Mo Hopme
npoctpanctsa L!(Q). OueBrmHO, 10CTaTOYHO 10Ka3aTh JHUlIb, 4TO fr, —
— f B LY(Q), nockonbky 145 hyHIaMeHTabHOM OCJAe10BaTeNbHOCTH CXO-
IMMOCTb HEKOTOPOH €€ MOAIMOCJEN0BATENbHOCTH TaPaHTUPYET CXOAMMOCTb
BCEX MOC/IE0BATENBHOCTH K TOMY K€ MpeJeJy.

5. 3amernM, 4YTO B CHJIYy (YHZAMEHTAJbHOCTH [0C/E10BaTEbHO-
ctit {fn}, @ cieoBaTesibHO, M €€ MOANOCAEN0BATENbHOCTH { [, }

Ve > 03K(e) e N Vm,n}K(E)J|mefle\du<5. (1.5)
o)

Bocnonb3oBasuucek Teopemoit Pary, nepeiiném B (1.5) K npeneny npu [ —
— oo. Torna mosyuum, uyto npu Bcex m > K (g) B cmbicae (1.5)

Jlfzv,,u — fldp <e. (1.6)

Q

A 3710 03Hauaer He 4TO MHOE, Kak cxogumocTh fy, — f B L1(Q).

6. Temepb ICHO, YTO MCXOMHBIN BHIOOD MPENCTABUTENEH HE MOT MOBJIHSTh
Ha CXOOUMOCTh mouTH Bciopy psina (1.3); cootHomienue (1.4) Takke BBIMNOJ-
HsJI0Ch Obl TOYTHU BCIOMY; HakoHell, B cooTHouieHusax (1.5) u (1.6) Taxkxe
HUYero Obl He MOMEHSJIOCh, KPOMEe 3HaueHWH MOAbIHTErpabHbIX (DYHKUIHH
Ha MHOXECTBax Mepbl HYJb.

Hrak, pns caydasi p = 1 teopema nokasaHa.

Sameuanue 1. 1. B panHo#i curyaumu Ham Obl1o 6Ge3pas/inyHo,
KOHeuHa MK OGeckoHeuHa mepa MHoxkecTBa (). 2. [lomyTHO MBI mOKa3asd,
YTO W3 MOC/eNoBaTebHOCTH, (GyHAaMeHTalbHOH no Hopme L'(Q), MoxHO
U3BJIeYb MOMMOCAE0BATENbHOCTD, CXOASAILYIOCS MOUTH Beioay B 1.

Llae II. p = oo.



1. Iloanoma npocmparcme Jlebeea 83

1. Tlo-npexuemy HauHéM ¢ BbiGopa dyHKuUME f,(x) — npeacraButesei
3J1eMeHTOB f,, € L*°(Q). Hasee, BcioMHNM, 4To ecin g € L®°(Q), To

p({z e Qlg@)] > llgllc}) = 0.

C y4éToM 3TOro MOXKHO yTBepkaAaTh, 4To () = 0, rae

Qum = {z € Q| |fu(2) = fm (@) > [ fn = fmlloo}-

2. Tlonoxum temepp Q* = Q\ Uy, _Qyp. Oueumno, 4TO
(U= Qnm) = 0 1 uT0o Ha MHOXKecTBe {)* [0OC/IEI0BATENBHOCTD

¢yurunit {f,(x)} paBHOMepHO (yHEAMEHTaNbHA, T. €.
Ve >03N(e) e N Vn,m > N(e),Vo € Q" |fn(x) — fm(x))| <e. (1.7)

3. Ho u3 (1.7) caenyeT paBHOMEpHasi CXOMUMOCTb MOCJEA0BATENbHOCTH
pyuruni {f,(z)} va Q*, npuuém nns npenenbHol QyHkunu f(x) BepHO:
sup,eq- | f(2)] <sup,en || falloo, moatomy f(x) € L°(2). Hanee, nepexo-
nsi B (1.7) k mpegeny npu m — 0o 1pu (PUKCUPOBAHHOM 7, TOJTYUYHM:

Ve > 03N(e) €N ¥n > N(e),Vz € Q |fu(z) — f(z))| <e.  (1.8)

4. TlockoJbKy Tocae noonpenesenus gpyukuuu f(z) Ha Q\ Q* npous-
BOJIbHBIM 00pasoM ycsoBue (1.8) He HapyluaeTcsi, Mbl oJjy4aem, 4to f, —
— f B L®(Q).

OcTasoch JMIIb 3aMeTUTb, UTO JIFOOOH APYrod BHIGOP TpencTaBUTeNeN
He TOBJIUSIET Ha pe3yJ/bTaT.

Teneps Teopema f0KasaHa WU AJs cayyas p = oO.

Hlae M. p € (1;+00).

1. B atom caydae, B oTiMune OT NpeAbIIyLIIHX, IPUAETCS PACCMOTPETh
OT/IEJIbHO MHOXECTBA () KOHEUHOU U OECKOHEUHOU Mephl.

2. u(Q) < +o0. Torna ans Beex g € LP(£)) UMeeT MeCcTO HepaBEHCTBO

1

j|g|du =j|g| dp < gl Jldu = llglly - (1()7 .
Q Q Q

rie % + # = 1. CnenoBate/bHO, Bce a/eMeHTHl f, € LP()) npuHanmsexar

takxke npoctpancty L!({2) u, 6osee Toro, U3 hyHnaMeHTaIbHOCTH MOC/e-
noBaresbHocTH {f,} mo HOpMe mpocTpanctBa LP(Q)) caemyer eé ¢yHma-
MeHTesbHOCTb 1o HopMe L'(€2). [TosTomy (kak W mpexkje, Hauyas ¢ BbGOpa
npefcTaBuTeIeH), B CHJy IOKasaHHOro B I Mbl mosyuum ¢yHKuuio f(z) €
€ L'(Q) rakyio, uto ||f, — f|l1 — 0.

3. 3ameruM Terepb, 4TO MOJy4YeHHas (QYHKLUHs NPUHALJIEKHUT TaKKe
npoctpancTBy LP(Q). JleficTBUTENBHO, MOCKOIBKY (DYHAAMEHTa/bHAs M0-
CJ1e[0BaTe/IbHOCTb orpaHuueHa, 1o Aast C = sup,,cy || fn]|? = 0 nmeem

J|ka|Pdu <C,
Q
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rae {fn,} — mouTu Bciogy cxomsilascs K f MOANOC/EI0BATeJ]bHOCTb,
BeiOpanHasi u3 {f,} cormacno I. Ho rtorma no reopeme Pary mnosyua-
em [o|fIPdp < C, 1. e fe LP(Q). Ocranocs nuub 10Kasats, uto | fn —
— fllp — 0. Iyctb nano € > 0. Torma B cu/ly (yHIaMEHTENbHOCTH MOC/Ie-
noBatesbHOCTH {fn, } mosydaem, uto

Ve >03K(e) >0 Vi,m > K(e) J|le — N, [P du < e
)

4. Yerpemssisi m K GeCKOHEYHOCTH, 1o Teopeme Pary mosydaem, 4to
npu Tex xe | > K(e) BepHo HepaBeHcTBO [ |fn, — fIP dpu < €. Tlockosbky
3TO paccyJeHHe MOXKHO MPOBECTH IJIsl TPOU3BOJIBHOTO € > 0, mosydyaem

Ve > 03K () > 0V > K(2) J|fm —fPdu<e,
Q

T. €. || fn, — fll[p — 0. OueBuznHO, Best MCXOHAS MOC/IEN0BATENBHOCTD TAK-
ke crpemurest K f B LP(Q2).

5. Myets p(Q) = 400 (Ho mpu 3ToM Mepa Ha {2 o-Koreuna). Ilo
OTIpeIeNIEHHI0 -KOHEUHOCTH Mephl Ha ) mosyuyaeM, yTo ) MOXKET OBITh
MPEeICTaBleHO B Buie OObEeIHHEHHS] M3MEPUMBIX MOIMHOXKECTB KOHEUHOH
Mepbl:

Q=020 rne p(Qy) <+oo, geN.

6. Kak o6biuHO, BbiGepeM TNpelncTaBUTeNed Ka)X[IOro sjemMeHTa f, W
3aMeTHM K TOMY 2Ke, YTO Cy>KeHHs BhIOpaHHBIX (QYHKILHEH Ha Kaxgaoe u3 ),
u3MepuMbl U npuHannexar LP(§),). Bosee toro, ecan K(e) € N Takoso,
qT0

q)-
Vi,m > K(e) f|f; — fm|Pdp < e,
o)

TO 0YeBHIHBIM 00pasom mpu Beex [,m > K(¢e) (rme K(e) To xe)

Vi,m > K(e), Vg € N J lfi = fm|P dp < e.
Q‘I

7. Ilostomy cormacuo nyHKTy 1. us {f,(z)} MoxHO U3BJEUb MOATIOCE-
[OBAaTeJIbHOCTb, CXOISLLYIOCS MOYTH Bciony Ha ;. VI3 Heé MOXKHO H3BJeUb
TMOATIOC/IE10BATENbHOCTb, CXOASLIYIOCS MOYTH Bcioay Ha do. Ilpomosmxum
9TOT TPOLECC, @ 3aTeM C MOMOIIbI0 JUAarOHAJBHOrO Mpoliecca BeibepeM
MOAIOC/EN0BATENbHOCTb { fr, }, CXOASILLYIOCS MOYTH BCIOAY Ha Becex ),
T. e. cxofsiulyiocss noutd Bcropy Ha 2. O603HAYHM COOTBETCTBYIOLILYIO
npefesbHyo ¢yHKuHio depes f(x). M3 nmynkra A caemyer, uto || fn, —
— fllzr(e,) — O npu Beex g € N. Torna umeem npu seex k € N

[l i < 50 18
Q
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oTKyna no teopeme Paty

Pdp < sup || fullZ oo
Jlfl b <sup o

T. e. f € LP(Q).

8. Ocranoch no0Kasath, 4t0 || fn, — fllLr() — O (kak u npexne, u3
aToro OyJeT C/leoBaTh aHAJOTHYHOe yTBEPXKAEHHe IJsi BCeH IOC/efoBa-
tesnpHOCTH). Ho 310 BhITeKaeT u3 TeopeMbl daTy cOBepIIEHHO aHAJOTMYHO
MpebIAyIEMY CIydaro.

Samevyanue 1. Mb u s caydas o-KOHEYHOH Mepbl MOCTPOUJH
TMOATOC/IEI0BATENBHOCTD, CXOSLLYIOCS MOUYTH BCIOAY.

3ameuanue 2. [lone3Ho cpaBHUTb XO[ AOKa3aTeJbCTBA MOJHOTH B
cayuae npoctpaHceTs Jlebera u B cayuae npoctpancets C'(My, My) orpatu-
YeHHBIX HENPephlBHBIX (PYHKUHEH €O 3HAYEHWSMH B IOJHOM METPHYECKOM
npoctpanctBe My. B o6oux caydasix Mbl feficTByeM B Tpu 3Tama: 1) cTpoum
HEKOTOPBIH MpefesbHbIH 00BeKT, 2) [0Ka3biBaeM, UTO OH MPHUHAIJIEXKUT
HY2KHOMY TPOCTPAHCTBY, 3) AOKa3blBaeM, YTO HCXOAHAs (hyHAaMeHTaJb-
Has MOCJeJOBATeNbHOCTb NEHCTBUTEJBHO K HEMY CXOAMTCS, MPUYEM Ha
TMOC/IeIHEM 3Tare MBI C TOMOIIBI0O HEKOTOPBIX COOOpax<eHWH (B HaHHOM
ciyyae — TeopeMbl dary) coBepiuiaeM NpenesbHbIH Mepexoln B YCJIOBUH
(byHIaMEHTaJbHOCTH.

Teopema nokaszaHa.

HepaBenctBa KuonapkcoHa W paBHOMepHas BBHIYK-
JocTh npoctpancTs Jlebera.

Hepasencra Knapkcona mist pyukuumit f, g € LP(X) umerot Bz (c % +

1 _
+1=1)

frgl” | f—g|f _1 1

1r9 =90 < ZIfIP + s llgllP, 2 +00),

H 5 p+ 7, sIFIE +5lglp, » e [2400)
fHall | f=9]" (] I -

1T | e 2 T 1;2].
H 5 ,,+ 7| S5+ 5 lal pe(1;2]

MbI nprBenéM MOJHBIH BBIBOJ, IIEPBOTO HEPABEHCTBA.
0. 3amerum, yto aJs Jw06bIX a,b > 0, r > 1 BepHbl HepaBeHCTBA

a"+b < (a+b)" < 2"_1(a" +0b), (Oa; 0b)
oTkyma ans s < 1
a®+b° > (a+b)°. (1.9)

st nokasartesbctBa HepaBeHCTB (Oa) u (0b) MBI BOCMO/Mb3yeMCs MX Of-
HOPOJIHOCTBIO W pasjieJuM Bce Tpu BblpaxkeHus Ha a”. (Caydaih a =0
Tpunanen.) OTHoweHue 2 cHoBa 0603HaunM cuMBoaoM b. C yuéTOM 5THX
paccyKIeHHE HaM OCTaETCsl J0Ka3aTb HepPaBEHCTBA

140" < (1+b)" <27 1 407). (0a’; 0)
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OueBunHo, uto HepaBeHcTBO (Oa’) obpaitaercs B paBeHcTBO mpu b = 0
(HaliTW 3Ty TOYKY MOXKHO, HAlpUMep, ¢ MOMOLIbI0 HU(PPepeHIHPOBAHHUS).
Bo3bMéM mpon3BopHBEIE OT JIEBOH M NPaBOH YacTel 3TOT0 HEPaBEHCTBA:

d T\ __ r—1 i ro__ r—1
d—b(l—l-b)—rb , db(1+b) =7r(l+b)""".

OueBupHo, yto pu b > 0, r — 1 > 0 umMeeT MecTo c/enyollee HepaBeHCTBO,
CBsI3bIBalOlee YKA3aHHble MPOU3BOAHbBIE:

"< (14 b)) (1.10)

IMockosbky mpu b = 0 B (0a’) nocruraercst paBenctso, To u3 (1.10) mosy-
yaem HepaBencTBo (Oa’) mpu Beex b > 0.

Yro6bl Tenephb gokasath (00'), 3aMeTHM, 4TO 9TO HEpABEHCTBO obparlia-
ercsi B paBeHCcTBO npu b = 1. [lasee,

%(1 +0)" =r(1+0)""", %2’“—1(1 +07) =2 o

JlocTaToO4YHO MOKasaThb, YTO
r(1 —I—b)r_1 > 2" bl mpu b < 1,

r(1+0)" <2 b=t mpu b > 1.

Ho sT0 oueBuaHO, ecau pas3nesuTb ob6e 4YaCTH HEPABEHCTB HA MOJIOXKUTEJb-
Hoe yuncigo 127! u NpeaCTaBUTh UX B BUJE COOTBETCTBEHHO

r—1
(#) u bl

Takum o6pasom, HepaserctBa (Oa; 0b) MOMHOCTBIO TOKA3aHEL.

Hanee, nepaserctso (1.9) caenyer u3 (Oa), ecin B moc/jenHeM B Kade-
cTBe a, b, r B3Tb COOTBETCTBEHHO a®, b°, 5

1. Temepb nOKaXkeM, UTO IJIsi BCEX KOMILIEKCHBIX «, ( W Bcex p > 2
BEPHO HEPABEHCTBO

1
(jo+ B +la = B)7 < V2 (a2 +18P) " (1.11)
ITO HMeeT MeCTO B CUJTY JIETKO MPOBEPAEMOro paBeHCTBA MapaJijesaorpaMmma
1 1
(la+ 81 +1a=812)" = V2 (la*+18P)"
U HepaBeHCTBa

(Jo+ 8P + | — BIP)? < |a+ B2+ |a— B2
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KOTOpOe moJyuyaercsi, eciu mojoxutb B (1.9) a = |a+ S|P, b = |a — G]?,
s=2

2. Bossogs (1.11) B MoJIOXKHTENbHYIO CTENEHb P U MOJb3YysCh Aajee
(0b) c 7= 5§ > 1, umeem:

p
2

o+ B+l — B < 2% (laf* +181) " <
<2f 2871 (ol +1817) = 27 (ol +18P),

OTKyda CJenyeT
o+ BIP + o = BP < 207 (|af” + |6]7), (1.12)

e, HanoMuHaeM, «, 8 € C, p > 2.
3. llepenucaB Temepb TOJBKO YTO MOJyYEHHOE UHCJIOBOE HepaBeH-
cteo (1.12) B BHIE

p
+

p

a+p
2

a-p
2

1 1
< ZlalP 4 —|BIP )
< glalP + 518, (1.13)

nosioxkuB npu KaxaoMm x € X « = f(x), = g(z) 1 npouHTerpupoBas mno
obnactu X, mosyuum nepBoe HepaBeHCTBO KisapkcoHa.

Jlns BEIBOmAa BTOpOTO HepaBeHCTBa KiapkcoHa wucmosb3yercss obpat-
Hoe HepaBeHCTBO MunkoBckoro (cm., Hamp.: C. JI. Co6oses, Hexkortopsie
npuMeHeHHs (PYHKLHUOHAJBHOI'O aHa/jM3a B MaTeMaThyecKoil usuke, M.:
Hayka, 1988, c. 17) u cjenytoliee YncJ0BOe HEPABEHCTBO, N0KA3aTeNbCTBO
KOTOPOTO MBI 37leCb He TPUBOAUM (CM. TaM Xke, ¢. 31—32):

q

a+p n

2

a-p
2

" (L L) (1.14)
S gy : '

rie no-npexHemy % + é =1, Ho Tenepn p € (1;2].
B uesnsix yno6¢TBa 3amuck GyneM MOJMb30BAaThCS CTaHAAPTHHIM 0603Ha-

YeHHUeM .

1Al = | (@) du
i

naxe mpu u € (0; 1), XoTs B MoCJefHeM CJydae 3Ta BeJHUYMHA, KOHEUHO,
HOpMoOIi He siByIsieTcs (M. o6paTHOe HepaBeHCTBO MuHKOBCKoro). Torna aus
0608 gyHkuud h € LP(X) cnpaBensiuBa cilefyiolias LeNoyKa paBeHCTB:

1
p—1

A1y = th(ﬂﬁ)lq“’_”du = th(ﬂﬁ)lpd# = [IAl[§. (1.15)
X X

b~
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B cuay (1.15), o6patHoro HepaBeHcTBa MuHKoBcKoro u (1.14) nmosyuum:

1= 1= - 0= =
2 P 2 P 2 p—1 2 p—1
([ )
X 1
1 1 B! 1\
< ([[girer+gloor|an) = (Ghs0+5a)
X

4TO M JIOKA3bIBAET BTOpPOe HepaBeHCTBO KiapkcoHa.

4. Tenepp yGenumcst B TOM, YTO M3 HepaBeHCTB KiapkcoHa cienyet
paBHOMepHast BBIMYKJOCTb npoctpancTs LP(X) mpu p > 1.

BHauajie HAMIOMHUM OTpeJieJieHHe PABHOMEPHOH BBIMYKJIOCTH. BaHaxoBo
MPOCTPAHCTBO B Ha3bIBAETCS PABHOMEPHO BHIMYKJBIM, €CJH JJIsA JI060r0
e > 0 cyuwectsyer 0(g) > 0 Takoe, uto u3 HepaBeHcTB |ju|l < 1, ||v]| < 1 u
lu—v| >e>0 caenyer

u+ o] <2(1—=46()). (1.16)

Jlerko BUAeTb, UTO NpPH P > 2 W3 MEPBOro HepaBeHCTBa KiapkcoHa,
3aMUCaHHOTO B BUIE

1F +gllp < 22~ (I + Nlgls) = IS = gl

mpu [[fllp < 1, lglly < L, |[f = gllp > & > 0 umeen

1
eP

I +aly<2(1-5)" =20-56)

1
e’\p

mpu & (e) =1— (1= 55)" >0, 1. e. (1.16). Hdanee, npu p < 2 U3 BTOPOro
HepaBeHcTBa nosydaeM npu || fll, <L, |lgll, <1, |[f—gllp, =2 >0

((_:q

I +aly<2(1-5 )" =20 -5
cdofe) =1—(1- ;—z)é >0, 1. e. (1.16).

§ 2. HeanHelHBIN CKUMAIOINHA oriepaTop

Paccemorpum B o6sactu € ¢ p(€2) < 400 HHTerpasbHOe ypaBHEHHE BHAA

|u(s)]
w(z) = up(x) + A | K(x, s) ———— ds, (2.1
i ETe)
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rae K (x, s) orpannuena B {2 X () U u3Meprma 1o s npu Beex = € 2, up(z) €
€ LY(Q).

CyliecTBOBaHUe M ENMHCTBEHHOCTH ero peiuenusi B L'(Q) «npu ma-
JIBIX» A JIETKO JI0Ka3aTh, BOCIOJIb30BABIINCH MPUHIMIOM CXHMAIOLIUX
otobpaxeHui. [leficTBUTENBbHO, €Ciu

_ |u(s)]
(Au)(x) =up(z) + M | K(x, s)———~ ds,
SJ; 1+ Ju(s)]

10 ipHt 2 (x) = (Auy)(x), i = 1,2, Ko = supgyq |K(z, s)| umeem

llz1 — 2o]|1 = J'dx AJK(x,S)%dS—AJK(x,S)MdS =
)

1+ Jui(s 1+ [us(s)]
de fK ( () Jua(s)] >d8 .
) T Jur(s)] T+ Jua(s)]
) T+ Jur(s)] T+ Jua(s)]
|A|Kojdxj s (5) — ua(s) | ds = [\ EKoljur — ugl|12(€2).
Q Q
Mbl HUCIIOJb30BaJH 3eCb JErKo HpOBepHeMoe HeHOCpeﬂCTBeHHO HepaBeH-
CTBO | ‘ |b|
a
————| < |la -0l
‘1+|a 1+ ]| ja =]
OueBugHoO, NpH |
AN < ———
A Kop($2)

oTo6paxkeHue A fBisieTcs CXKMMAIOLUIMM, YTO FapaHTHPYeT CyleCTBOBaHHE
u enuHcTBeHHocTh pemnenns u(z) € L'(Q) ypasnenus (2.1) npu kaxaom
U3 YKa3aHHBIX A.

§ 3. 3agauu ass CaMOCTOSITEJTbHOTO pelIeHHs

3apaua 1. Iloxkasars, 4TO BCSIKOE TH/IbOEPTOBO NPOCTPAHCTBO ABJISA-
€TCsl PABHOMEPHO BBIMYKJIBIM.

Samauya 2. Ilokasarb (Ha KOHTpIpUMEpax), UTO MPOCTPaH-
ctea L1(Q), L>(Q), C(£) He ABAAIOTCA CTPOro BHIIYKAIMU (1 Tem GoJee
PaBHOMEPHO BBIMYKJIBIMH).

3angaua 3%*. Ilyctb K — 3aMKHyTOe BBINYKJOEe MHOXECTBO B paB-
HOMEpPHO BHINYKJIOM 6aHaxoBoM mpocTpaHcTBe. [Tokasars, uto Torna (GyHK-



90 Cemunap-Jleknus 5. [Ipoctpancrsa Jlebera

uust f(z) = ||x|| mocruraer csoero MuHMMyMa Ha K, ¥ MPUTOM POBHO B
OmHOH Touke. 3aMeuaHue. BoT, HapsiLy ¢ KpUTEpHEM CHJIBHOH CXOOMMOCTH,
emé ONHO MOJIE3HOE CBOMCTBO PABHOMEPHO BBIMYKJBIX MpocTpaHcTB. Kak
MBI Terepb 3HaeM, mpoctpancTsa JleGera LP(€) ¢ 1 < p < 400 TaKoBBIMH
SIBJISIIOTCS.



Cemunap-Jlekuus 6

CJIABAY CXOJIHMOCTb, JAJBHEHUIIUE ®AKTHI

§ 1. IIpumepsbl 1 KOHTPIPUMEPBHI

Onpenenenue 1. Mnoxecmso M s 6anaxosom npocmparcmee B
Hagoieaemcs cAab0 3aAMKHYMbIM, ecau usd T, — z, {x,} C M caedy-
em x € M. (Huoimu crosamu, peus udém 0 3aMKHYMOCMU 8 CMblCAe
caaboti cxodumocmu.)

O6cynum cBsi3b MeXAy 3aMKHYTOCTbIO MHOXeCTBa B GaHaXOBOM MpO-
CTPaHCTBE U ero cj1aboi 3aMKHYTOCTbIO.

[TPUMEP 1. Bceskoe cnabo 3aMKHYTOe MHOXKECTBO 3aMKHYTO.

O [Het#ictButenbHo, myctb M — cnabo 3aMKHYyTOe MHOXeCTBO B 0a-
HaXx0BOM MPOCTPaHCTBE U Z, — . Torna ¥UMeeM z, — I, OTCIOLA B CHJIY
ycJioBus cjiaboi 3aMKHYTOCTH & € M, T. e. M — 3aMKHyTOe MHOXECTBO.
X

[TPUMEP 2. O6patHoe HEBEPHO: He BCSIKOE 3aMKHYTOE MHOXKECTBO
ca1a60 3aMKHYTO.

O JHeiicreutesbHo, cdepa Sy = {z | ||z|| = 1} B runbbeproBom mpo-
CTPaHCTBe 3aMKHyTa KakK MpooGpa3 3aMKHYTOro MHoxectBa {1} Ha uwc-
JIOBOH OCH TpPU OTOOpA’KEHHH, OCYIIECTBJSIEMON HEMpPepPBIBHON (DYHKIIHeH
«HopMma». OpHako S| He sBjsieTcs €200 3aMKHYTHIM MHOXKECTBOM, IIO-
CKOJIbKY, KaK H3BEeCTHO, e, — 1 (31ech W jajee, ecId pedb UAET O THJb-
6epTOBOM NpPOCTPaHCTBE, €, — 3JEMEHThl OPTOHOPMHUPOBAaHHOTO Oasuca),
HO ¥ & 5.

[TIPUMEP 3. 3aMkHyTOe MONNPOCTPAHCTBO siBJsieTcs cnaabo 3a-
MKHYTBIM.

O B camom peJqe, mycth L — (3aMKHYTO€) MOAMPOCTPAHCTBO GaHaxoBa
npoctpauctsa B, {z,} C L, x, — x. Jlokaxewm, uto = € L. JledcTBUTE/b-
HO, B NPOTHBHOM CJyyae MO OfHOMY H3 CJEACTBHUEH M3 TeopeMbl XaHa—
Banaxa cymectBoBan Gvl (yHkuponan f € L*, mas koroporo | f]l« = 1,
fle =0, (f,z) = ||z|| # 0. Torna B cuy caaboit cxogumocty uMesn 661 0 =
={(f,z,) — (f,x) # 0. [lonyueHHoe MPOTHBOPeYHe IOKa3LIBaeT Tpebyemoe
yTBepxaeHue. X

O6cynuM Tenepb HEKOTOPbIE CJIyUaH, KOTOPble MOT'YT BO3HUKHYTh, KOT/a
He BBIMIOJIHEHO TO WJIM HHOE YCJOBHE KPUTEPHsl CHUJIBHOH CXOAUMOCTH B
PaBHOMEDHO BHIMYKJBIX 6aHaXOBBIX MPOCTPAHCTBAX.
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Hanpumep, MOXKeT CJAYYUTBCS TaK, YTO Uy — u, |uy] — C # |u].

[TIPUMEP 4. Tak 6yner npu u, = e, B I'HJb0epTOBOM IPOCTpPaH-
crBe: U, — 0, |lun || — 1 # |9

[IPUMEP 5. MoxHo npuecTd apyroii npumep: nycts B = L?(R),
Un = X[nm+1)(2). Torna, oueuano, |lu,|| = 1. ITpn stom u, — 0.

O

1. B camom gesie, B cuny usomopdusma L2 u (L?)* nocratouHo noka-
3aTh, uto npu Beex v € L2(R) BepHo (v, u,) — 0. Vimeem

+00 ntl
(v, up) = J v(x)up(x) de = J v(z)un(z) doe <

[v(z)|2dz. (1.1)

Il
%
=
S
S~—
o
QU
8
|
3
Se——4

2. Tlockosbky
+o00 n+1

Ey j lo(a)|? d,

n=1 5

n+1 9
B CHJIY HEOGXOIHMOTO YCJIOBHSI CXOMHMOCTH PSIIOB HMEEM jn lv(z)|* dz —
— 0, otkyna B cuay (2.11) zakaouaem, uto u, — 0.
[TPUMEP 6. 3ameHrB B Ka)KJOM W3 MpPEIbIAYLIUX TPUMEPOB Ugg
Ha Sugk, noayunm: u, — ¥, {||u,||} He nmeer mpenena.
[TIPUMEP 7. MoxHo pHBeCTH ¥ 06paTHeI# TipuMep: ||u, || — C, Ho
mpu 3ToM {u,,} He sIBJsIeTCs ¢1ab0 CXOMSIIEHCs MOCHe0BATENbHOCTBIO.

1. Tlycts, Hampumep, xg € H — HeKOTOpbIH HEHYJIeBOH 3JIeMeHT THJb-
Geprosa npoctpanctBa H. [MosoxuM u, = (—1)"(zo + ey).

2. Torpa, 04EBHAHO, Uy — g, Ugk+] — —Xo, YTO MCKIIOYAET BO3MOXK-
HOCTb CXOLHMOCTH BCSIKOH YMCJIOBOH TOC/TenoBaTebHOCTH {(f, uy)}, ecan
TosBbKO (f,x0) # 0. Uro 3Ke KacaeTcsi CXOZUMOCTH HOPM, HMeeM

lunl® = llzoll® + lleal* + 2(z0, €n) = l|zol* + 1 + 2(w0, €n) — 0|l + 1.

X

GameuaHnue 1. Mbl roBopUM «He siBJsieTCsl cabo CXOASIILEHCS»,
a He «He HMeeT cnaboro mpejesa», MOTOMY UTO ONHUM K3 BO3MOXKHBIX
omnpejiesieHHH cabol CXOMUMOCTH SIBJISIETCS] IPOCTO TpeGOBaHHE CYLIECTBO-
BaHUs Tpefiesia YUCJIOBOE mocenoBatebHocTH {(f, u,)} mns Besikoro f €
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€ B*. 3ro, Bo0OLLE rOBOpSI, €lE He rapaHTHPYEeT CYLIECTBOBAHHS TAKOro
aseMeHTa u, uto (f,u,) — (f,u) npu Bcex f € B*. (Cm. Hocuna. PyHk-
LHOHAJbHBIA aHauu3. [s1aBa V.)

§ 2. CBs3b CHJIBHOU U CJIA00H CXOOMMOCTHU

[TPUMEP 8. Ilyctb z,, — & — cjabo cXoAsiliasics nocjenoBaTesb-
HOCTb 3JIEMEHTOB Tru/bbepToBa npoctpaHcTBa H. Jloka)keMm, 4ToO W3 Heé
MOXKHO M3BJjIeUb MOAMNOC/EI0BATENbHOCTD { Ty, |, A KOTOPOH

1
E(xnl +...4+xy,) -z 1Opuk — oo.

O

1. Paccmotpum cHauana caydail x = ¢. [lonoxum n; = 1. [Tockosbky
B CHJIy YCJIOBHs CJaG0i CXOOMMOCTH NAaHHOH MOCJ/EI0BATENbHOCTH HMe-
eM (Zp, Ty, ) — 0, To Haiinércs Takoe ng > ny, 910 |(Tpy, Tn, )| < 1.

2. Jlanee, mo aHaJOTHYHOH MpUuHHe CYIECTBYeT Takoe ng > ng,
70 [(Zaye )| < 50 [(@nge )| < 1.

3. [lponomkas 3Ty mpouenypy Aajee, Ha KaXkA0M k-OM LIare TOCTPOUM
Takoe Ng41 > Nk, 4TO

1 1
|(I7lk+l’xnl)‘gE"""(‘rnkJrl’Ink”gE' (21)

4. 3aMeTHM Takxe, 4TO B CHJY CJaGOH CXONMMOCTH [OCJEI0BATE/b-
HoctH {x,} MOXKHO yTBepKaaTb eé orpaHuueHHOCTH: ||z, < C. VMeem
Tenepb

1 k E ok
=3 [P +237 S (@non)| <

1
H(xnl +. t )

k i=1 i=1 s=i+l1
1 k k 1 1 k s—1 1
< o [kC? +2 —— | == [kC*+2 —| =

k
1 s—1 C?+2
2 RO ;s—l 0

rfie B MEPBOM HEpPAaBEHCTBE Mbl yusi oUeHKY (2.1), a 3aTeM MOMeHsIH MO-
PSIIOK CYMMHUPOBAHHUS B IBOHHOH cymMe (DEKOMEHIYeTCst CleaTh PUCYHOK,
TMOSICHSIIOLIMH 9TO M3MEHEHHe MOPSAKA).

5. Takum o6pazom,

1
z (T, + ...+ 2p,) — 0.
6. [list paccMOTpeHHsl 00LIero ciydasi ciefyeT IPUMEHHTb TOJIBKO UTO

J0Ka3aHHbIEl pe3ysbTaT K M0C/Ie10BaTe bHOCTH {yy } = {z, — x}.
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3aMeuaHue 2. IDTO yTBepXKAEHHUS SBJSETCS YACTHBIM CJIydaeM Teo-
pembl Mazypa: ecau xz, — = B 6aHAXOBOM IMpOCTpaHCTBe B, To a4
Besikoro € > 0 Ha#néTes Takasi UX BBIIYKJas KOMOMHALUS

k
yk:ZOéjl‘j, aj 20, ZO[]‘ZI,
j=1

uro ||z — yi|| <e. (Cm. Mocupa. PyHkunoHanbHblit anaaus. [nasa V.)

D10 yTBepxKJEHHE MNPEJCTABJSET MHTEPeC C TOUKHM 3PeHHs 3ajad Ma-
TeMaTHuecKol (QHU3MKH. B camom gesie, ecin ynaércsl yCTAHOBHUTb OrPaHH-
YEHHOCTb T0CJIe10BaTeNbHOCTH {vy, } MPUOIHKEHHBIX ellleHHH (Hanpumep,
MoJIy4eHHbIX 110 MeTony ['a/épkuHa), TO B CHJIy COOTBETCTBYIOLIMX TEOPEM
A5 cenapabesibHOrO WM PepJIeKCHBHOTO MPOCTPAHCTBA YCTaHABJIHBAETCS
CyllecTBOBaHHe eé c1ab0 CXOASILIEHCs MOANOC/AEN0BATENbHOCTH Uy, — U,
a B CHJIy YIOMSHYTOrO (haKTa MOXKHO IOCTPOMTH [0CJI€I0BATeIbHOCTD
BBIMYKJIBIX KOMOWHALMH 3/1eMEHTOB {Uy, }, CHJBHO CXOASILYIOCS K TOMY
XKe mpefesy v. DTO MOJE3HO, B YAaCTHOCTH, T€M, YTO CBOHCTBA 3J€MEHTOB
MOC/Ie[0BATeNBHOCTH {Uy, }, MHBapHaHTHble OTHOCHTEJNbHO OOPa30BaHMs
BBIMYKJIOA KOMOMHALHM M [MpefeJbHOro nepexoga (Hampumep, CBOHACTBA
IVIaJIKOCTH MM 3HAKOONPEIeNEHHOCTH), OKaXyTCsl JOKAa3aHHBIMM U IJIs1 v,
KOTOpO€ B THIHYHOH CHTyalUHH U OyLeT TOUYHBIM pelleHHeM.

§ 3. Ipocrpanctso I'. Croiicteo Illypa

Kak mpt nomuum, (I1)* =m = 1.

[IPUMEP 9. Jlokaxem, uro B ! MOKOOPJMHATHASl CXOAUMOCTb CJia-
6ee cnaboit cxomuMoCTH. [Jig 3TOro MpUBENEM NMpPUMep MOCJeN0BATENbHO-
cti zF) | me sBasomesics c1a6o cxomsiuesicst, HO 06/IaNAIOMEH CBOHCTBOM
TIOKOOPAMHATHOH CXOIMMOCTH. (31ech U Jajiee MO TEKCTY BepXHUH HHIEKC
OyzeT 03HauaTb HOMep 3JeMeHTa IPOCTPAHCTBA, HUXKHHUH — HOMEp 3JleMeH-
Ta YHUCJIOBOMH TOCJEN0BAaTENbHOCTH, 00pa3syolllell 371eMeHT NPOCTPAHCTBRA).

O

1. Tlonoxum

20 — (

2. QueBHIHO:
1) npu Beex k € N [20)]| =1,
2) UMeeT MeCTO NOKOOPAMHATHAS CXONMMOCTb IOCJEN0BATENBHOCTH {x(’“)}
K HYJIEBOMY 3JIEMEHTY.

ITokaxkeMm, 4TO {x(k)} He CXOAMTCH Aaxke cjabo (He TOBOpsl yxkKe O
CHJIbHOH CXOAMMOCTH).
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3. B camom aenae, MNpearnoJio’KUM MPOTUBHOE: MYCTb Qf(k) — T. Torna,
IIOJIO2KHB

fn=100,...,0,1,0,...) € I*®
——
n—1
(3ameTuM, YTO ITH JEMEHTHI HeJIb3s1 Ha3blBaTh OA3UCHBIMU: B [*° He MOXKET
CyLIeCTBOBaTb CuéTHOro 6Gasucal), MosyddM, UTO & 3aBeJOMO SIBJISIETCS
OKOOPAHHATHBIM TIPEIEIOM MOC/IeI0BATENbHOCTH {x(k)}.

4. Takum ob6pasom, ¢ HeoOxomumocThio x = ¥. [lasee, nojoxum f =
=(1,1,...) €1®. Jlerko Bugets, uto {f,z*)) =1 — 1 #£ (f,9), 1. e. naume
MpearnoJiokKeHre o caaboil CXOOUMOCTH TIPHUBeNO K MpoTuBopeunio. X

IIPUMEP 10. IlpoctpaHctBo [' WHTepecHO TaK Ha3biBaeMbIM
csorictBoM lllypa — B HEM cu/bHasg U caabas CXOOUMOCTb PABHOCHUJIBHBI.
(Takum o06pa3oMm, He TOJNBKO KOHEYHOMEpHBIE MPOCTPAHCTBA MOTYT
obsanath cBoiictBoM Lllypa.) JlokaxeM 3TO MHTEPECHOe CBOHCTBO METOAOM
«OT TIPOTUBHOTO%.

O

1. Urak, nycTb (™) — x. Anasoruydo m. 8 sameHsis npu HeoOXOAUMO-
et () nHa (™) — 2, MOXHO OrpaHHYHTBCA PacCMOTpPEHHeM ciyuast = 1.

2. B aTOM c/iydae, Kak NOKa3aHO B MpelbIAyLIEM MPUMepe, TOC/eno-
BaresbHocTb {x(™} 3aBesomMo 06/1amaeT CBOHCTBOM NOKOOPAMHATHOH CXO-
auMocTH K Hymmo. Ilpeanonoxum teneps, uto (™ £ 9. B takom ciyuae
uMeeTcs MofnocenoBatebHocTh ("), oTrpaHMUEHHAS OT Hyas, T. €. C
yuectByer takoe M > 0, uto npu Bcex o € N BepHO HEpaBEHCTBO

|zt = M. (3.1)
3. C npyroil CTOpOHBI, €CTECTBEHHO,
[2)]| < +o0, (3.2)

nockosbky x("e) € [!. Temeps Hama IeJb COCTOMT B TOM, YTOOHI H3BJeYb
s (") noxmocsenoBarensHocTs (k)| He 06/1aKAIONLYI0 CBOACTBOM CJia-
60l CXOOUMOCTH K ).

4. Tlonoxkum oy = 1 u 3ametum, uto B cuay (3.1) u (1.2) Ha#inércs
TaKoe My, 4TO

9] m

("a ) M (na ) 4
Z |z; 1|<Ev Z'xz 1|>gM
i=mi+1 i=1

5. OnHaKO B CHJy CBOHCTBA MOKOOPAUHATHOH CXOOMMOCTH K HYJIIO HMe-

eM xz("”‘) — 0 mpu o — 00 15t Bcex ¢ (HarmoOMHUHAeM, 7 — HOMEpP «KOOPIH-
my (nag)
i |z, ) <

Na. 9
;> M

HaTbl» 3JeMeHTa), I03TOMY HainéTcs Takoe ag > v, 4TO Y

o0

< IMO. (3nech m panee sadukcuposano!) Torna » .= .|z

U HaWOETcsl Takoe mo > My, 4TO

mo (o)
(Nay) 4 (Nay) M
>z 2\>§M’ >z 2\<E-

i=m+1 i=my+1
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6. [Ipogo/ikasi 3Ty MpoLeaypy aHAJIOTHYHBIM 06Pa3OM, OCTPOUM CTPO-
ro Bospacraioume mocienoBatensHoctd {my} (rme mgo = 0), {ax}, mas
KOTOPBIX BEPHO:

Mp—1 mpe e

(nay); _ M (nay)) 4 (nay); _ M
Z |z "] < 0 Z |lw; "] = 5M» ‘ Z |z "] < 10
=1 i=mp_1+1 i=mg+1

(3.3)

7. Beeném Teneps B paceMoTpenue (yHKUKOHAN f = (c1, ¢, ...),"rzLe ¢;

BeiOepeM Mo caenyomemy npuHnuny. Has xaxporo j € N Ha#iném Tta-

koe k, uto myp_; < j < my (OHO CYIIECTBYET, MOCKOJIbKY B CHJIY HAIIero

NIOCTPOEHHS LieJible HeOTPULATeNbHble Yhcaa my 00pa3yoT BO3pacTaIOLLYI0
N0CJIe[0BATEbHOCTh) U TIOJIOXKHUM

("ak)
cj =sgnu; . (3.4)

8. Ouesupano, f € [°°. Mmeem Teneps ¢ yuérom (3.3), (3.4)

(foae)) =3 e >

i=1

i () = | (may)
Ng Ng
E ciz, * — E ’LL‘Z k
i=1

i=mp_+1

xl(.n“’“)

WV

o0
_ Z >
i=mp+1

4 M M 3
> -M-——=—-—==_-M,

5 10 10 5
T. €. (f,:r:("%)) 40w x(a) A 1, a cienoBaTesbHO, H x(™ A 9. K

PekoMeHayeTcsl cliesiaTb PUCYHOK, WJIOCTPUPYIOIIKE BEIGOP MOAIOCe-
JIOBATEJILHOCTEH U OLEHKH OTPE3KOB CYMM.

SBameuanwne 3. MoxkerT MI0KA3aThCsl, UTO Mbl BBIBEJH CHJBHYIO CXO-
IMMOCTh H3 ITOKOODAHHATHOH, YTO OBLIO Obl OUEHb CTPAHHO C YYETOM
npenbiayiero npumepa. Ha camom mesie, KoHeuHO, 3TO He TaK: Mbl Cylile-
CTBEHHO HCIOJIb30BaJIM ClelHalbHO MOCTPOEHHBIH (PyHKIHMOHAA f, OT/IHY-
HbIH OT «KOODAHHATHBIX» (PYHKIMOHAJIOB.

§ 4. 3agauu Qs CaMOCTOSITEJIbHOTO pelIeHHs

3agaua 1. Bo3aMoxHO M cCyllecTBOBaHHE MOCJELOBATeNbHO-
et {up}, 07 KOTOPOH Uy, — ¥, ||uy|| — oco?

Sanaua 2. JlokasaTb, YTO MOCJENOBATENbHOCTh B GaHAXOBOM TMpPO-
CTpPaHCTBE MOXKET HMeTh He 6oJjiee OTHOTO ¢aboro mpemesa.

Samaua 3. Ilycrts A € L(B), By) (orpaHnueHHbIi JUHEAHBIH omepa-
TOp, onpeneéHHbld Ha BCEM B)), rne Bj, By — 6aHaxoBbl MPOCTPAHCTBA.
Jlokaszath, uTo A HempepelBEH U B CMbicJe CJa00il CXONUMOCTH, T. €.
ecau T, — x B By, T0 Az,, — Az B B>.
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3apaua 4. Ilycts A € L(B), By) 1 3amMbiKaHie 00pa3a eIHHHUYHOrO
mwapa {z € By | ||z|| < 1} xomnaktHo B By. (Takue JnHeiiHble omeparo-
Dbl Ha3blBAIOTCS BMOJHE HempepbiBHbIMH.) [lokasaTe, 4To A mnpeoGpasyeT
cnabo CXOASAILIYIOCS IMOCJE0BATENBHOCTb B CHJIBHO CXOASIIIYIOCS, T. €.
ecJu T, — x B By, to Az, — Az B Bs.

Sanaua 5. [oxasats, uto ecnu A € L(Hy, Hy), tne H|, Hy —
cenapabeJibHble TH/IbOEPTOBbl NPOCTPAHCTBA, TO M3 TOro (hakTa, 4To /s
JI060# cj1abo cxoxsiledicss mocsenoBatenbHocTH {vy,} C Hj mocsenosa-
TenbHocTh {Av,} cuabHO cxomutest B Hy, caemyer, uto A — BmosHe
HelnpepbiBHBIA ONepaTop.

3agaua 6. JlokasaTb, UTO BCSKOE BBIMYKJO€ 3aMKHYTOe MHOXKECTBO
B 6aHaXxOBOM NPOCTPAHCTBE CJab0 3aMKHYTO. (3aMeTHM, 4TO OTCIONA Cpasy
e cyefyeT caadas 3aMKHYTOCTb (3aMKHYTOT0) TIOANPOCTPAHCTBA, KOTOPYIO
Mbl YCTAQHOBHJIH HENOCPeICTBEHHO.)

3apaua 7*. Ilyctb X — cenapabesibHOe JIHHEHHOE HOPMHPOBaHHOE
npoctpaHcTBo. JlokazaTh, uto B X* CYIIECTByeT CYETHOE MHOXKECTBO,
BCIOALY IJIOTHOE B CMbICJIe *-Cab0H CXOOUMOCTH.

4 M. O. Kopnycos, A. A. Ilauun



Jlekuusg 4

IIPOCTPAHCTBA OCHOBHBIX W OBOBIIEHHBIX
®YHKIIUUA

§ 1. IIpocrpancreo ¢pyukumit D(K)
CumBoJsioM || Oynem 0003HauaTh AJMHHY MYJbTHHHAEKCA (v

ol =a1+ag+ -+ an, anf‘iﬁfZ+®-~-®Z+.
—_—

N

CumBosioM O 0603HayaeM YaCTHYIO NPOM3BOLHYIO MOPSifKA (v € Zi 1O
nepemenHoll zx € R', = = (z1,29,....,on) € RY. Cumposom 9% 6ymem
0603HayaThb CJefylolllee BblparKeHHe:

a — Qo Ho anN
9% = 91 - Sy,

Cumsosom K,, 6ynem o603Hauath komnakt B RY npu n € NU ivoo}
Onpenenenune 1. Cemeiicmso komnakmos {K,} C RY npu n €
€ NU {oc} 6ydem nasvieamo xomnaxmmuo ucuepnvisarouwum RY cemeri-

cmeom, ecau
+oo

N .
RY = | J Ko, int{K,} = K,
n=1
U, Kpome moeo, umeem mecmo cmpoecue BA0HEeHUA

KieKye - €K, €Kny €---€RVN.

CrauaJjia pacCMOTPHM, KaK CTPOUTCSI IPOCTPAHCTBO OCHOBHBIX (BYHKIIMH
D (RY), kotopoe aasi mpoCTOTH 4acTo oGosHauaetcst kKak D. Jlas sToro
npensaputessHo BeneM npoctpanctso D(K), rae K — 310 komnakr B RY.
Ho chnagana pamum ompenesieHue.

Onpenenenue 2. Hocumenrem supp{f} ¢pynxyuu f(z) nasoisaem-
cA sambikanue mozo mroxcecmea no nepemenroti v € RY, zde f(z) # 0.

Cumposiom D (K), rme K — 370 Kommakt B RY, 0603HaunM cHaua-
Jla BEKTOpHOE TMOAMPOCTPaHcTBO npocTpaHcTBa CF° (RN), cocTosiliee U3
(GYHKUHME, HOCHTEeb KOTOPbIX comepKutes B K.
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Ha BekropHom npocrpatctBe D(K) MOXKHO BBECTH CUETHYIO CHCTEMY
HOPM CJIelyIOLIero BUAA:

pn(f)dEf max sup [0%f(x)] mpu n € NU{oo}. (1.1)

lel<m zeK

JlokaxeMm, 4to py(f) nedictBurensHo HopMbl Ha D(K
O TMokaxem, 4to U3 ycnous p,(f) = 0 Beitekaer f = ¢. IleficTBUTE/b-
Ho, u3 dopmyast (1.1) caenyer, uto

pn (f) =0=sup |0°f(x)] =0 pnast Bcex «: |af <n
zeK

3HauuT, B yacTHocTH, npu a = (0,0, ..., 0) nosyuaem
sup | f(z)] = 0= f(z) = 9.
z€K

PaccMoTtpum ciepyiomiee MHOXKECTBO

D {Vium, n,m € NU{o0}}, (1.2)
rue
Vi & {f € D(K) : pa(f) < ;} (1.3)

DTO MHOXKECTBO B COOTBETCTBHH C IEPBbIM MaparpadoM TpeTbell JeKIUH
MOXHO B3§ITb 3a 0a3y OKPeCTHOCTEH Hy/ls B BEKTOPHOM IMPOCTPAHCTBE
D(K).

EcrecTBeHHO, 4TO TOMOJOTHs Tk BekTopHOro mpocrpanctea D(K) mo-
poxnaercsi @CO okpecTHocTel Hyss B U CTPOUTCA CTAHIAPTHHIM obpa-
soM. [JeiictButensro, @CO mpousBo/bHOM ToOukH f # ) siBasieTCs caemy-
IOIas] CHCTEMa MHOXKECTB:

B Y {f+ Vo : Vo € B}

[TocTpoeHHasi TakUM 06pa30M TOMOJOTHS TK SIBJASIETCS METPU3YEMOH.
JleficTBUTENbHO, B KA4eCTBe METPUKH Ha BEKTOPHOM TOMOJIOTHYECKOM IIPO-
crpatctee (BTIT) (D(K), 7x) Bo3bMEM CJEAYIOLLYHO BEJIHUHHY:

def palf—9)
p(f.9) = ZQnm (1.4)

Teopewma 1. Mpocmpancmeo (D(K),7k) ssisemcs npocmparcmeom
Dpeuue.

Jloka3aTenbCTBO.

Hlae 1. Tlycrs {f,} nocaemosarenbocts Komw B D(K), T.e. s
Kaxjoro € > 0 Hafinercs Takoe N € N, uto gJst Bcex n, m > N uMeeM

p(fn» fm) <e

4%
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Ho torna us dopmyasi (1.4) BhiTekaet, uto ecau Mbl BodbMeM € € (0, 1/2),
TO MMeeT MeCTO HepaBeHCTBO

1fn = flle <er(e) =0 mpu e —0, (1.5)

rJle Mbl UCII0Jb30BaJH 0603HAYEHHE

def
lglls = pr(g)-

Hlae 2. Hopma (1.1) ectb HopMa Ha GaHaxoBom npoctpanctee C™ (K).
[TostomMy otcioma W u3 (1.5) mpu mocratoyHo MajoM € > 0 mpuUxomuMm
K BbIBOLY, 4TO nocienoBarensHocts {f,} C C" (K) sBisercs pyHnameH-
tanbHoil B C™ (K) W 1m03TOMYy CXOHMTCS K HEKOTOPOMY OIHOMY W TOMY
xKe B KaxkaoM 6aHaxoBoM mpoctpaHctBe C" (K) anementy f(z) € C™ (K),
NMOCKOJIbKY MMeeT MecTo odeBuaHoe Baoxenune C"!(K) c C" (K).

CurenioBare/ibHO, AJisi Besikoro € > 0 HalayTest Takue J0CTAaTOYHO GOJb-
mue Ny, Ny € N, uTo

masa k=1, Ny u Bcex n > Ny, rae
N,

B N
22k1+5 ‘NS CN‘:Zz_k' (L.7)

k=1

3amerum, yto npu € — 0 u § — 0, u obparHoe Toxke BepHO. [Ipu 3TOM
noctatouHo 6osboM N € N nMeeT MecTo HepaBeHCTBO:

LSl 5

€
— < <. (1.8)
ok k
k= N+12 T+ 0 fo = flls k=Ny+1 2
Ho Torma us (1.6)—(1.8) mpuxomum K caeayioleMy HepaBeHCTBY
U o= flle _
pin: 1) 2_: X T+ [F— T
Ny
1 an fHk 1 an f”k € €
o + <Kgtg=¢
P Sbaen ey ;ﬂ T+ 0fu— Sl S22

n7si Bcex n > No. TakuM o6paszom, mosHOTa N0Ka3aHa.
Teopema nokasaHa.

§ 2. IIpocrpauncrea (D(K,,), 7k, ) ¥ ux crporuii
MHAYKTHBHbIN npexea D (2

[ycts Temeps {K,} — 3To KoMnakTHOe HcYeprbiBaHKe MPOCTPAHCTBA
R Tpexkze Bcero 0TMETHM, YTO B CHJIy TeopeMbl | KaxJ0e NpoCTPaHCTBO
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(D(K,),k,) siBasercs npocrpanctBoMm Ppere. [lpudyem umeer Mecto
TOMOJIOTHYECKOE BJIOKEHHE

(@(Kn),TKn) C (®(Kn+l)’TKn+1) .

W3 nonnorer kaxporo npocrpanctBa (D(K,,), 7k, ) U TOro, 4TO OTHOCH-
TeJbHas TomoJorus Tk, , Ha mpocrpanctee (D(K,),7k,) coBmamaer c
Tomosiorkedl Tk, , BbiTekaer, uto npoctpancteo (D(K,), 7k, ) 3aMKHYTO B
(D(K’ﬂ-i'l )’ TK”L+1)

Onpenenenne 3. [locpedcmeom D uru D(RN) obosnauum cmpo-
euti undykmusnolti npedea npocmparncms (D(K,), k) :

D = induct (D(K,), 7x,,) - (2.1)

Iepeuncnum 6e3 nokasaTesbCTB cBoiicTBa npoctpaHctea D(RY). 1)
Teopema 2. Cnpasedausovl caredyroujue ceolicmea npocmpaHcmea oc-
HOBHbLX PyHKyull D :

(I) IIpocmparcmso D nemempusyemo;
(IT) Muowcecmseo B C D oeparnuuero, moeda u moavko moeda, Ko2da
oro codepacumcs 8 nekomopom (D(K,,), Tk, ) u oeparnuuero 8 Hem;

(1) Mocaedosamenvrocms {fn} C D cxodumcs 8 D moeda u moavko
moeda, koeda ona cxodumcsa & kakom-mo (D(K,,), 7k, ) u ee no-
cumenv codepacumces 8 K,;

(IV) Aasn wenpepoisrnocmu onepamopa T, deiicmeyroweco uz D 6 D,
Heobxodumo u docmamouro, umobsl 04 KaxcooL nociedosamenv-
nocmu {fn} CD u fr, — 0 soumexano Tf, — ¢ 6 D.

3ameuanue l. [Tockoabky npoctpanctso (D(K,,), 7k,,) ABasercs cuer-

HO HOPMHPOBaHHBIM mpocTpaHcTBoM PDpele, TO CHU/IbHAS CXOAUMOCTH B

3TOM MPOCTPaHCTBe MocsenoBaresabHocTd {uy,(z)} C D(K,,) K snemeHty

u(x) € D(K,,) paBHOCH/IbHA CXOIMMOCTH [0 BCEM HOPMaM

llwn, —ully — 40 mpr n — +oo

17151 KaXJoro (ukcrupoanHoro k € N,

§ 3. Mpoctpancreo P(RY)

Beenem Ha npoctpaHcTBe C° (RN) cJleflyiolie HOPMBI:

£l pu(f) = max swp (141)" 0 @) B

al<n zeRrN

Beenem cranmaptHbiM o6pazom PCO nyns Ha npoctpaHcTee C> (RN):

BE VY Vo {fe(C"o (RY) : pulf) < 7:1}

') Cmorpu xnury [33].
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Onpenenenue 4. [lonosHenue B8eKMOPHOEO NPOCMPAHCMBA
C>®(RN) omuocumensno cuemnozo cemeiicmeéa ropm (3.1) Hasosem
npocmpancmeom 6vicmpoybvisaroujux dyuxyul P uiu PRY).

[TpocrpanctBo P meTpusyemo:

3f — 1 If — gllx
D= S T T gl @.2)

JloKa3aTeIbCTBO OTHENUMOCTH MPOCTPAHCTBA OCHOBHBIX (YHKIUMH P mpo-
BOJIUTCS B TOUHOCTH TaKHUM e CIOCOOOM, KaK U J0Ka3aTesJbCTBO OTHEHU-
MOCTH TIPOCTPaHCTBA OCHOBHBIX (pyHKUHH D.

Takum 06pasom, cripaBennBa cjaeqyioliasi Teopema.
Teopewma 3. llpocmparncmso P asasemca npocmparncmeom Dpeute.
Teopema 4. Cnpasediusss caedyroujue csoticmsea npocmpaHcmsa oc-
HOBHbLX QpyHKyull P :

(I) Beskuti aunetinolii oepanuuennbili onepamop, deticmsyroujuti us P
8 P, Henpepuisen;

(I1) Aasn uenpepvienocmu onepamopa T, Oeticmsyoujeco uz P & P,
Heobxodumo u docmamouro, umobsl 04 KaxcOoL nociedosamenb-
nocmu {fn} CP u fr, — O soumeraro Tf, — ¥ 6 P.

3ameuanue 2. [lockonbKy mpocTpaHCTBO P sIBJsI€TCS CUETHO HOPMHUPO-
BaHHBIM IpocTpaHcTBOM Ppellle, TO CHJIbHASA CXOLUMOCTb B 9TOM NIPOCTPAH-
ctBe nocJienoBatenbHOCTH {uy, ()} C P k snementy u(x) € P paBHOCHIbHA
CXOIUMOCTH II0 BCEM HOpMam

lun —u|lg = 4+0 mpu n— 400

IJ151 KaXKJ0ro (ukcupoBaHHoro k € N.

§ 4. MpocTpancTBo pacnpenenenuii D’

Onpenenenne 5. Yepes D' 0603HauuM NPOCMPAHCMBO AUHELHBLY
U HenpepuleHbLX (QYHKYUOHAN08 HAO AOKAALHO BbINYKALIM BEKMOPHHIM
monoaoeuieckum npocmparncmeom D ¢ monosoeueil T — monorozuu
cmpoeoeo undykmusnozo npedesa npocmpancms (D(K,), 1k, ).

CripaBeninBa cjefyoliasi TeopeMa:
Teopewma 5. Kaxwooul aumetinoili @yukyuonar f* seisemcs Henpe-
poltbim 8 uHOykmueroti monosoeuu T npocmpawcmea (D,T), m.e.
npuraorexcum D,, moeda u moavko moeda, Ko2oa 0as 40060l nociedo-
samenvtocmu {p,} C D makoi, umo p, — o, soimexaem, umo

(f* on) =0 npu n— +oo.

JokasaTeabcTBO.
BbiTekaer U3 onpeneseHHs HEMPEPBIBHOCTH JHHEHHOro (DyHKILIHOHANa,
U3 TOTO CBOHCTBA, UTO HEMPEPLIBHOCTb (PYHKILHOHAJNA SKBUBAJEHTHA Hempe-
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PBIBHOCTH B OKPECTHOCTH HYJIEBOTO 3JIeMeHTa U, HaKoHell, U3 cBokicTtaa (I1I)
TeopeMbl 2 U 3aMedaHus 1.

Teopema nokasaHa.

CrpaBenJinBa cienyollas BaxHas JeMMa:
Jlemma 1. Jlunednouwl pynxyuonar f* € D', moeda u moavko moeda,
koeda Haildemcs maxoii komnakm K, C RN u makas nocmosnnas
Mym > 0, umo umeem mecmo HepageHcmso:

[{(f*, ¥} < My, max sup |0%p(x)] 4.1
‘a|<maL‘EK”

oas scex ¢ € (D(Ky),1x,,) -
Hocmamounocme. W3 (4.1) mnonyuaem, uro ecan {pp(z)} C
C (D(Knp),7k,) 1 pr — 9, 1O

Pn(pr) — +0 mpu k — 400
a5t Kaxaoro ¢ukcupoanHoro n € N. Orcrona u u3 (4.1) BbiTeKkaer, 4To
(f* ok) — 0 mpu k — +oc.

C/ienoBaTe/ibHO, PUXOAHUM K BBIBOALY, 4TO f* € D'
Heobxodumocme. Tlycts f* € D, Torna nonyHopma (nposepbTe camu!)

p(e) = (", o)

HerpepsiBHa Hap BeeM (D, 7). CrienoBaresibHO, 9Ta MONYHOPMA HEMPephIBHA
u Hax BesikuM (D(K,), 7k, ). A 9T0 B CBOIO OYepenb 03HAYAeT, 4TO HAHAeT-
Csl TIOJIYHOPMA P () U3 CHCTEMBI TIONYHOPM, TIOPOKAAIOIIUX TOMOJOTHIO
npoctpanctea Ppewe (D(K,), 7k, ), Takas, 4ro

(" 0) < MpmPnm ().

Ho monyHopMa Py () ¥MeeT cenyiomui SBHBIH BHI:

Prm() = max sup [0%p(x)|.

la|<m zeK,

Dopmyna (4.1) mokasana.
Jlemma nokasaHa.

§ 5. PerynsipHbie u cuHTYAsApHbIe 0000 EeHHbIE (HYHKLIUH

’
OyHKUKMH U3 D MOXKHO YCJOBHO PasleNiUTh HAa pecyasipHole U CUHEY-
aapHote. Janum omnpefeneHue.
’
Onpenenenue 6. Iaemenm f* €D Hasosem pezyarsproil 0606-
ujerHol QyHKyueli, ecau cyuecmsyem maxkas AOKAAbHO UKMeSpupyemas
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pynkyus f(x) € L, (RY), umo umeem mecmo credyiouee asroe nped-
cmasaenue 045 ckoboOK 080LCMBEHHOCMU:

(f*,¥) def J f(@)p(x)dx s scex o(x) € D. (5.1)
RN

B npomusrom cayuae f* € D' nasvieaemcs cumeyrapHoil 0606ueHHOL
Gpynryuel.

Jemma (HJIOBYA-PAWUMOHIA). Mycme fi(x), fo(x) €
€ L}, (RN) dsa npedcmasumens o606uennot gpyuxyuu f*€ D', m.e.

loc
umerom mecmo paseHcmasa

(f* )= J fi(z)p(z)de = J fo(z)p() dz.
RN RN

Toeda fi(z) = fo(x) noumu scrody.

Jloka3aTeabCTBO.

JlanHasi JeMMa CJefyeT M3 OCHOBHOM JIeMMbl BapHALMOHHOIO HCYHC-
JIeHWs, [OKa3aHHOH BO BTOPOH JieKUWH. JleHCTBUTENBHO, HMEET MeCTO
PaBEHCTBO

J [i(@) - fa@)] p(z) dz =0 ana neex () € CF° (RV) .
RN
[TockosbKy
d,
C5 (RY) C D (RV).
Tenepb octasoch MPUMEHHUTb OCHOBHYIO JIEMMY BapHAallMOHHOIO HCYHCJIe-
HHUS.
JleMMa nokasaHa. )
Pacripenenenue f* us D He sBAsieTCs, CTPOro roBopsi, (PYHKLHEH,

OJIHaKO, O4eHb yA0OHO CONOCTaBUTb 00O0OLIEHHOH (DYHKLHHU apryMeHT & €
€ RY no caenyromemy npasuny:

* def *
(f*(@).0) = (" o(2)) -
B nanbHeiimem Mbl GyneM HCIOJMB30BATh 3TO TPABHUJIO.
[MIPUMEP 1. (meabtra-¢dyukuus Hupaxa) [Hembra-
¢yHkuuei Jlupaka HaspiBalOT 0600LIEHHYI0 (DYHKLHIO, AEHCTBYIOLIYIO I10

topmye

(0(x), p(z)) e ©(0) nas Bcex ¢(z) € D.
Kak usBecrno I1. lupak ompenessii 3Ty (YHKIHIO KaK Taky (QyHKLHIO,
uro mas Beex p(z) € C(RY) nmeer mecto paseHcTBO
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U ewe torma cospemennukamu I1. J{npaka OblI0 OTMEUeHO, 4TO B BHJE
vHTerpasia Jlebera «aefbTa—(QyHKUHIO» MPEICTABUTh HeJNb3sl, IOTOMY UTO
3TO CHHTYJsIpHasi o0o0uieHHass QyHKuHsA. [Tokaxem 3To.
1 (N
O Honycrum mportusHoe. Ilycts cymectsyer f(x) € L, .(RY) rakas,
4To AJs M06HX o(x) € D

TOra [JIST «IIAITOYKU»

62
I (e e LS
0, mpu |z > ¢
nuMeemM
—1
| r@ectadn =t
RN
Hepexona B 3TOM paBeHCTBe K npeﬂeJIy HpI/I E — +0, noJsydynuM B CHJIY
TeopeMbl JleGera NpoTHBOPeYUBOE PABEHCTBO

0=c¢"l.

CnenoBaresibHo, 6(x) — cuHTyasipHas o6obuieHHas GyHKuus. X
[MIPUMEP 2. (pyukuus XeBucaiina.) ®yukuueii Xepucai-
Ia Ha3bBAOT 0600IIEHHYI0 QYHKUHIO ¥(2), IeHCTBYIOIIYIO IO (hopMyJIe

+oo 400
(W), p(x)) = i i () d.

Ato perynspHasi 06001IeHHass PYHKLUS U ee NeHCTBUE Ha OCHOBHblE (DYHK-
uun u3 D 3anaercs no gopmyne (5.1) ¢ MOMOIIBIO JOKAJIbHO HHTETpPUpYeE-
moit B R dyukuuu

I(z) = I, npu x; 20, Vi=1,N,
10, BO BCEX OCTaJIbHHIX CJydasiX.

ATy QYHKUMIO ellle HA3BIBAIOT (QYHKIHEH eMUHUUHOrO CKauKa.
[TIPUMEP 3. (noctossHuas). PeryaspHyio 06006iieHHYy0 HYHK-
M0, TEeHCTBYIOLLYIO M0 MPaBHIY

(fro)= CRL p(x)de = RJN c-o(z)dr,

Ha3bIBaIOT MOCTOSIHHOM.
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[IPUMEP 4. (rnaBHOoe 3HaueHHe UHTerpasa oT QpyHK-
uuu r~!'). Takoe Ha3BaHHe 3aKPEMJIEHO 3a JUHEHHBIM (QYHKIMOHANOM

,Pli

x

JNEUCTBYIOIIUM N0 (opMmyJie

1 def
—€ +00

el . J £) 4y = tim J + J 20 4, v o(x) € DRY).
x e—+0 x
R! e F

O JIuHeHHOCTb 3TOTO (PYHKLHOHAJA CJeflyeT W3 CBOHCTBA JIMHEHHO-
CTH WHTerpasa PHMaHa, 0CTasoCh MPOBEPUTb €ro HempepblBHOCTb. [lycTb
or(z) — 0B D(R!) npu k — +o0, Torna, Bo-nepBbIX, HaiifeTcs Takoe R >
> 0, uto r(x) = 0 mput |x| > R mis Becex k € N, Bo-BTOPBIX, B 4aCTHOCTH,

op(r) =0 mua [-RR] mpu k— +oo,

’ 0 k :
xer{ie}%c;m ‘gpk(x)’ — 40 mpu k— 400

N03TOMY

R
<7>$,<pk( )>‘“vp J R e = Vip _L LASZAp)

X T
R

[To Teopeme JlarpaHka O KOHEUHBIX TpHpalleHHsX Ha [—R, R] nmeer
MeCTO PaBeHCTBO

’

(@) — or(0) = pr(a)e mpu ' €10, 4]

or(z) = 0r(0) + 2y (),

OoTCroga

X

<pl,¢k(a;)> —Vp. T oul0) + 2o () o,

PaccMoTpuM mepBoe csaraemMoe M3 MPaBOM YacTH ITOCJEIHETO paBeH-
CTBa.
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R e R
Vip. J 210) dr = lim J +J de:
“R

T e—+0 T
—R €

= ¢5(0) - hrﬂo(ln‘ —¢|—In|—R|+In|R| —1Inle|) = 0.

Takum obpaszom,

'<7>l gok(w)>' = Vp. f 7)ol v, T<p’ (a) da| =
z’ e ' F

T
R R
= J'gp;c(x,)d:c < J op(z)| dz < 2R max )g&}c(x)‘—>+0
z€[—R,R)]
R “R

npu k — +00.
Hrak, nuHedHBIN (QyHKLIHOHA
1
P
T

saBasieTcst 0600wenHol pynkumei na D(R!). X

[ToxkaxkeM, 4YTO 3TOT (PYHKLHOHAJ SIBJSETCS CHUHTYASPHOH 06001IeHHOH
(hyHKLMEH.

O IlycTh, HANPOTHB, CYIIeCTBYET JOKaIbHO MHTerpupyemas B R! dyHk-
wus f(r) Takas, uto mis Beex ¢(z) € D(RY)

1
(Pyetw)) = [ fa)eta) v
R!
PaccMoTpuM ceMeHCTBO OCHOBHBIX (DYHKLHMH THIA «ILAMOYKA»
exp{—‘g—tzk} mpr || < &
wg(x) — Cg Ez_mz ’ X k]
0, mpu x| > e,

rie c. BeiOHMpaeM Tak, 4TOOBI

Jwg(:c) dx =1,
R!
T.e
C1
Ce = —,
€

rae ¢ He 3aBHUCHUT OT €.
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Bbiukc/MM Temephb 3HaueHHst 3TOTO (DyHKLMOHAJA Ha ceMeicTBe (yHK-
wuit p(r) = rwe(z) € D(R'). C onHoit cTopoHsl

lxng =Vp. sz we(z)de = 1.
(Pymusto)) Vpﬂi ¥ Rj (@) do =1

Tenepb npennosoxum, 4To
f(x) € Li,(RY) € Ligo(RY).

B stom cayyae B cusy HepaBeHcTBa [esibiepa nosyyuM HepaBeHCTBO

J F@)aw. (z) dz| = c. J @)z exp (—L> du| <

&2 — [z
R! =
e /2 /¢ 1/2
9 9 2¢2
< ¢ fo(z)dx zoexp | ——— P dx =
—E& —E&
. 1/2 . ) ) 1/2
C1 2 3 x x
< _Jaf(x) ’ ) _Ja(g) exp( 1_ %)2> (E>
/ /2 /1 1/2
el 2 ) 5 2
= — J (x)dz J' t° exp (—1 t2> dt — 40

npu € — +0. [TonyueHHOe MpOTHBOpeYHe U O3HAUAET, UTO
1
P
T

— 3TO CHUHrYyJsipHasi o6o6iieHHas GyHKuus. X



Cemunap-Jlekuus 7

ITIPOCTPAHCTBA D U1 D’

§ 1. BBogHble 3aMeyaHus

Ha stom 3aHATHHM OCHOBHOe BHHMMaHWe OyleT YyleJsJeHO IpOoCTpaH-
crBy D' = D'(RY) — npocTpaHcTBy HenpepbiBHBIX JHHEHHBIX (QyHKIMOHA-
JIOB, IeHCTBYIOIIMX Ha MPOCTPAHCTBE OCHOBHBIX (GyHKuui D = D(RY).

M3 TeopeTHUeCKHX OCHOB, H3JIOXKEHHBIX Ha JIEKIMH D, Ha MPAKTHKE
BAXKHO CJefyoLlee:

1) nuneliHbld QyHKUHOHAN f, onpenenéHHbd Ha D, HempepbiBeH Toraa H
TOJIBKO TOT/a, KOTJa OH CeKBeHLHa/JbHO HelpepbIBEH B HYJe, T. €.

o} €D on -0 = (f,0) — 0

D .
2) rOBOPAT, UTO @, —— ¢, eclu CyllecTByeT Takoil kommakt K C RYN,

uto npu Bcex n € N BepHo ¢, € D(K) u ¢, 2E) . WHpIMH cJ/10Ba-
MH, HOCHTEJNHM BCeX (DYHKUHH MOC/EI0BATEJBHOCTH JIEXKAT B HEKOTOPOM
KOMIIaKTe U BCe MPOM3BOAHBIE PYHKUHE ©n(x) (BKAOYas caMy (QYHKLHH)
cxonsaTes paBHomepHo B K (a Tem cambiv, u B RY) Kk cooTBeTcTByMOMUM
MPOU3BOAHBIM (PYHKLHH .

§ 2. IIpoctpancTBo D: HEKOTOpbIE MPUMEPDI

[IPUMEP 1. ®Oynkuus-«manodkas. HamomHuum:

2

(,()E(I) —c. e 52—\:c2‘, |I‘ < g, (21)
0, |z > €.
31ech KOHCTAHTA €. TAKOBA, UTO
J we(z)dr = we(z)dr = 1.
RN {zeRN||z|<e}

Paccmorpum cayuait N = 1. Mmeem
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1= | we(z)de =c

(L%m
sy
|
m
2l
’m
— %
B
)
QU
&
I

R!

Orclona siCHO, UTO

-1

1
c 1
Ce=—, Cc= e 1-22dxg
€
1

[TIPUMEP 2. Ilyctb ¢ € D. BLisicHHTB, €CTh JIH CPEAH TOCJIen0Ba-
TeJIbHOCTEH

Daule) = pole). Dento) = o (32). 9 eute) = pelha)

cxonsituecsi B D.

O

1. Urak, HY>KHO MPOBEPUTD, YTO:
a) HocHTes M BCeX (DYHKUMH (o JiexkKaT B HEKOTOPOM KommakTe K
6) Bce mpousBonHbIe 0%y, | > 0, paBHOMepHO Ha K cxomsitest K 0%,
Y eD.

2. OueBuiHO, HOCHTENb BCeX (DYHKLMH (pj COBMNAZAET C HOCHTEJEM
(YHKLUHH © W, TeM CaMbIM, yCJIOBHe a) BbiMoJHEHO. §) Mmeem

1
Vie| 20 max |0%(z)|=— max [0%(z)] — 0,

TESUpP k xzEsupp

MOCKOJIbKY BCE paccMaTpeBaeMble MPOH3BOAHBIE orpaHuueHbl B K. Urak,
or — 0.

3. OueBnaHo, uto npu @(z) Z 0 CXOOMMOCTb MeCTa He HMeeT yxKe
MOTOMY, UTO SUPD Y = KSupp ¢ H, CJef0BaTeJIbHO, He CYIIeCTBYeT 0OIIero
KOMITAKTa, COAEPKALIEro HOCUTENH BCeX (PYHKUHH MOC/eA0BATENbHOCTH.

4. Jlerko BHOETbh, YTO Supp @ C supp ¢ =: K. CnenoBaresnbHo, yCa0BHe
a) BuinmosiHeHo. 6) OueBunHo, i = 0, T. K.

1
< sup o

1
s ple(ka)] = ¢ sup [o(a)|
e

1
—p(kx
k@( ) z€RN

sup |pk(z)| = sup
RN zERN

D
5. 3HauuT, ecau pr — @, T0 ¢ = 0. Ho y»ke 1Jisi TpOM3BOIHBIX TI€PBOrO
Mopsiika UMeeM:

’

t=kx

gmonle) =k (et
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OTKyHda cJjenyet, 4To

= sup
teK

iso(t)‘ =C 40,

0
sup ‘ 8—$Z<Pk(95) ot

zeK

ec/IM TepeMeHHasi x; BhIOpaHa Tak, YTO MPOM3BOIHAs (PYHKUHH ¢(x) MO
9TOH MepeMeHHOU OTJMYHA OT TOXKAECTBEHHOrO HYJIS.

6. Urak, ycjoBue 6) HapylieHO W mocjenoBatesbHOCTb {pr} He cTpe-

mutes K 0 B D, a ¢JieoBaTeJIbHO, HE UMeEET MpeaeJsia B 3TOM NPOCTPAHCTBE.
X

§ 3. O606wénHbIe PyHKUUH U3 D’: npumepsbl

Jlasee o TekcTy, ec/M He OroBopeHo oco6o, cuntaem N = 1.

[TPUMEP 3. Ha sekuuu 5 6bliM NpUBeeHbl TPUMepPbl 00001 EHHBIX
dynkumit: 6(z), ¥(z), koncranta, PL, uz koropeix d(z) n PL aeasores
CHUHTYJISIPHBIMH 0000IIEHHBIMU (DYHKLHUSIMH, & APYTHe [Be — PeryJsipHbIMU.
OcraBasochb elé MOKa3aTb, YTO BhIpaXKEHHe, BXOAsIee B OMpeleseHHe
dynkunn PL neiicteutensho umeer cmbica mpu Beex ¢(z) € D. Cnenaem
3TO.

O

1. 3adukcupyem p(z) € D. B BbipaxeHuu

v.p.JMdaz: lim T%—T @daj,

T y——+0
R! —00 o’

OnpefesioLleM 3Ty (QYHKLUHIO, cofep:KUTCs npenea npu v — +0. (3ame-
THM ell€, YTO B CHJy (PUHHUTHOCTH OCHOBHOH (DYHKLHMH HHTErpUpPOBaHHE
(akTHYECKH He PacCIpOCTpPaHseTCs A0 GECKOHEUHOCTH.)

2. Ilns nokasaTesbCTBa CYLIECTBOBAHHS 3TOTO Mpenesa MOXKHO BOC-
nosnb3oBatbcs KpuTepreM Kown. MHBIMH cioBaMH, JOCTaTOUHO AOKa3aTb,
4TO

! Y2

npu 1,72 — +0, v < 7o, J@daﬂrf@dxﬂo. (3.1)
—72 Y1

3. Has storo BocmoJb3yeMcs (GOPMYJOH KOHEUHbIX IpUpalleHHH
Jlarpanxa, corsacHo KoTopod mjst Kaxngoro x > 0 (z < 0) cyuiectByer
rakoe z* = z*(z) € (0;z) (™ = 2™ (x) € (2;0)), uro ¢(z) = ¢(0) +
+ ¢'(z*)x  (coorBercTBeHHO () = ¢(0) + ¢'(x**)x). Torma cymmy
uHTerpasos B (1.7) MOxHO mepenucath B BUfe

Iy, 72) = fl (@ + <p’(x**)> dx + T (@ + @’(x*)) dz.
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4. Vimeem Temnepb

- 2 (0) M Y2
I(v,7e) = J +J @7 dr + J @' (™) dx + J@'(w*)dw.
—72 M —V2 M

[lepBoe cnaraemoe ofpamiaeTcsi B HOJb KaK MHTerpajq OT HeUYETHOU
(yHKLHH, BTOpOe Ke OLEHHBAETCSl BENHUYHHON SUPycpi ¢ (2)] 272 — 0
npu y2 — 0, MOCKOJIbKY IEepBbI MHOXKHUTEJNb B CHJY CBOHCTB OCHOBHBIX
(DYHKLHMH OTpaHHUEH.

[TPUMEP 4. Paccmorprum Tenepp 00600LIEHHYIO (YHKIHIO Tﬁ,
onpefiefisieMy1o BblpaKeHHeM

<T%, g@(x)> —v.p. J #2) = ¢(0) . (3.2)

72
RI

O

1. AHajOrUuHO MpebIAyLIeMy MOXKHO I0Ka3aTh, YTO BbipaxkeHue (3.2)
uMeeT cMmbica st Beex o(x) € D (eM. 3amauy 4). Ilokaxkem Terepb, 4TO
OHO NeHWCTBUTENBHO MpPENCTABJISIeT HelpepbiBHbIM JHUHEHHBIH (QYHKIHOHAJ.
[TocKoJIbKY JMHEHHOCTb B CHJIy CBOHCTB HHTerpasja M Npejesa OYeBHIHA,
OCTaéTCsl IPOBEPUTD JIUIIb HENPEPBIBHOCTD.

2. Wrak, mycTb nocsenoBatesabHoCcTb {pn, ()} cxogures k Hymo B D,
T. e. 9TM (DYHKUHM PaBHBI HYJIO BHE HEKOTOpOro kommnakra [—R;R] u
CXOISITCSI B HEM BMECTe CO BCEMH MPOHU3BOAHBIMH K HYJIO PAaBHOMEPHO.

3. Jlast Kaxk ok U3 GyHKUHH @, (2) 3anuiieM pasiokeHHe no hopmyse
Teiiopa 1m0 mepBOro mMopsiika BKJKOYHUTENBHO C OCTATOUHBIM 4YJIEHOM B
¢dopme Jlarpanxa:

ou(x) = 2a(0) + g (0 + Lolal) 2

4. Torna moxem nepenucathb (3.2) B BHIe

‘ I (o
(rho@)=vp | EOuy [ s,
T T 2
[~ R;R] [-R;R]

re BO BTOPOM CJaraeMoM IO IMOHATHOH NPHYKMHE CHMBOJ IVIaBHOI'O 3Ha-
yeHus cHAT. [lepBoe ciaraeMoe paBHO HYJIO KakK INpefes HHTErpajoB OT
HeYETHOH (DYHKIMH 110 CHMMETPUYHOMY MHOXKECTBY, a [IPaBO€ OrpaHHUEHO
BEJMUHHON RSup,cpi |@) ()| U CTpeMHTCS K HYJMIO B CHIY PaBHOMEPHOH
CXOIUMOCTH MPOU3BOIHBIX.

5. Jloka3aTesbCTBO TOTO (paKTa, YTO AaHHasi 0000IIEHHAS QYHKIUS 5B-
JISIETCSl CHHTYJISIPHOH, OCTaéTCsl B KayeCTBE CaMOCTOSATEJbHOI0 YIIpaXKHEHHS
(cm. 3amauy 4).
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[TIPUMEP 5. Paccmorpum 0600IEHHYI0 DYHKIIMIO
f= Z and(z —n),

nez

TIe G, — IMPOU3BOJIbHbIE YHUCJ/IOBbE KOI(D(ULMEHTH. 31ech MoJaraercs mno

OHpelLEJIEHI/IIO
(6(x —x0), ¢) = p(x0) (3.3)

(mompoGHee o JHUHEHHOH 3aMeHe MepEeMEHHBIX B apryMeHTe 00606IIEHHBIX
(YHKUHE MBI TOTOBOPUM B CJEAYIOUIEH JNEKIUU) U, TEM CaMBbIM,

(f,9) =) anp(n). (3.4)
nez
O
1. 3ameTuM mpexjae Bcero, 4to BhipaxkeHue (3.4) ompenesneHo AJs
Bcex ¢ € D. JleHCTBUTENBbHO, B CHJAY (DUHUTHOCTH OCHOBHOH (DYHKILHH
B (f, ) BOHIET JIUIIb KOHEUHOE YHCJIO CIATAEMBIX:

(fro)=Y anp(n). (3.5)

[n|<m[e]

2. JIunelHOCTb paccMaTpuBaeMoro (pyHKIMOHaMa oueBHaHa. Henpephbis-

HOCTb TOXKeE, MOCKOJIbKY, BO-TIEPBHIX, TPH Pk 2, © BCe (PYHKIMH Mocje-
JI0BATeJIbHOCTH 06PAIAIOTCSl B HYJb BHE HEKOTOPOrO OOIIEr0 KOMIAKTa H,
TeM caMbIM, B (3.5) MOXXHO B3siTb HEKOTOpOe ofLiee m|[p]|, a BO-BTOPHIX, B
CHJTy CXOLHUMOCTH @k (x) =3 (z) mpu KaxkaoM x = n (31ech 1axe Hecyle-
CTBEHHO, YTO CXOAHMOCTb PaBHOMEpPHA) HMeeM

> awwn) = Y aneln).

In|<mle] In|<mle]

X

IIPUMEP 6. Iycts f(z) € Cl(z < 20) N C(x > x0), uTo noHuma-
ercs caenyrowmnm obpasom: f(z) € Cl(x < z9) N CH(x > xp) u cywecTsyoT
(BoOOILE TOBOPSI, pas/vuHble) KOHEUHble Mpejie/ibHble 3HAUEHHsI POM3BOL-
Hoit f'(z) mpu & — 29 — 0 u © — 9+ 0.

O

1. Ormerum, 4To orcioga cpasy cienyer, 4to f'(x) orpaHudyeHa mpu
x— 29— 0unpux— x9+0, a nostomy (B cuny Kputepus Kowwu cyue-
CTBOBaHHUS mpejiesia QYHKIHK B TOUKE) CYLIECTBYIOT KOHEUHBIE TPeNebHbIe
snauenus f(zog —0), f(xo + 0).

2. Vimeem nasee (¢ yuérom (3.3))

(foo)=—(f¢)=— J f(2)¢ (z) do =

R!
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o +oo
:_J‘ﬂﬂwunm—J"ﬂw¢@MM=
= — (f(@)e(@)|" = (f@)p(@))F% +

xo +oo
+jfm¢wM+meme=

+oo

—ﬂm+owu@—ﬂm—ow@w+Jﬁf@»ﬂmdm—

— ({F @) + landl — a0}, ).
X

§ 4. Onepauynu Hajg 0600MWEHHBIMU (PyHKUUAMHA U3 D’:
ymHoxeHue Ha a(x) € C(RY)

[ycts a(x) € C®°(RN) —npoussosbHas GyHKIHS.

Onpenenenue 1. [lpoussedenuem o6obwénnoti Pynkyuu f Ha
pynkyuio a(x) Haseisaemcs 0606wénnas Gyukyus af, deticmayowasn
no npasuny

(af, o) = (f,a(z)p(x)). (4.1)

DTo ompelesieHHe eCTb He UYTO HMHOE, KaK eCTeCTBeHHoe 0000lieHHe
paBeHCTBa

JM@KM%@M=Jf@MMw®M%

RN RN

BEPHOTO IJIsl PeryJ/IspHOi 0600MEHHOM QYHKUKU ¢ mpencraButeseM f(z) €
€ L, (RY).

Jlerko BUIAETB, UTO MOJNyYeHHAs OMepalrs BCAKYI0 0000IIEHHYIO (DYHK-
uuio u3 D’ mpeobpasyer B 0606uEHHYI0 QyHKuMIO u3 D', B camom mese,
nast Besikoit p(x) € D umeem a(x)p(z) € D. [losToMy BbIpaxkeHHe B MPaBoit
yactd (4.1) — 3HaueHHe 0000EHHOH QyHKUMM f Ha ap € D — 3aBe-
IOMO HMeeT CMbIC/. JIHHEHHOCTb MOMYYEHHOTO (QYHKIMOHAMA OYEBHIHA.
Il mokasaresbCTBa HENPEPBLIBHOCTH OCTATOYHO 3aMETHThb, Y4TO B CHITY
orpanuuennoctd GyHkuuu a(z) € C°(RY) u Bcex eé npoussogHBIX Ha
KomnakTe K, comepxkaleM HOCHTeH BCeX (YHKUHE MOCJef0BaTeIbHO-
et {¢n(x)}, dynrunn a(x)@,(x) co BceMH MPOU3BONHBIMU PaBHOMEPHO
B K cxomsitest K a(z)p(x), a UX HOCHTEJH, O4eBHIHO, comepxarcs B K.
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[IPUMEP 7. Ilycts a(z) € C®(R!). Torna a(z)d(z) € D. Ioka-
xeM, Gosiee Toro, uto a(z)d(x) = a(0)d(z), T. e.

Vio(z) € D (a(x)d(x), p(x)) = a(0)p(0).

O JleficTBUTe/IbHO, MO ompefeneHuio 1 s npoussosbHOH ¢(z) € D
1MeeM

(a(2)d(z), p(x)) = (0(x), a(x)p(z)) = (a(x)$(T))]2=0 = a(0)#(0).

[TIPUMEP 8. 1) OueBunno, fo% € D'. Tlokaxem, uTo xiP% =1.
O JleHCTBUTENBHO, UMEEM B CHUJIY OlNpeneseHusi 0600MEHHON (DYHKIIUU
fP%, a TaK’Ke OMNpefieieHHs] MPOH3BeleHNs 0600IEHHBIX (PYHKINH!

<:Ef]’%,g0(m)> - <ﬂ>%,w(z)> -

2) 22PL = 1. Umeem

z2

<x2’P%,<p(x)> - <T$,x2<p(x)> -
ap(z) — 0%p(0)

R! R!

3) x?’?ﬁ = 1. Umeem

<x3fP%,<p($)> - <9>%,$3¢(x)> _

p. | DAL 0O ey

=vV.p.

dr =

J xS(p(x) - 03. 90(0) -0 x)d:E = J gp(x) dr = <1a50($)>'

R! R!
X
NPUMEP 9. 2Pt =7
O JleHCTBHTEJBHO,

<$2T$ysﬁ(x)> = <T$,x2<p(x)> -

1
"
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(@) = Cp(0) — (@e(@))]ya)

=V.p.
RI!

§ 5. Onepaunu Hag 0600mWEHHBIME (PyHKIUsAMH U3 D’
audgepeHEpoOBaHNe

Onpenenenue 2. [Ipoussodwoti nopsdka o O0%f o0606wéHHOL
pynxkyuu f € D nHasvieaemcs 06obwénnan Qyukyus, deticmeyrowias no

npasuiy
(0°f.0) = (=D f,0%).

B uacrtHoctH, mpu N = 1 umeem

(F0) = (=1 (f, ™).

D10 omnpeleseHHe SBJSETCS eCTEeCTBEHHBIM 0000lleHHeM (hOpMysbl HH-
TErPUPOBAHHUSA MO YACTAM

j 0" f(2)p () dz = (~1)I* J J(2)0% () de
RN RN

IJI pery/sipHblX 000OLIEHHBIX (PYHKLHMH, 3aJaHHBIX OeCKOHeuHO nudde-
peHuupyemoit gpynkunedt f(x). 3mech B cUy QUHUTHOCTH OCHOBHOH (PYHK-
unu () HHTErpUpPOBaHHe (HAKTHUECKU BEIETCS MO KOMIMAKTY.

[MIPUMEP 10. ¢ = §(x) (3mech u manee paBeHCTBO MOHHMAETCs B
CMBICJIE PaBEHCTBA 00OOIIEHHBIX DYHKIIMH).

0 Mmeem
+o0o
(g0 6l@)) = ~0(w). ') = = [ 9a) @) e = = | (e do =
R! 0
= —p@)l™ = ~(~p(0)) = 9(0) = (3(a). p(z).
X
NPUMEP 11. 4Pl —-_pl

O HMmeem

<%ﬂ>§,w<x>> - <ﬂ>§so'<x>> -
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= — lim ple) €+@+m+ E+T° Md;g =
=40 [T | A Jo ) x2
— " m [s@(—e) wle)
e—+0 —& 3
+ _JE+TO o@) — 20 4, _J€+ JOO 20, ] -
— 00 +e —00 +e
)25 )

[ 0 (L)

_ <?%’¢(I)> + fim <90(8) —0(0) | pl=e) - @(0)> _

e—+0 3 9

= (705@)) 4 #0 - ¢ 0 =~ (P1.0(0)).

X

Gameuanue 1. Kak BugHO, B OCHOBe TeXHHUKH pabOTHl C
0000IIEHHBIMU (DYHKLUHUAMU JIEXKUT UHTeTpUPOBaHHUE M0 YacTAM, a TakxkKe
yUéT CBOHCTB TJIaAKOCTH OCHOBHBIX (YHKUHHA (MpUMEHsieM Teopemy
Jlarpanxxa nubo onpeneseHde NPOU3BOLHOM, CTaHAApTHblEe Mpefesbl YU T.
m.).
[IPUMEP 12. [dokaxeM, 4To peluieHHeM ypaBHeHus x™u = 0 sB-
nserest B D/(R') smasores pynkmmn u(z) = Ypy F6®) (), e e, k =
=0,...,m — 1, — Npou3BOJIbHbIE MOCTOSTHHBIE.

O JleHCTBHUTEJIBHO,

1. OueBugno, uto u(x) = ZZ:OI cr.6®)(x) sBaseTcs pemenueM pac-
CMaTpUBAeMOr0 YpaBHEHHS, OCKOJNBKY

<wm5(k) (:E)’SD(:E)> - <5(k)(x),xm90(ff)> = (=1F <5(x)’ (xm(‘p(x))(k)> =0

npu Bcex k=0,...,m — 1.
2. [lokaxkeM, uTo HaiifieHo 00lllee pellleHHe pacCMaTPUBAEMOrO ypaBHe-
uust. Ilycets n(z) — ocHoBHas (yHKUHs, paBHasi | B OKPECTHOCTH TOUYKH
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x =0 (Bompoc 0 €€ mocTpoeHuu cefiuac ob6cyxaath He Oynem). Torma s
J060H O0CHOBHOB (QYHKUHU () BEPHO TpelcTaBieHNe

m—1 (k)
olz) = (@) 3 T Dk 4 amip(a),
k=0
rae
m=l (k)
vla) = - fola) ) 3 P Do
k=0

3. 3ametuM, uto ¢ (z) € D(R!). B camom nene, ona hpuHUTHA (MOCKOJb-
Ky ¢ouHnTHH () U 7(x)); eé GeckoHeuHast NP PePeHIHPYEMOCTb BO BCEX
Toukax x 7# 0 oueBugHa; B Touke & = 0 oHa cjenyet u3 dopmyJnl Teidsopa

P

(k)
via) = 3 E Dk g o(pappriom,

k=m

CrIpaBelJIMBOH B TOH OKpecTHOCTH Touku x = 0, e n = 1, mpu Beex p > m.
4. Cneposatennto, eciu u € D'(R!) — pewenne ypasnenus z™u = 0,
TO

m=l (k)
(u, ) = ( u, (@) /f!(O)xk + (u, 2™(2)) =

k=0

m=l (k)
- (pT(O)<u,n(w)x’“>+<xm%¢>=

k=0

:mZ(fl)"cw(’“)(OHOIm cx(0™, )
k=0 k=0

cep = (_k—l,)k<u$kn(x)) Ek=0,....m—-1K

Baxnoe 3ameuanune. Ilpu ucnonesoBanun pspoB Teisopa pas
GyHKUME U3 D HeoOXOAMMO YUHTBIBaTb, YTO 3TH Psifibl, BOOOIE TOBOPS,
JIMIIb aCHMITOTHYECKHE W MOTYT He CXOAMTbCA K (DYHKLHHM Ha HHTepe-
CYIOILleEM Hac MHOXKecTBe. B camom nese, B cU/y €IMHCTBEHHOCTH aHaJsH-
THYECKOro MPOMOJKEHUS] C NeHCTBUTEJNbHOU MpsiMON (DUHUTHAS (PYHKIHSA,
OTJIMYHAs OT TOXKIECTBEHHOI'O HYJsl, He MOXKET SIBJSTbCS aHAJUTHYECKOH.

§ 6. 3agauu a9 CaMOCTOSITEILHOTO pPelleHUus

Sagaua 1. C nomoliblo 3aMeHbl MEPEeMEHHOH YCTAaHOBUTb BHA 3a-
BUCHMOCTH HOPMHUPOBOUHOr0 Kos(¢uureHta B (2.1) oT € npu npousBoJb-
HoM V.
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Bagaua 2%. Jlokasatb, uto w(z) € CF(RY) mpu 1) N = 2; 2)
NPOU3BOJIbHOM NN.

3agaua 3. BowisicHuth, 3amaT au QyHKuuu 1) e®, 2) ew (mocate
MPOU3BOJIBHOTO JOOMpeJieJieHusi B HyJie) 0600uEHHbE (QyHKIMH u3 D’.
PerysipHbIMYM HUJIM CHHTYJISIPHBIMH OYAYT 3TH 0000LIEHHBIE (DYHKLIHU?

Sanaya 4. Ilonoxum

m—2 gl
<iP : <p(x)> =v.p. J @) = o ng(l)(O) dz. (6.1)

zm’ ™

R!

JlokasaTb, 4TO:

1) mpaBasi yacte opmyisl (6.1) ompenenena mpu Bcex ¢(x) € D;

2) oHa 3amaéT HempepbIBHBIN JHUHEHHBIH (QyHKIHOHAT HA D;

3) 3TOT (DYHKLUHOHAN SIBJSETCS CHHTYJASPHOH 0000IIEHHOH (hYHKINEH.
Samaua 5. [Ipomoaxenue. [lokasats, 4yTo:

) 2Pl =1,

2) pu Bcex m € N

xmfP—l = 1.
x’m
Sanaua 6. 1) [lokasaTs, 4yTO
1 1
T T

2*%) ChopmynupoBaTh U 10KasaTh o0lee yTBepxKaeHHe (cp. npumep 9).
Sapnaua 7. IlokasaTb, yTo % sgnx = 2§(x) (3mech U nanee mpous-
BOJHAsi TOHUMAETCsl B CMbIC/Ie 0G0OUIEHHBIX (DYHKIIHH.)
Samgaua 8. 1) [lokasars, 4To

d 1 1

2) TlokasaTh, 4TO
d In|z| = fPl
dz T

(Kak KOppeKTHO MpHAAaTh CMbICJ HHTErpafy ¢ JorapumMom?)
Banaua 9*. Tonoxum aas seex ¢(r,y) € D(R?)

<ﬂ>¥,<p>: J p@.9) = ¢0.0) ) v J P Y) gy,

:E2+y2 :E2+y2 $2+y2
z2+9y2<1 z24y2>1

1) IlokasaTb, uTo 3TO BhIpaxeHUe onpeesneHo aas Beex p(z,y) € D(R?).
2) JlokaszaTb, UTO OHO 3a1aET HEMPepbIBHBIN JHHEHHBIEH (ByHKIHOHAN Ha D.
3) HokasaTb, 4TO

1
%492
rle PaBeHCTBO MOHHMAETCs B CMbIc/e 00OOIIEHHBIX (PYHKIHH.

(@* +y*)P

El



Jlekuug 5

IMPOCTPAHCTBA OBOBHIEHHBIX ®YHKIIHUH.
IMTPOOOJI2ZKEHHUE

§ 1. Teopembl 0 npeacTaBjIeHUU MPOU3BOJBLHOTO
pacnpeneeHus

’
Teopewma 1. [lycmo f* €D (]RN) — 3mo npoussoavHoe pacnpedene-
Hue. V) Toeda waiidemcs maxot komnaxkm K C RN, makoii MYAbMU-
N N
undekc o € 2 u makas nenpepoléran ¢pynxuyus f(x) € C (R ), 4mo
umeem mecmo npedcmasierue

(" ) = J f(@)%p(x)dx s scex o€ (DK), 1), (L)
RN
edea=(Mn+2,n+2,..,n+2).
JoxasaTeabCcTBO.
Illae 1. Bes3 orpaHuueHUst 0GIIHOCTH MOXHO CUHTaTh, 4To KOoMNakT K C
C Q, roe
Q={zeRY: 0<z <1, k=1,N}.
Beenewm oneparop.
9, < 0,,0,, 0

N

s mo6oit dyukuuu ¢ (x) € (D(Q), 7q) MMeeT MecTo cienylollee mpei-
CTaBJleHHe:

TN

Y(x) = del deQ EE J dyn 0y, Oy, - - - Oyn(y) =
o 0 0

x| X9 TN

= J dez 6[ dynoy¥(y), (1.2)

0

') Mbl ucronb3yem TepMHH pacnpedeserie Hapsily ¢ TEPMHHOM 0606ujeHHas
pynxyus.
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U3 KOTOPOro IMOJYYHUM CJIeAYIOILYI0O OLEHKY:
1 1 1
@) < [dn [ | duloyo)] < maxiov@]. @ (19
0 0 0

llae 2. HanomHMM, 4YTO Ha JIOKaJbHO BBINYKJIOM MPOCTPAHCTBE
(D(K), 7K ) TOTIOJIOTHS TK OMPENEJSIeTCs] CUETHOR CHCTEMOH HOPM:

def
19l =

max sup [0%(z)] .
al<n zeK

s (1.2) samenoi

P(z) = 0%Y(z)
BBITEKAET PABEHCTBO
Ty T2 TN
0uia) = [ dn [+ [ o, 05000) (1.4)
0 0 0
C oHO# CTOPOHBI, MOXKHO TOUHO TaKKe MOJYYHTb CJEIYIOIIee PABEHCTBO:
Y1 Y2 YN
0,0, Y(y) = szl JdZQ e J dzn0,0,05(2). (1.5)
0 0 0
C npyro#i CTOPOHBI, B CHJIy UTOroBoro HepaBeHcTBa (1.3)
max sup [0¢(z)| < sup [0%9 ()], [ao| =n.
lal<n zek zeK

Kpome Toro, B cusy mpomexxyTouyHoro HepaBeHcTBa B (1.3) crnpaBemsivBHI
CJleyIOIlHe HepaBeHCTBa:

T 1
oo (o) < [du [ [dunlo,oeiw).
0 0 0
T 1
10,0, (y)| < J'dzl J'sz e szmazazagow(zn.
0 0

B uTore mocsie[oBaTeJbHOrO MPUMEHEHHs! ITHX HEPaBEHCTB M TOro (akra,
uro meas(Q) = 1 Mbl NOJIYyUUM CJAEYIOLIYIO OLEHKY:

def
sup [ou(o)] < [0 i), ortt Eononr ot
T
Q
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I/ITaK, Mbl TIOJIYYHUJIK OLEHKY

[0l < J 07+ (y)| dy, (1.6)
Q

KOTOpoe crpaBefinBo mist Beex (x) € D(Q). C mpyroit cTOpoHHI, AJs
!

qoboro pacnpenenenust f* € D Haifizercs Takoe n € N U Takoe 4ucio

M > 0, 4yTo HMeeT MeCTO HepaBeHCTBO

[(f* @)l < Mllglln nast Beex  ¢(z) € (D(K), 7k) -

[TosTomy otciona u u3 (1.6) mosyunm cjenyroliee HePaBEeHCTBO:

7.0 <Mj|a"+lso<x>r d (1.7)
K

nast Beex p(z) € (D(K), ) C (D(Q), mq) -
Illae 3. Tenepb 3ameTHM, uTo omeparop Auddepenuuposanus 0°, Kax
MBI YK€ oTMedaisu, pedcteyer nabektuBHo 3 (D(K), 7%) B (D(K), 7%).
O JleficTBUTe/bHO, AAPOM onepatopa O ABASAIOTCA MONMHOMBI MO Tiepe-
MeHHbIM {Z1, Zg, ..., T }, KOTOPbIE, OUEBHIHO, MPHHAIJIEKAT MPOCTPAHCTBY
(D(K),7x) Torma M TOJbKO TOLAA, KOTAa 3TO MOJHHOMBI C HYJEBbIMH
kos(ppuurentamu. [Tostomy omepatop

ot (D(K), %) — (D(K), 7x)

SIBJISIETCS. HHBEKTUBHBIM.
Illae 4. BBenem BEKTOPHOE NMPOCTPAHCTBO

def
X, & {on1D(K)},
KOTOpoe ﬂeﬁCTBI/ITe.HbHO BEKTOpHOE, KakK HHBEKTHUBHBIN O6p33 BEKTOPHOTO

npoctpanctBa. Onpesennm Tenepb Ha X, JUHEHHBIH (QyHKLUOHAJ:

. def ; px def op
(1 0n)n = (F0), Un = 0", peDK).  (18)
[Mpuuem u3 (1.7) BeITEKAET, UTO AJst BCeX P, € X,, HMEET MECTO HepaBeH-
CTBO

(52 tb),] <M j |07+ ()] dar = Mj|wn<x>| dz.

Llae 5. CnenopatesibHO, Mo TeopeMe XaHa—baHaxa JUHEHHBIH (QYHKIU-
OHal f{ MOXHO MPONOJIKHUTB C X,, 10 JHHEHHOro (pyHKIHOHAJ Hal ! (K)
WHaue roeopsi, HaBimeres Takas ¢yukuus g(x) € L (K), uto umeeT MecTo
paBEHCTBO

(F i), = jg@)wn(x) d = jgwa”“so(x) dr.
K K
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Otciona v u3 (1.8) Mbl TpHUIIIK K PaBEHCTBY

(f*, o) = Jg(x)(?”“cp(x) dr nast wekotopoit g(x) € L™ (K). (1.9)
K
Tenepb npomo/kum ¢GyHKuMio ¢(x) Hynem BHe Kommakta K H, Takum

o6pasom, noayuum, uro g(z) € L= (RY).
lllae 6. Beenem yHKIUIO

fl@) = (=D~ T dyr T dys - - - T dyng(y)

W TOrna, HHTerpupys mo 4yactsm B (1.9), moaydum paBeHCTBO

(f* o) = J f(2)0"2p(z) de =
RN
= [ f(2)0"2p(x)dr s Beex  p(z) € D(K), (1.10)
RN

rfle Mo TMOCTPOeHUI0 QyHKIHUS
f(z) e C(RN).

Hlae 7. Temepb ocranoch mosoxute o = (n+2,n+2,...,n+2) u
nonyuuth U3 (1.10) paBeHCTBO

(f* o) = J f(x)0%(x)dx pmas Bcex  o(x) € D(K).
RN

Teopema nokasaHa.

3ameuanue 1. M3 teopembl | BbiTeKaeT, UTO JIOKaJbHO KaxKaas
0600611eHHas QyHKuusa f* € D' npeAcTaBUMa KakK MPOU3BOAHAS KOHEYHOIo
nopsika OT HEKOTOPOH HempepbiBHOH (PYHKUHWHU. B cienytoineil Teopeme Mbl
IOKaxkeM, YTO 3TO, Ha CaMOM JeJle, I100asbHbIH pe3ynbTar.

Jlagum ompenesienre HocuTessi OCHOBHOH dyHkumnu o(z) € D(RY).

Onpenenenue 1. Hocumerem ¢pynxyuu o(z) € D(RY) nasvsa-
emcs caedyroujee mHoNcecmso: )

supp {0} < {z € RN : o(x) # 0}.

') Ueproii cepxy Mbl Kak Bcerna 0603HAUMIM 3aMbIKAHHE MHOMKECTBA.
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Teneps Mbl MOKeM JaTh omnpefiesieHHe HOCHUTe ST 060611eHHONH QYHKLIHUN
’
f* € D (RY). Cuauana onpenesuM OTKPbITOE MHOXECTBO

Q% pax{z € G (f9) =0, ¥ p(z) € DG},

rie G — OTKPbITOE MHOXeCTBO. Tenepb JafuM OINpefeseHHe.
!
Onpenenenue 2.Hocumerem 0606uennoii pynkuuu f* € D (RY)
HQA3bLBACMCA MHONCECMBO

supp {f*} € RM\Qy.

Teopema 2. [lycmo f* €D’ (RN) u nocumens supp{f*} C K, 20e K —

amo komnaxm 6 RN . Tozda cyujecmeyrom makue nenpepoignsle yrKyuL
fa(z) € Co (RN) , 4mo

(f* @) = Z fa(x)0Pp(x)dr  Onn 6cex ¢ €D (RN) .
|B|<n+2RN

Hoka3zaTenbCTBO.

Ilae 1. Tlyets K € RY komnakt — HocuTesb 0606IIeHHOH (ByHKIHH
fred (RY). Tyers U — 370 otkpeitoe MHOxecTBo B RY Takoe, uTo
K C U u U komnaxt. Ilpumenum popmyay (1.1) k komnakty U:

(f*, ) = J f(2)0%Y(x)dxr  nast Beex P(x) € D (U) )

RN

Iycrs Teneps (z) € D (RY), a or pyukuun ¢(x) Mbl noTpeGyeM, 40O
OHa Obljla paBHa 1 B oxpecTHOCTH KoMmakTa K.

Hlae 2. Tlockoabky K — 310 HOCHTesb 00001eHHON QyHKUUKU f*, TO
MMeeT MeCTO CJelyolas LIe[0YKa PaBeHCTB:

) = () = | @0 (pla)ula) do =

= [0 Y i@ sa e =

RN Bi<a;=n+2
- Z fa(2)0° p(x) du,
Bi<n+2 RN

rue
fo(@) & capf ()8 Pyp(x) € Co (RV).
TeopeMa JOKa3aHa.
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3ameuanue 2. TeMm caMblM Mbl NPUILIH K CJeAYIOLIEMY [VI06adbHO-
My pe3y/bTaTy: Kaxkaas 0000lleHHas (PyHKLHA ¢ KOMIAKTHBIM HOCHUTeJeM
npeAcTaBUMa B BULE

=Y 0°Fu@), Fal@) = (1) fa(@),

a; <n+2

re fo(z) € Co (RY).

CrpaBenJiBa cjenyollas Teopema:
Teopema 3. [lycmo Hocumenv 0606uennoll pyukyuu f* € D' cocmoum
u3 o0uou mouku — suppq f*} = {0}, moeda umeem mecmo pasercmso:

ff(z) = Z Ca090(x).

o] <m

§ 2. CBepTKa 0000LIEHHBIX (PYHKIUH

CHauaja BBeleM ONepAlHI0 CBePTKH OCHOBHBIX (DYHKIMi. JleficTBH-
TesbHO, nyetb @(x),¥(x) € D (RN) rtorna pacemoTpum cienyoilee Bbipa-
KeHue:

ot | oo =iy @)
RN
[Ipexkze Bcero oTMETHM, UTO MHTerpan B MpaBoil yacTH paseHcTBa (2.1)
onpenesien a5 Beex © € RY, mockonbky o6e ¢ynkuuy us D.
Kpome TOro, MOXKHO BBECTH orepaTop CABHra ¢ oTpaxkeHuem T, :

Tou(zx) def u(z — x),

C TOMOIIIbI0 KOTOPOTO JIETKO MpeoOpasoBath BhipaxkeHue (2.1):

prip = J T, o) y) dy.
RN

Teneps monpofyem onpenenuTb CBEPTKY OCHOBHOH W 0000LIeHHON
¢yukuui. Ilyctb cHauana o6obuieHHass GyHkuusa f* € D' sBasercs pery-
nsiproi ¢ npencrasutenem f(xz) € Lj,, (RY). Torna ee cBeprky ¢ npous-
BOJIbHO# OCHOBHO# (hyHKUMEH (x) € D MOXKHO MPEICTABUTD B CJENYIOLIEM

BULE:
frep= j oz — ) (y) dy = j F@)T,0(x) dy.
RN RN
HO 3TO Bpra)KEHI/Ie HaM I0oACKa3bIBaeT, Kak Ol'Ipe,U,e.HI/ITb CBepTKy HpOI/IS-

BOJIbHOH 0600111eHHOH (PYHKIIMH ¢ OCHOBHOH (hyHKUMel. Jlanum caenytoliee
onpejesieHue.
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Onpeneanenue 3. Csepmroil obobujennoil Gyukyuu f* € D ¢
ocHosHol pynkyuell p(x) € D Hasoisaemcs caedyrouyas KOHCMPYKYUAL:

def

[ xo = (f"(y), Typ(x)).



Cemunap-Jlekuusa 8

ITPOCTPAHCTBO 7', ITIPOOOJI2ZKEHHE

§ 1. JluHeliHas 3amMeHa mepeMeHHOU

Jloisi BBefeHHUsI omepauuu JuHedHOH (TouHee, apUHHOM) 3aMeHBI Me-
pPEMEHHOH, KaK W MpexAe, BOCHOJb3yeMCs NPHUHLHUIIOM MNPOAOJKEHHS C
MHOXKECTBA pery/sapHbIX OOOOLIEHHBIX (YHKUHUH ¢ OeCKOHEUHO TIJaAKHUM
TpeCcTaBUTEeNEM.

[ycts f € D'(R!) — perynsipHas 0606mEHHas (YHKIUS ¢ MpencTa-
suteseM fo(x) € C*°(R!). Torna mpu Beskom a > 0 umeem aas g(z) =
= folaz +1b), () € D(RY)

J 9(x)p(x) dr = T folaz + b)p(x) dr =
R! —%
£ faon (2 - (2)
a 1pu BeskoMm a < 0
J g(x)p(z)dr = Tofo(ax +b)p(z)de =
R! —%

= %—Iofo(t)ap (?) dt = ﬁ <f,<,0 <xT_b>>

o0

Wrak, npu Bcex a # 0 1/ yKazaHHOrO THIA PEryaspHbIX 0006IIEHHBIX
(PYHKLHI MMeeT MeCTO PaBeHCTBO

(@) ple) = <f, 0 (“’)> |

DTO MO3BOJIIET BBECTH
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Onpenenenue 1. [lyemo f = f(x) € D'(RY), a # 0. Toeda cum-
sosom f(ax +b) 06o3nauum 0606wénHYyO PyHKYUIo, Oellcmsyouyro no

oy
(Flaa+0) ) = <f<x>,so (i» .

a

ViMeHHO B 3TOM CMBIC/IE U CJelyeT NOHUMATb «apryMeHT» 0600IIEHHON
(PYyHKLHH.

3ameuanue 1. TpuBHaNbHYIO NPOBEPKY TOrO (PakTa, UTO HAHHOE
ompejieJieHrHe BBOAUT QPYHKUHIO U3 D', ocTaBjsieM CJyIIATEAM.

I[IPUMEP 1. Jlerko Bunets, uto npu a # 0 umeem 6(azx) = - 0(x)

| lal
B D' (RY).
O B camom aeJie, CorjiaCHO OomnpeneJsieHuIo 3 umeeMm

(ao). @) = 7 (300 ¢ (3)) =
- e (3) = @ = o). e

X
[TIPUMEP 2. Vmupocrum Buipaxenue (¢(az), p(z)).
O Wmeem mput a > 0

<0(a$)»@($)>=:E3><ﬁ(ryga(z)> _

a

Urak, (H(ax), o(x)) = (¥(z), p(zsgna)). X
B ciyuae mpoctpanctea D’(RY) npu npoussonbhom N umeem (A —
marpuia, T, Y, b — cToJbIbl)

J f(Az +b)p(z) doy ... dey =
]RN
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D(ZL‘l,...,ZL‘N)
Y1y YN

— [ sweta-o) \

RN

— [det A7 j F)o(A™ (g — B))dys ... dyy =
RN

’ dy1 dyN =

1

" det 4] J FW)e(A™ (y = b))dy ... dyn,

RN
4TO MOTHBHPYET
Onpenenenue 1'. IMycmo f = f(z) € D'(RY), A — nesviposcden-
Has mampuya pasmepa N x N. Toeda cumsorom f(Ax + b) o6o3nauum
0000uéHHY0 QyHKYUIO, DelicmByOuy0 NO NPasuLy

(A +b),p(a)) = o (@hp47 =)

§ 2. CxogumocTth B mpocTpaHcTBe D’

AD/
Onpepnenenue 2. [ycmo f,, f € D'. Toeda eosopam, umo f, — [
npu m — 00, ecau 0as 4060l ocHo8HOU QyHKkyuu ¢ € D umeem mecmo
npedenvHoe cOOMHOULeHUe

(fip) = (f@), n— oo

Taxkum 06pazom, peub UIET O *-CJaaOOH CXOOUMOCTH.

AHaNorHYHO TOBOPST, UTO f¢ x, f mpu € — +0, ecau ecau pas JEOO0H
ocHoBHOH (hyHKuMH @ € D Bepro (fe, ) — (f, ) npu € — +0.

[TIPUMEP 3. OueBupHO, C yUETOM OIpeNesNeHUst 3 B CUNY (PUHHUT-
HOCTH OCHOBHBIX (DYHKUUH HMeeM

d(x—n)— 0.

[TIPUMEP 4. PaccMoTpuM Tak HasbiBaeMble §-00pasHble ceMeHcTBa
(cmblcsT Ha3BaHHUsA CKOpPO OyneT siceH)

L X
D ={5 150 2w -

|z| > e, (2?2 +¢2)’
3 1:la) = gome ¥, ) fole) = osin D, @1
5) fe(z) = % sin® z

5 M. O. Kopmiycos, A. A. [auun
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Dl
Bo Bcex cayuasx umeem f. — d(x) npu ¢ — +0. JlokaxeMm 310 st
npumepa 1). Ilpumensisi Teopemy JlarpaHxa 0 KOHEUYHbIX MpPHPALLEHHSIX,
uMeeM [/ Ipou3BOsIbHOH pyHKumK p(x) € D(R!)

o) = 2 | o) dr = 5 1000+ /0" @)el da

Taxkum obpaszom,

(et =00 = 5z | | @@ <

g
2
< 1 sup | (z)] - J 2% dx < sup |¢'(2)] - S0, e— 0.
2¢ ger z€R! €
—E&

HmeeT cMBlca noKasaTh GoJiee obliee YTBEpKIEHHE.

Jlemma 1. [lycmo:
1) pynxyus f(x) xKycouro nenpepoiena na R,
2) f(z) = 0 npu scex x € R!,
3) i flz)de =1,
1) fo(a) = Lf ().
Toeda Ors peeyrsiproix 0606uWéHHbLX YHKYUL f., 3a0a8aemblx QyHKyU-
amu f-(x), 6epro npedesvroe coomHoulerue

o 2 s(), e — 0.

3aMeuanue 2. Jlerko BHIETb, UTO JeMMa [pHMeHHMa KO BCeM
cemeiictaM (2.1), kpome 4). Ilpu atom B cemeiicTBe 3) posib € Urpaet /€.
[Tpexje yeM nepedTH K 10Ka3aTesbCTBY JIEMMbI, OMHUILIEM «Ha Majblax»
ero uneo. OHA COCTOUT B TOM, YTO:
1) nas kaxnaoll konkpetHoll pyukuuu o(z) € D'(R') naiinéres okpecrt-
HOCTb W HyJIsi, B KOTOPOH €& 3HaueHHe Majo OTJIMYaeTCs OT 3HAueHHs B
HYJIE;
2) ¢ gpyro#l cTOpoHBbI, Haliércs Takoe €p, 4To IpH Bcex 0 < e < g
(GYHKUMH f. «COCpPENOTOYEHbI» B BBIODAHHOH OKPECTHOCTH HYJS, T. €. MX
HHTErpajs Mo 3TOH OKPECTHOCTH <«IOYTH PaBeH» €AHHHUIIE, a HHTErpas Io
OCTaBILEMYCSI MHOXKECTBY «IIPEHEOPEKUMO MaJjl», TOITOMY B CyMMe

| £@ew = [ r@ew i+ | L@@

R! w RN\w
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nepBoe cjaraemoe maJjo otindaercs ot ¢(0), a Bropoe masd.
Jloka3zaTenbCTBO JE€MMBI.
1. ChopmynupyeM Ha si3blKe «£-0», UTO, COOCTBEHHO, HY?KHO 10Ka3aTh:

Vo(z) € D(R'), ¥¢ > 0 Jeo(p, () > 0 Ve € (Ore0(4.¢)),

| £:@)etw) e — o) <. 22)
Rl
2. 3aMeTHM MpexJe BCero, UTo NP BCeX a, b BEpHO paBeHCTBO

be be b
J o) de = J éf () dr = Jf(t) dt 2.3)

H, B 4aCTHOCTH, - oo - X ’
f fe(z)dx = Jf(x) dz = 1. (2.4)

3. 3amMeTHM Temepb, YTO B CHJy paBeHCTBA [, f(z)dx =1
R
Wy € (0;1) 3R(y) > 0 VR > R(~) [ f@)de>1-v.  (25)
_R
CunenoBaresibHo, mpu Tex ke R’ B cuay (2.3) BepHO
R'e
fo(@)dz > 1—1. (2.6)
—Rre

4. Tlyctb Temepb HaM 3amanbl KoHkpeTHsle (z) € D(R!), ¢ >0 u
TpeGyercs mocTpouTs €o(w, ¢) (cm. (2.2)).
5. 3aMeTHM, 4TO B CHJIy HENPEPLIBHOCTH OCHOBHOH (DYHKUHH ()

V>0 3r(p,n) >0 Veel-r(e.n):r(e.n)] lelx)—¢0)] <n. (2.7)
6. [Monoxum C' = sup,cpi |p(x)|. Haitném g > 0 takoe, uro
¢

(Ecam ¢(0) = 0, TO MOXKHO B3SITh J11000€ MOJOKUTEJNbHO YHCJIO, B POTHB-
HOM 2Ke CJlydae JOCTaTO4YHO MosoXuTh 0 < p < W‘) Jlasee, MOJIOXKUM

(cMm. (2.5))
RzR(’y:min{u,%}).

5
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Torna npu Bcex € > 0 u Bcex R/ > R umeem

R'e R'e
| r@arsi-n | felayde > 1~ o
—Re —Re
Wik, ¢ yuérom (2.4),
R'e
J f(w)dn>1—p, L)< s 28)
—Rre RI\[—R/e;R'e]

7. Nanee, BoiOepeM (cm. (2.7)) r=7r (n = %) Takoe, 4TO

p(z) = p(O)f < 5 mpu [z| <, (2.9)

u nonoxuM go(@,() = 5. Torma npu Bcex 0 <e < ey Oymem HmMeTb C
yuérom (2.8), (2.9)

|fe(z)(x) dz — (0)| =

- J fe(@)p(x) da + J fe(@)o(x) dz — p(0)| <

[—Re;Re] R!\[—Re;Re]
<‘ J J-@)[0(0) + (p(z) — 9(0))] du+
[—Re;Re]
" fa(x)w(w)dxw(o)'é
R!\[—Re;Re]

< J £-(2)(0) dz — (0)] + j f-(2)(p(z) - p(0)) dz| +

[—Re;Re] [— Re; Re]
| @l e <
z€R!
RI\[—Re;Re]
<leO)]- (T =p) =1+ sup |p(x) — ¢ (0)] fe(x) de+
z€[—Re;Re]
[—Re;Re]
¢ ¢ ¢_6¢ . ¢, ¢
Lo >, 222> s
+C- s <lpOu+ - 1+5< 7+ 5+5=¢

DTo U f0Ka3biBaeT TpebyeMblil pe3yabTat (2.2).
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JleMmMa goKa3zaHa.
3ameuaHnue 3. Mbl Mo/ab30BaJUCh YCJOBHEM HEOTPHLATENBHOCTH
¢yurunu f.(x) B OLEHKAX THIA

| r@a< | @i | rwe@ds | @@
ACR! R! ACR! ACR! ¢
[ToaToMy nsisi paccMoTpenust npumepa 4) Tpebyetcs Jubo CHOpMyaTHPOBATD

OoJsiee oOlee yTBep2KIEeHUE, aubo IIPOBECTH N0Ka3aTeJbCTBO B YAaCTHOM
cjaydae HenoCpeaCTBEHHO OJsd

1 T

fe(z) = —sin -

™

SamMeuaHue 4. YIUBUTeNbHBIH (DaKT COCTOMT B TOM, UTO pe3yJib-
Tar JeMMbl HMeeT MEeCTO, B YaCTHOCTH, B ToM cJjydae, korma f(0) =
=0 u naxe supp f Z 0, nanpumep, aas f(z) = 0,1x(90;100) (7). Koneuno,
9TUM MBI BCelles1o 00513aHbl CBOHMCTBY HENPEPbIBHOCTH OCHOBHBIX (DYHKLIMH
(em. (2.7)).

[IPUMEP 5. T% 3/)0 npu k — oo, rae
k. k
Vo(z) € D'(R) <’PCOS x,gp(x)> =v.p. J o8 xgo(x) dr.

Xz x
RI!

O JeHCcTBUTENBHO, MYCTh (UKCHPOBAHA HEKOTOpasi MPOU3BOJIbHAS OC-
HoBHasi QyHKUHs ¢(z), supp ¢ C [—R; R].

1. Umeem
R
v.p. J Coikx(p(x) dx =v.p. J Coikxgo(:z) dx =
R! R
R R
=v.p. J cos ki ©(0) dz + v.p. J'coskxwdx.

33:1

-R

3z1ech MepBoe cjaraeMoe B NPaBOH yacTH oOpallaeTcs B HyJb Kak Ipefed
UHTErpajioB OT HeYETHOH (DYHKLHUH M0 CUMMETPHUHOMY MHOXKECTBY.

2. Hacuér BTOpOro csnaraeMoro 3aMeTHUM IIpexKJe BCero, YTo B CHJY
CBOUCTB TJIaIKOCTH OCHOBHOH (DYHKIIHU HOILbIHTEFEaJIbHaH (byHKLHS co-
JepXKHUT yCTPaHUMYI0 0COOEHHOCTb: MHOXKHTEJb ‘PT UMeeT KOHeuHoe
npenesnbHoe 3Hauenue ¢’ (0) mpu x — 0, 4TO BHITEKAeT H3 (QOPMYJBI KO-
HeyHOH rnpupaileHyil JlarpaH:xa ¥ HENpepbIBHOCTH TPOM3BOLHON OCHOBHOH
GbyHkuuu. Jajee, B U1y BblLIECKa3aHHOIO 110Jy4aeM

R

V. Dp. J' Coikx(p(x) dx = J coskx (x) dx

R! -R
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rue

ex)=e) 4
Y(x) = {@,(O)’ o (2.10)

3. Ho Torma B cuay JIeMMbI Prumana nosnyuaem Tpe6yeMbH/1 pesyJib-
tar. (DopMyJUPOBKA JIEMMBIL: f f(z)costzdz — 0, f f(z)sintzdz —
— 0 npu a,b = const, t — 00 mas JI}06OI/I KYCOYHO HenpeprBHofI (hyHK-
unu f(x), cm., Hamp.: A. B. llenerusos, JleKuuu no maTeMaTHUECKOMY

aHaJM3y 1Jis1 3KCIEePUMEHTANbHOro MOTOKa. TpeTuil ceMectp, nemma 7.4.)
X

[IPUMEP 6. ®opmyna Coxonkoro.

1 1
—— = Find P—,
x +10 Fimo(w) + T
rue

1 I 1
= lim
xrxi0  e—t0x tic
B CMbIC/Ie 00600UIEHHBIX (PYHKLHH.
O JleHCTBUTENBHO,

1. umeem
1 p(x)
s = —_— d =
<:E—i5 <p(;v)> J T — i€ *
R!
p(x)(x + ic) zp(x) [ ewlx)
= J P dr = P dr +i o dz.
R! R! R!

CXOmMMOCTb BTOPOrO CjIaraeMoro B NpaBoi 4acTH K imd(x) cienyeT u3
npenbiayero npumep (cemeiictso 2)). Pacemorpum nepsoe ciaraemoe. Kax
06HIYHO, (PUKCHPYEM MPOM3BOJNBHYI0 OCHOBHYIO (YHKUHIO ¢(x) W BHIGHpa-
eMm R tak, yto supp ¢ C [—R; R].

2. Torna
R R R
z(p
:c2 —|— 62 :c2 + 62 52 ’
R! R R R

(2.11)
TZle B NPEANOC/eIHEM PaBEeHCTBE Mbl BOCMOJb30BANUCh HEUETHOCTBIO (DYHK-
UMK —"—, @ B MOCJEeIHeM [Mepeluid K (QyHKLHH ¥(x), ompenenéHHOH
dopmynoit (2.10). C apyroit cTOpOHHI,

R

<:P%,go(z)>—v.p. J J pz) — ¢(0)

;U—ZU
f\

I
?U

(2.12)
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Tl Mbl CHOBa BOCIOJIb30BAaJUCh COOOPaXKEHHSIMH HEUETHOCTH, a TaKxkKe
CHSIJIM 3HAK [JIABHOTO 3HAYEHHM$, MOCKOJbKY, KaK ¥ B MPEIbIAYIIEM IPH-
Mepe, B TOIBIHTErPaJbHOM BBIPAXKEHHWH Tenepb (DYHKIHS C yCTPaHUMOH
0COOEHHOCTBIO.

3. CpaBuuM Tenepb npasble yactu (2.11) u (1.2):

R 2 R R )
x €
_ dz| < -
| wra | voul< pm wo | o5
“R “R “R
g2 TR
=C— arctg—’ <Cer — 0, ¢ — +0.
€ el-R
X

[TPUMEP 7. Bbluucautb npefes B cMbicjie 0000LEHHBIX (DYHKLIUH

ixt
npu t — +00 OT BbIPAXKEHHA ~—5.
O JelcTBUTEJbHO, HMEEM TP MPOU3BOJIBLHOM (DHUKCHPOBAHHOM ¢(x) €

€ D(R!) ¢ suppy C [~ R; R] ¢ yuéToM npeabiiyliero npumepa

<fvejO’ w(x)> = JM dr = {p(z)e’™* € D(R")} =

e—+0 Tr — 1€

1 )
= 1l ot _
E—1>I£1‘10 J T — Z,g(p(x)e
RI!

= (25 @™ ) = (imd(a) + 97 ola)e™ ) =

_ irp(0) + <fP%, @(m)ei”> — irp(0)+

+v.p. J’ (cosxt+zsmxt)d _
R
= imp(0) + J ple) = ¢(0) (cosxt+isina;t) dx+
R
+V.p.&dxﬂ

cosxt + isinxt
10(0) sin xt
imp(0)+ 0+ 0+ lim JW
t——+oo X
]Rl
= imp(0) + imp(0) = (2imé(x), p(x)).
31ech B OMHOM M3 MOCJEIHUX T1€PEXO0B Mbl BOCIIOJNb30BAJUCh PABEHCTBOM

Jsin:mf do — J sinydy:
Y

T

dx =

R!
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BEpHOM IpH Bcex ¢ > 0. DTOT pe3y/nbTaT MOKHO MOJNYUHTb C IOMOLLbIO AH(D-
(bepeHIIMPOBAHHUS WJIM MPeEJbHOTO Mepexoa Mo napamerpy (cM. MaTepHads
3-ro cemMecTpa M0 MaTeMaTHYeCKOMY aHaiusy). X

§ 3. IIpsimoe (TeH30pHOE) MpoM3BeaeHNE 0000UIEHHBIX
byukumit uz D’

Mycts 2 € RM, y e RN, p(z,y) € DRMHN), f(z) € C(RM), g(y) €
€ C(RV). Torna BepHa hopMysia CBelleHHs TOBTOPHONO MHTerpana K HBO-
HoMYy (B GoJiee 00iieM caydae — TeopeMa DyOuHM)

J f(@)g(y)e(z,y) dedy = de Jg(y)w(x’y)dy dz,

RM+N RM N

4TO TO3BOJISIET CHOPMYIHPOBAT

Onpenenenue 3. [lycmo f(x) € D'(RM), g(y) € D'(RN). Toeda
npamoim (men3opHoim) npoussederuem QyrKyuil (:v) g(y) nasvieaem-
cs pynkyus h(x,y) = f(x) - g(y), delicmsyowas no npasuiy

(f(@) - 9(y), p(z,y))rmen = (f(2), (9(y), p(z, y))rr )R-

[TpoBepka KOPPEKTHOCTH OMpeeseHHsi OCTAETCsS AJIsi CAMOCTOSITENbHOM
paboThl ciayluaTesell, paBHO KakK M J0Ka3aTeJbCTBO CJENYIOUIUX CBOHCTB
BBEJIEHHOU ONepaluu:

1) KOMMYyTaTHBHOCTB,

2) HENMpPEepPBIBHOCTD 110 KAXKAOMY M3 COMHOXKHTeJEH (B CMBIC/IE MPeIeSbHOTO
nepexona, ONpeleeHHOro BILE),

3) accoLMaTHBHOCTD,

4) pas moboro myapTUuHIeKca o = (v, ..., apr) BepHo D2[f(x) - g(y)] =

— [D2f(2)] - g(y),

5) ﬂﬂﬂ ﬂ1060H a(x) GCW(RN) BepHO( ( ) (2)) - 9(y) = alx)(f(z) - 9(y)),
6) (f(x), [gn (@, 9) dy)gr = [gn (f(2), o(2, y)>]RM dy,
7) supp £ (x) - g(y)] = supp £ () x supp g(y).

Hnst popMynHpoBKY TMoc/iefHero CBOHCTBa TpeOyeTcsi BBECTH MOHSATHE
HocHTesst 00001EHHOH pyHKUMH. CrenaeM 3TO.

Onpenenenue 4. logopam, umo 0606wénnas pynkyus f(x) €
€ D' obpauwjaemcs 8 Hoav 8 obaracmu G, ecau Oas At060L OCHOBHOL
pynryuu @(x) ¢ supp p C G gepro (f(x), o(x)) = 0.

Onpenenenue 5. Obvedunenue 8cex obaacmeli, 8 KOMOpuLX
0606wénnas Gyukyus f(xr) € D' obpawaemcs 6 Hoav, Ha3viBaemcs
HYACBLIM MHONCECMBOM 3MOLL PYHKYUU, & OONOAHeHUe K HYAeBOMY MHO-
acecmay — eé nocumenem. 0606w éHnble QYHKYUL C KOMNAKMHbIM HOCU-
meaem Ha3bl8AOMCA PUHUMHbIMU.
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Hanpuwmep, supp d(z) = {0}, suppd(z) = {z | x > 0} (nokaxure 310
HerocpencTBeHHO!), mosToMy (yHKUMS [lupaka QUHHTHA, a QyHKOHS Xe-
BHUCaHlga — HeT.

Beenéwm Tenepb 06001EHHYI0 (DYHKIHIO

d(at — |z]) = I(t) - 6(at + z) + I(t) - 6(at — z). (3.1)

3zech B IpaBoOi 4aCTH HCIOJNb30BAHBI T€H30DHbIE MPOHU3BENEHUST (DYHKIHH
XeBHcaiia no nepeMeHHo! ¢ Ha AesbTa-(QyHKLHH, B KOTOPBIX OCYIIeCTBJe-
Ha JIMHeHHas 3aMeHa MepeMeHHOH x — at £ x, NPHU KOTOpOH ¢ paccMarpH-
BaeTCsl Kak rnapamerp.

[TIPUMEP 8. Ilpeo6pasdyem TeH30pHbIe IPOU3BENEHHUS] B NIPABOK Ya-
ctu (3.1).

0 Mmeem

(9(t) - 0(at + x), o(t, x)) =
— (9(t), Bat + o), p(t,2) = <ﬂ<t>, <6<x>,so (t, - t)>> _

400
— (0(t) p(t, —at)) = f ot —at) dt.

Awnasoruuto mosyyaem
+o0
(9() - 5(at — ), (t, z)) = J ot at)dt. R
0
[TIPUMEP 9. Ilonoxum
1, at—|z| >0,
dat — ) = {O, at — Ix <0

TpebyeTcs BBIUUCIUTD %ﬁ(at — |z|), rne mpousBoxHAs MOHMMATECS B CMBIC-
Jie 0000ILEHHBIX (PYHKIUH.
O Mmeem ¢ yuéToM NpeplAyLIero npuMepa

<%19(at — |z|), w(t,x)> = - <19(at — |z), %p(m)> _
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0

= J @(f§,x> derJ(Jroo)@ (%x) dr =

—0 0
+oo +o0o
=a J p(t, —at)dt + a J o(t,at) = ad(at — |z]). K
0 0

ITPUMEP 10. Hoxkasatb, 4TO

(et = b otta)) =
__ <19(t) Sat +2), g—‘§> + <19(t) S(at — ), g—i>.

O Mwmeem ¢ yuérom mpumepa §

(Ztat = el i) =
e

o2
= <19(at — |z]), W(p(t,x)> = J 522 dtdz =

{(to)[t> 121y
o2 T 9
_ b g% _9%Py —
_ J it J 2 dr = J dt (ax(t,at) 2, at)>
0 —at 0
9(t

~

§ 4. CeépTKa 0000MEHHBIX PYHKIMA

“+o00 at

X

)-5(at+x),g—i> + <19(t)-6(at—x), gﬁ>. X

[lycrs f(x) u g(x) — HenpepoiBHble (GyHKUKH. Torga MOXKHO BBECTH B
paccMoTpeHHe (DYHKIHIO

hx) = j F(t)ga — 1) dt = J fa — t)g(x) dt

RN RN

NpU YCJOBHH, UTO 3TU HHTerpansl cxopstcsi. Hanee, nns jwo60# ¢GyHK-
wn p(z) € D(RY) umeem

(h(x), p(x)) = j dz ({J ()9l —€) dg) () do =

RN N
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= J Jf(f) ~g(m)e(n+¢&) dnd€.

R2N

DTo 1M03BOJISIET BBECTH ONpefeJieHHe CBEPTKHU 000OIIEHHBIX QYyHKIMH.

Onpenenenue 6. Csépmroii f(x)* g(z) 0606ujénnox Gynk-
uuii f(xz) € D', g(x) € D' nasvisaemes 0606wiénnas pynkyus, deticmay-
rowas no npasuiy

(f(@)* g(z), p(x)) = (f(€) - 9(n), (€ +n)). (4.1)

3aMevyaHue 5. 31ech B MpPaBoil YacTH NPOUCXOAUT He JIHHeHHas
3aMeHa TepeMeHHOl B apryMeHTe OCHOBHOH (DYyHKIHH, a TIPUMEHEeHHe TeH-
30pHOTO MPOM3BEEHHUS K CJOKHOH QyHKUHH (&, 1) = (£ + 7).

BooGuue rosopsi, dopmyna (4.1) umeer cmbica He mast Beex f(x) €
€ D'(RY), g(z) € D'(RY), p(x) € D(RY), nockombky (€ + 1) Moxer
yKe He ObITb GUHUTHOH. OIHAKO OHA 3aBEJOMO MMEET CMBIC/I, B YaCTHOCTH,
KOTJla ofHa MM 06e 0600mEHHble (PYHKUWH (UHUTHB Had (mpu N = 1)
KOA HOCHTEJH (YHKUMH f ¥ g OrpaHHYEHBl C OJHOH CTOPOHHbI.

[TIPUMEP 11. Yupocrum Buipaxenue ¥(z) * ¥(x).

O HUmeem ns Beskol p(x) € D(RY)

(0(x) * 9(x), (x)) = (D(E) - D), (€ + 1)) = j st)ﬂ(n) dé dn =

R2
+o0 +oo 400 too T
- l p(etm)de={c+n=1)= J di l plr) dr = i dTlan):
+oo

uin Y(x) * J(z) = zd9(z). K
IMMPUMEP 12. Ynpoctum Bripaxenue f(z) = z29(x) * ¥(x) sin® z.
O HUmeem ns Besikol p(x) € D(RY)

(@), 0la)) = (E20(E) - D) sin® n, (€ + 1)) =
+oo
- J €2 sin? (€ + 1) dE =
0 .

={¢+n=1}= J dTJdW(T)(T—n)QsiHZUZ
0 0
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e +o0
3 . .
= | drp(r)(r —n)?sin?ndy = | dro(r) (=~ cos27 _ sin27
6 4 8
0
unn 220(x) * ¥(z) sin® z = 9(x) (z{ _ coih B SinSQI). %

§ 5. 3agauu oy CaMOCTOSITENBHOTO pelleHNs

Sanaua 1. JlokazaTb, uTO (PYHKIMOHAJ, 3a/JaBaeMblil OMpEAEJEeHHU-
eM 3, NeHCTBUTEJbHO OIpeNesNéH Ha BCEM D(RI) U SBJSIETCS JIMHEMHBIM U
HeTpepbIBHBIM.

Samgaua 2. 1) [lokasars, 4To

(D*f)(z+h) =D*[f(z+h)], feDRY), heR".
2) IlokasaTb, uToO
(D'f)(az +b) = a'D'[f(az +b)], feD'R!), heR! a#0, N

3) Ilokasatb, uto npu Beex a(z) € C®(RY), F(z) € D'(RY) sep-
HO (af)(Azx +b) = a(Ax + b) f(Ax +b) (det A # 0).
4) Ynpocutb Beipaxenue d(ax) (8 D'(RV)).

3agaua 3. Haiitn Hocutenn 0606wénnbix pyHKunit 6(z), I(z), PL.

3anavya 4. Onucarb npeo6pa3oBaHHe HOCHUTEJS INPU JUHEHHOH 3a-
MeHe MepeMeHHOH.

SBamaua 5. Y6emurbest, uro B mpumepax 4.1)—4.3), 4.5) MoxHO
NPUMEHUTDb JIeMMY, copMmyaupoBaHHyto Ha c. 130.

Samaua 6. 1) O6ocHoBaTh TpebyeMblii pe3ysnbTar ajis npumepa 4.4).
2%) CcopmynupoBath U N0KaszaTh oOllee yTBepKAeHHe, MOAXONsIIee IJs
3TOTO CJyvast.

3anaua 7. Iycers f(x) € D'(RY) — dunutHas o600wménHas GyHK-
uust (He oOsizaresnbHO peryusipHas!). Ilokasats, urto ecau 7(x) = 0 B
okpectHoctu supp f, To n(x)f(x) = f(x).

3amaua 8*. Haiitu npenen limy_ 4 o e, rne m € N puxcuposa-
HO.

3apgaua 9. HUccrepoBath Ha  cxomumocts B D'(R!)
P Yooy n"0t (z — n).

3anaua 10*. TIpoBepuTb KOPPEKTHOCTb OIpeNeseHHs] TEH30PHOTO
npou3BeleHUs1 0600IEHHBIX QYHKIUHA. (UTO HMEHHO HYXKHO TPOBEPUTH?)

3apaua 11*. [IpoBepuTb CBOHCTBA TEH30PHOTO MPOU3BEAEHHUS.

Sanauya 12. Ilokasarb, yto
1) Hxy, 29, ...2x5) = Hay) - Hag) - ... - Hay);

2) (ngl,l‘g, JJN) = (5(.’1)1) . (5(.’1)2) et 5(1‘]\/);

" (xy,x9,.TN) __
3 D51 00s B =d(x1, x9,...2N).

3anaua 13. IokasaThb, uto B D'(R?)

1) E%ﬂ(at — |z|) = 9(t) - 6(at + z) — I(t) - 6(at — z);
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9) <g—;z9(at ~ |z)), <p(t,9c)> = —a <6(at — |z]), %> .

Gapgaua 14. M300pasuTb Ha KOOPAMHATHOH MJIOCKOCTH HOCHTEJH
CJIENYIOLUX 0000IIEHHBIX (DYHKLHH:

1),0(x—a)-0(y—">0), 2)¥x—a)-6(y—10>), 3)¥z—a) dy-—>b).

3amaua 15. Ynpoctuth Bhipaxenue f(x) = x?9(x) x J(z)sinx.

3apgaua 16. Ha npumepe o6o6wénnbix ¢yHkuuid J(x), 6(z), 1
MOKA3aTh, YTO OMepalHst CBEPTKH He acCOLHATHBHA.

3apmaua 17%*. [lokasaTb, UTO BepHbI (POPMYJIBL

fa(@) * f5(2) = farp(2),  galz) *95(2) = 9 /g (@),

rue

1 o 1 z?
fa(z) = oy © >0; galx) = o eXP <—w$> , a>0.
3anaua 18%*. Tlokasats, uto B mpoctpanctse D'(R?) cBépTka X
X O(t) xt - J(z) He nMeeT cMbiCIa.
Ganaua 19. IlokasaTb, UTO UMEIOT MECTO PaBEHCTBA:
1) 0(z —a) * f(z) = f(z —a);
2) 6(x —a) *6(x —b) = 6(x —a —b);
3) (60(x)) * f(z) = fO(x), l e N.
3apaua 20. Bouucauts B D'(R?) ceéprky I(t — |x|) * 9(t — |z]).



Jlekuug 6
IIPEOBPA3SOBAHUE ®YPLE

§ 1. IIpocrpancteo P

Hanomuum, uto tomosorusi T npoctpanctea Ppere (P, 7) nopoxnena
CJIEYIOLIMM CUETHBIM CEMEHCTBOM MOJYHOPM:

£l pu(F) = max swp (141)" 0 @) ()

al<n zerN

! ’
Onpeneaenue 1. Obosnauum uepes P uiu P (RN) npocmpan-
CMBO NUHELHbLX U Henpepoui8HbLY (YHKYUOHAN08 HAO NPOCMPAHCIMBOM
(P, 7).
« ’
3ameuanue 1. OTMeTHM, YTO HENPEPLIBHOCTL d/eMeHTa f* € P B cuiy
JIMHEHHOCTH MOHUMAETCsl B TOM CMBIC/IE, YTO

(f*yory—0 mpu k — 400
1151 JI060# moc/ienoBaTeNbHOCTH { @y } C P Takoi, 4to
or = U & [loklln — 40

npu k — +oo pas awéoro pukcupoBanHoro n € N. [IpuueM Takyio cxonu-
MOCTb €CTEeCTBEHHO Ha3BaTb CHJIbHOHM CXONMMOCTBIO.

JlokaxkeM BaxKHYIO JIeMMY.
Jlemwma 1. Jluneiinowi ¢ynkyuonar f* € P moeda u mosvko moeda,
Koeda Hatidemcs makas noayropma pn(p) suda (1.1) u nocmosnnas
M,, > 0, umo umeem mecmo HepageHcmaso:

|(f*, ¢)| < M,, max sup (1 + |x|2) |0%p(x)| (1.2)
la|<n zERN

Oas scex ¢ € (P,7).
Hocmamounocme. V3 (1.2) mosyuaem, urto ecau {¢g(z)} C (P,7) u
Y — v, ToH
(f*,or) — 0 mpu k — +oo.

/
CJ/iefoBaTesIbHO, MPUXOAUM K BBIBOALY, uTo f* € P .
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Heobxodumocme. Ilyctb f* € P, rorna NoJIyHOpMa

p(e) = (", o)

HenpepbiBHa Han Bcem (P, 7). A 3T0 B CBOW Ouepenb O3HAuYaeT, UTO Hai-
IeTCst OJYHOPMA Py, () U3 CUCTEMBI TIOYHOPM, TIOPOXKAAMIINX TOMOJIOTHIO
npoctpancta (P, 7) u mocrosnuas M, > 0 Takue, uTo

[(F*, 0} < Mppn(p) nas Bcex @ € P.

Ho noayuopma p, (@) umeer sieubiii Bug (1.1). ®opmyna (1.2) nokasaHa.
JleMma nokasaHa.

§ 2. IIpeoOpasoBanue Pypne

Onpenenenue 2. Hazosem npamoim npeobpasosarnuem Pypoe cire-
Oyrowjuti aunetinoll onepamop Ha P :

N € 1 —i(x ad
Py) E Flel(y) = WRL T @D o(x)de, (z,y) = ;l’kyk.
@.1)

Onpenenenue 3. Ha3osem obpammuoim npeobpasosaruem Pypve
caedyrouwuti Aunetinolil onepamop Ha P :

N
1 .
= (0 V2 J ey dy, (z,y) = kayk-
(2m) BN k=1

(2.2)

CrpaBensinBa cjefylomas TeopeMa O JHHEHHOCTH M HeNpepbIBHOCTH
npeobpasoBanus Pypbe.
Teopewma 1. Onepayuu npamoeo u obpamnozo npeobpazosarus Pypve
ABAAIOMCS AUHELHbIMU U HenpepbleHbIMUL:

F:(P,1)— (P,7) u Fl. (P,7)— (P, 7).

Jloka3aTenbCTBO.

Hlae 1. Tlockombky mpoctpaHcTBo (P, 7) sBJsETCS MPOCTPAHCTBOM
dpelte, TO OHO KaK MeTPHUECKOE MPOCTPAHCTBO 00/a1aeT CBOHCTBOM 3K-
BHBaJIEHTHOCTH HempepeiBHOCTH mo Komn mo Xaitne. [lostomy B cuay
TeopeMbl 8 UeTBepTOH JeKUUH HaM JAOCTaTOYHO JAOKa3aTb, YTO AJis J0OO0H
noC/1e10BaTeNbHOCTH { ¢y, } C (P, 7) Takod, uro

om—9 B (P,7) mpu m — +oo,
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BBITEKAeT, uTo 1)
Flom] =9 8B (P,7) mpu m — +oo.

Llae 2. Tlpexxne Bcero 3aMeTHM, YTO UMEIOT MECTO CJeIYIOIlHe PaBeH-
CTBa:
1

KHEW) = gowm J(—z’x)“e*“z’yhp(x) dz, (2.3)

(1= AJe W) = [1 4 [ye= ),

(1 )" Pl = oy | #le) (1= 07" do =
— W J e—i(@y) [1 _ Am]n o(z)dr, (2.4)

RN
3[€Ch Mbl BOCIOJIb30BAJIUCh WHTETPUPOBAHUEM [0 YACTSIM, YTOOBI «IEPEKH-
HyTb» oneparop [1 — Ag]" n € N, rze
2 2 2
def O 0 5}
= S +tz5+t+ 5.
2 2 2
Ory Oz Oy
Llae 3. Takum o6pasom, ¢ yuetoM (2.3) u (2.4) moaydnM CleayoLyo
LIe[I0YKY HEPaBEHCTB:

Ay

(1 108) 0] < g | 1= 8l (i)t e <
RN
< g 2 [[1 4] 1 - Al e [ e o> 5

RN

OrTcrona cpasy ke nosydyaeM OLEHKY

pn (Flo]) < e(n, 8$)ponts(p), s€N u s> g
B cuny npoussosnbHoCTH 1 € N Mbl [oslyyaeM, 4TO €CJIH
¢m = 0 palpm) — 0 mpn m — 400
a5 Jo6oro n € N GUKCHPOBaHHOrO, TO U
P (Flom]) = 0 < Flom] =9 npu m — +oo

IJIs1 Besikoro (puxcupoBarHoro n € N.
Teopema mokaszaHa.

') T.e. U3 CHIBLHOH CXOIMMOCTH MOCJIE/IOBATENILHOCTH (Pry, — U BHITEKAET CHJIb-
Hast cxonumocTb Flpm] — 0.
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§ 3. Oneparopel Pypre F u F~! na npocrpancree P

Teopema 2. Onepamopo. Pypve F u F~' asraromes szaumno obpam-
Hulmu onepamopamu Ha P.

JlokazaTeabCcTBO.

Hlae 1. Ins nokasaTesnbCTBa yTBEPKASHHUS TEOPEMBI CHaYasa HOKaKeM
cllenyIollee paBeHCTBO:

j o) Flw)e = dy = j () fz+y) dy. (3.1)

RN RN

O IIGI';ICTBI/ITGJII)HO, AMEeT MECTO LieloYKa PaBE€HCTB:

| st e ay = WJdyg<y>jdze—i<z—f’y>f<z>:

RN RN RN
1 )
=5 | d2f(2) | dyg(y)e™ 7Y =
j dzf(2)3(z - ) = j dyf(e +4)3(y). B

HLlae 2. BosbMeM Temepb B KauecTBe QyHKUUU ¢(y) GyHKUHIO g(ey).

9= () def g(ex).

3aMeTI/IM, 4TO CIpaBenJiiBa CJjeAylollasd Herno4YkKka paBeHCTB!:

~ 1 —i(y,z
9e(y) = @m)N2 J dze” ") g(ez) = {w = ez}
RN

1 1 —i(y/e,w P y
RN

C yuerom paBencts (3.1) u (3.2) mpuxoauMm K CJeAyIOLIEMY PABEHCTBY:

[ sswFwete dy = | s+ dy =

RN RN

SE CICTrE

RN

_ J §()f(z+ex)dz. (3.3)
RN
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Hlae 3. Tenepb Bo3bMeM B paBeHcTBe (3.3) B KauecTBe pyHKLUMH g(x)

g(x) = e = g (2) = eIl 2,

Torna mnepexonsi k mpemeay npu € — 0 B (3.3), moayuum craenpyiwouiee
paBeHCTBO:

j Fw)e@ dy = f() j 3(y) dy. (3.4)
RN RN

CripaBe/i/IMBbl CJIeAyIOLIHE CBOKCTBA BBEIEHHON QYHKUUU ¢(T) :

~ 1 _ly? —i(z —|z?
g(Z):WJe 2 e (‘y)dy:e H/Q, )

RN

1 i
RN

C yuerom 3TOro u3 paBeHcTBa (3.4) MPUXOOUM K CJEAYIOLUIEMY PABEHCTBY:

G | T dy = f(a).

BN
KoTopoe uHaue MOXHO rMepenucaTh Kak
FUF[fll=f anaBcex f(z)€P(RY).
Ulaz 4. AHanoruyHO N0Ka3biBaeTCs U PaBeHCTBO
F[F'f]] =f ansBeex f(z) € P(RY).

Teopema nokaszaHa.

§ 4. CBeptKa

1. JoxkaxeM, uTO OnepaLusi CBePTKH (KOTopasi, OYeBHUIHO, SIBJSETCS
HeJIMHEHHOH omepalyeil) He BHIBOAUT HAC 3a PaMKH MpOCTpaHCTBa P.

O Hrak, nyerb ¢(z),¢(x) € P, Torna Bocnosib3yemcs CJeLyOLIHM
JIETKO T1pOBepsieMbIM HepaBeHCTBOM:

{1 + |xﬂ <2 [1 +lo— yﬂ [1 + |yl2} :

MOCKOJIBKY

') Btor murerpan seumcasercs mertogamu TDKIT.
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2
2| < |z —yl+yl = |2 < (Jz —y| + |y])° =
= |z — y* + 2z — yllyl| + [yI* < 2lz -y + 2Jyl*.

CHpaBeILJH/IBa caenyrouias neno4yka HEepaBeHCTB:

[1+1af] 0" (e w) @) = [ [1412F] " 02e@ —wpotway =
- de;R [+ 27"

Itz —y2)" [T+ [y

x [T+ fo—yP] " 0 (e — o) [1+ o] 0(w) <

< 2" sup [1 + \zﬂn [0S p(2)] J dy [1 + ‘3/|2]n¢(y> <

zERN

RN

n n+m
<2" sup |1+ 12| jo2e(2)] sup [1+1yP| ()l x
zERN yERN
1
X | dw ———=, m > N/2.
[ @ /

TOFJla 13 3TOH HEMNOYKHU MPUXOAUM K CJeAYyIoIeMy HEPDAaBEHCTBY:

max sup [1+[of?] " |(p ) (2)] <

\a\gnzeRN
2]™ | qa 2]t
<emax sup [1+[2P]" 1020(2)] sup [14+[yl2] " ()l <
la|<n ,crN yeRN

< CPn (@)anrm (11)) ’

U roJlyyaeM B pe3y/ibTaTe HEPaBEHCTBO:

Pn (0 xY) < e(m,n)pp(@)Dnim(¥) mpu m €N, m > g

Craso 6biTh, @ * 1) € P nas Beex (x),¥(z) € P. K
2. Temepb mpuUMeHHM orepatop npeoGpasoBanusi Pypbe K CBEpTKe IBYX

(PyHKLMH:

Flewt] () = gy | dre™) | duplo - 2)u(z) =
RN RN

1 ‘ ‘
- W J dzy)(2) J dro(x — z)e—Z(y,x—z)e—z(y,z) _
RN RN
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= e | 0 [ dnpta - 2o =
RN RN
= 2m)N*P(y)3(y)-
3. [lokaxkeM Ternepb paBeHCTBO
1 PN

Flf(z)g(z)] = Wf *g. (4.1)

O Panee Mbl 10Ka3aJju CJeAyIOlIee PABEHCTBO
Ffxg]=(2m)""fg. 4.2)

BosbMem B 31Ol (opmysne BMecTo GYHKUME f u g yHKuuu f U g,
cootBeTcTBeHHO. Torna us opmyssl (4.2) mosydum cieayoliee paBeHCTBO:

F[Feg) = @027 G = @n) " g,

Ho nemocpencTBeHHBIM BHIYMCJIEHHEM MOXKET ObITb MPOBEpeHa CIIpaBemnJiv-
BOCTb CJIE[YIOLLEro paBeHCTBA:

F [f*ﬁ} =F"! {f*gﬂ .
Y B pesysbraTe mpuxoaum K paBeHcTBy (4.1). X

§ 5. TpancnoHUpPOBaHHBIN omepaTop

Tenepb Mbl IPUCTYIIHM K MU3YUEHHIO TPAHCTIOHHPOBAHHOTO oneparopa F*
K oneparopy ®Pypbe I
/ ’
F':P -7,

(FIf7],0) % (f* Flgl) mmscex @€e® f*e?. (1)

’
PaccMoTpuM cHauasna caydyail perynsipHod 060OlIeHHOH (YHKUHH U3 P,
T. €. TAKOH, YTO HAHAETCS TaKast JIOKaJbHO HHTerpupyemasi GpyHkuus f(x) €

€ LlloC (]RN) , UTO [l CKOOOK JBOHCTBEHHOCTHU HMeeT SIBHOE IpelcTaBJie-

| o) = [ dss@)eto)

Torna npasast yactb paBenctsa (5.1) mprumer cienyOUMH BUA:

(" Fle) = s | de (@) | dve ooty =
RN

RN
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= | dret Gy [ e @) = P 62
RN RN

Tax uto pas cayyasi pery/asipHbiX 06001IeHHBIX (YHKLUHUH 13 P’ bl TPHUILLIN
K BbIBOAY, uTo oneparop F' = F. CnemoBaTesbHo, /sl BCEX 3JEMEHTOB
u3 P’ 3a ompejesieHe TPAHCIOHMPOBAHHOTO omepaTopa F' HYXHO B3SITh
pasencTBo (5.1), B KoTOpoM cyienyeT nonoxuth Ft = F.

Onpenenenue 4. [Ipeobpazosanuem Dypve 06061eHHbLX DYHK-
yut f* € P nasvieaemcs auneriHbLi onepamop

Ft.9 -7,
onpedenennolli caedyroweti Gopmyrou:

(FU[f],9) € (", Flgl) onnscex pe®, f*e?. (5.3)

§ 6. ®PyHnamMeHTaJNbHBIE pelIeHUS

’
Pelrllenue ypasHeHus B cMbicsie poctpanctea D (RY)

(DzE&(x), p(x)) = ¢(0)

ans Beex p(x) € D(RY) naspiBaetcs hyHmaMeHTabHBIM pellleHHeM HeKo-
Toporo nuddepeHnuanpHoro oneparopa D .
[IPUMEP 1. PaccMoTpuM BOJIHOBOH omepaTop

*
o2 0a?

Haiinem ero dyHnameHnrtanbHOe pelleHMe.
O PaccMoTpuM crenyiolee ypaBHEHHE B CMbIC/E paclpeleseHHH:

o> 0
Wmeem §(z,t) = 6(x)d(t) B cayuae gekapToBa MpOU3BeNEHHS
def
R = R!' x R;.

[losTomy mpumenum npeo6pasosanre Pypbe no nepemennoil x € R, Ilo-
!
JIyUHM PaBEHCTBO B cMbicje mpoctpaHctBa D (Ry)

d2€

a2 + k‘QE = (5(75)
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Cemunap-Jlekuus 9

OYHAAMEHTAJIBHBIE PEINIEHUYA B D’

§ 1. PyHnameHTaNbHBIE pellleHUS JMHEHHOTO
audg¢epeHIaNIBHOIO oneparopa

Onpenenenue 1. Jlunetinom ougpgeperyuarvroim onepamopom
¢ nocmosinHbIMU Koagguyuenmanu (nopsdka m) 6ydem Haszvieams one-
pamop euda

P(D) = Z aon DY, eoe Z lae| >0, a, = const.

lal<m |a|=m

Onpenenenue 2. @yndamenmanorom pewenuem 6 D'(RN) au-
HeliHo2o duggeperyuarbrHozo onepamopa ¢ NOCMOAHHbIMU KOIPPuyu-
enmamu 6ydem rasvieams by gynxyuo & € D'(RN), ydosremsops-
HOWYI0 YCA0BUIO

Sameuanue 1. OueBugHo, cHOPMYyJUPOBAHHOE ONpeeseHHe OCTaB-
JIsieT TNPOU3BOJ B BEIGOpe (DYHAAMEHTAJbHOTO peLIeHHs: €ro MOXKHO H3-
MEHUTh Ha J1060€e pellleHHe COOTBETCTBYIOLIETO OJHOPOAHOIO ypPaBHEHHMS.
Mbl He OynmeM 31ech 00CYXIaTh KOHKPETHbIE NMPUMEpPHl, HO OTMETHM, YTO
TAKOH MPOM3BOJI OKa3blBAETCs MOJE€3eH C TOYKH 3PEeHHs] HCIOJb30BaHUS
(yHIaMEHTaNbHOrO PEelleHHUsi B CBEPTKE € MPaBOi 4acTbi0 (CM. HUXKe): AJIs
pa3/IMUHBIX BHUIOB NPaBbIX YaCTeH MOXKHO MBITaThbCs BHIOWPATh (DYyHAAMEH-
TaJlbHble pelleHUs M0-PasHOMY Tak, 4TOObl CBEPTKA CYILIECTBOBAJA.

[TpuHuunuaibHOE 3HaYeHHe UMeeT CJeAyIollas TeopeMa, KOTOPYIO Mbl
npuBoiuM 6e3 pokasarenbctBa. (CM., Hampumep: Baamgumupos B. C.
O6o06uéHHble (QYHKIMH B MaTeMaTudeckod ¢usuke. M.:. Hayka, 1976,
c. 182)

Teopema Maanbrpanxa—-OdpeHnpaica. Beakui aurneinolil
ouppeperyuarorolil onepamop ¢ nocmosHHolMU Kodgduyuenmanu (om-

MUK OM HYAE8020 Onepamopa) umeem GyHOGMEHMAAbHOE pelleHue
e D'(RV).
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[TIPUMEP 1. ®yHnameHTa bHBIM pelieHueM (OMHUM M3 BO3MOXK-
nbix!) omepatopa Jlamnaca B R3

A= D(?,0,0) + D(O,Q,O) + D(0,0,2)

ABJsETCA (PYHKIUS

Ea) = ——— = — !

Arr 4y /a2 + 2l + 22

O IokaxeM 3ToT ¢akT. Tpebyercs mokasatb, 4To

NER

B D'(R?), 1. e. uTo ms Mo6ok ocHoBHOH dyHKuMK (1) U3 D(R3) BepHo

COOTHOLIEHHe 1
(8(~3 ) o)) = et0) (L)

1. 3adurcupyem mpoussoabHyio dyHknuio ¢(x) € D(R3) u nokaxew,
uyto (1.1) neficTBUTENbHO BhiMoHsETCs. VCmosib3ys ompefesieHue CyMMbl
0600LIEHHBIX (DYHKLHH W NPOU3BOAHOH 00O0OIEHHOH (PYHKLHH, TONyUaEM:

1
(2 () ro10) =
1 1 1
— 200 (- 020 (__~ 002) ( ___~ —
- <D ( 47r7“> +D < 471'7") D < 471'1") ,go(x)>

1
- ——ﬂDmmwm+Dmmwm+Dme@>=

4y
- _LA() — —LA()d
=\ S T 4y AT 0T
R3

2. 3aMeTUM, 4TO B CKOOKe NBOHUCTBEHHOCTH B MPABOU UACTH LIEMNOYKH
CTOUT peryJsipHast 06001IEéHHas (PYHKIUS, TO3TOMY HHTerpaJs MOHUMaeTcs
B KJIaCCHYECKOM CMbIcJie Kak uHTerpaJs Jlebera uau naxe Kak HecoOOCTBEH-
HblE WHTerpan Pumana. Terepb BBe#néM B pacCMOTPeHHe OrpaHUUEHHYIO
o6sacTb {2 (3aBUCSILYIO OT (), YAOBJETBOPSIOULYIO CJAEIYIOUIMM YCIOBUSIM:
1) 0(0;0;0) € Q;

2) supp p(x) C Q.
Torpa B mocsieHeM HHTErpaJjie MOXXHO 3aMEHHUTh HHTETPUPOBAHUE 110 BCEMY
MPOCTPAHCTBY WHTErpUpOBaHUeM 1o ()
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(MBI BKJOYHJIM Hayajo KOOPAMHAT B 00JAaCTb WHTErPUPOBAHMS, UTOOBI
136eKaTh PaCCMOTPEHHs PA3/JMUHBIX CJydaeB; Terepb NajbHeHIIHe pac-
cyXpeHusi GyLyT BepHBI He3aBHCHMO oT BKJueHus O € supp p(z).) Ha-
Jee, nocrpouM wmap O ¢ LEHTPOM B Hauaje KOOPAHMHAT, BbIOPAB £ K3
yeaosust O, C , u nosoxuM Q. = Q\ O, Sc = 90.. (Torna 992, = 0Q U
USe.)

Puc. 4. O6sacTb €2 ¢ BBIKOJOTON OKPECTHOCTBIO.

3. OuesnnHo, B o6nactu {). BMecTe ¢ rpanuueil ode GyHkuun L u ()
GECKOHEUHO TVIa[KHe, UTO MO3BOJISIET IPUMEHUTh K MHTErpasy

J 1 Ap(x)dx

4rr
Qe

BTOpYIO (popmysy 'puna

J(UAU —vAu)dz = J <ugz - vgz> do.
1% v

Heobxonumo yuecTb, 4TO:
1 o
1) Bciony, KpoMe Hayajia KOOPAHHAT, (DYHKIIHS - HBBJmeTCH rapMOHHUECKOH;
do _

2) Bciony Ha Of) BepHbl pasenctBa @ = 0, 32 =0 (B cuay ycno-
Busi supp ¢ C €2);

3) BHelUHsis HOpMaJsb K obJjacth (). Ha S. HampaBJeHa B CTOPOHY yObIBa-
HUS T,

Torna nmeem

I
J — L Ag()dx :J A (——) olx) do+

Ar

| (e () -

09

[ (2 () -

€
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[ o (1)) -
S

€

_ A4me? dp 4e?

= ane o & )T @) (1.2

rie B IMOCJAeIHEM paBeHCTBe Mbl NPUMEHHUNH (OPMYyJay CpedHEero 3Haue-
HHSI [/ MHTErPUPOBAHHUS TIafKUX (QYHKUUH (z) u % no cdepe Se,
x'(e),2"(e) € Se.

4. 3amMeTHM Ternepb, YTO B CUJIY a0COJIOTHOH HENMPEPBIBHOCTH HHTErpasa

Jleera nnst pynkunn — - Ap(z) € L'(R®) BepHo npesesnbHoe cooTHOLIe-
HHE
1
J ——Ap(z)dr — 0, &— 40. (1.3)
47y
Oe

lanee, B cusly HempepblBHOCTH ¢(x) U orpaHnueHHOCTH V(x) HMeeM

0
e (" () + ola'(£) = 04 9(0), &= +0. (1.4)
5. C yuérom (1.3), (1.4) u3 (1.2) oKOHUATeJBHO MOJyUaeM MYyTEM
npefesibHOrO nepexona npu € — —+0:

1
—— A = l.
| gt e = p(0), (15)
)
yTo U o3Hayaer (1.1). X
OcHoBoIOJIATaLLY0 PO/Ib (yHIAMEHTaNbHBIX PELIeHHH BbISIBISET
Teopema 1. Ecau f € D'(RY) u cywecmsyem

ceépmra  E(x) * f(x), ede &(x) — pyndamenmarvHoe peuierue
AuHetinozo duggepenyuaivrozo onepamopa P(D), mo ypasuenue
P(D)u= f(x)

umeem (8 cmoicae 0600wéHHbIX YyHKUUL) HacmHoe pewienue

u(z) = () * f(x).

HokazatenbctBOo. [losb3ysick cBolicTBOM JiMHelHOCTH AnddepeH-
unanbHoro onepatopa P(D), a tTakxke 3agadedi 1, umeem

P(D)(E(x) x f(x)) = (P(D)E(x)) * f(x) = 6(z) * f(x) = f(z). (1.6)

Teopema nokasana.
[TPUMEP 2. Ilycts P(D) = A. Torga B cusly BbllIECKa3aHHOIO
MMeeM 4acTHOe pelleHHe

1
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O Tak, B ToM cayuae, korna f(z) € L), (R3), nonyuaem knaccuueckuit
HBIOTOHOB MOTEHIHAJ:

(~gy * ) o)) =
= (g Fete ) ) = = [ [ Rote+n dean =

RS
—tr=grne=r-n =] [ prydran -
]RG
f(n)
= Jd7¢(r)J4W|7_n dr,
R3 R3
o _ [ fn)dn
o) = - | Gt

R3

Paccmotpum Tenepb ciaydad 00BIKHOBEHHOTO JHMHEHHOro AuddepeHLH-
aJbHOrO OIepaTopa

_ dn n—1 d
L= (ﬁ7n+alw+...+an_la+an.

Kak u3BecTHO M3 KjacCHUeCKOH TeopuH NU((pepeHIHaNbHbIX ypaBHEHUH,
cymectByeT ¢pyHkuus Kown oneparopa L — pemenue 3agauu Komu

Lz(t) =0,
2(0) =0,...,272(0) = 0, 2"~V (0) = 1.

(1.7)

(Crporo rosopsi, ¢pyHkumel Kowm Gyner HasbiBathes ¢yHKuus K(z,s) =
=z(t—3s).)

O Hokaxem, uto B atoM caydae £(t) = z(t)¥(t) — dynmamenTansbHoe
peterde oneparopa L. (3amertum, uto mockoibky z(t) € C*°(R), To peub
UIET 06 YMHOXKEHHH 000011EHHON (hYHKUMK (t) Ha GECKOHEUHO TIALKYI0
byHKUHMIO.)

1. 3ameTum (3amaua 2), 4TO NPOH3BOAHBIE 0OOGIIEHHBIX DYHKIIMH MOXK-
HO BBIUHC/ISATh MOCJEN0BATE/bHO, a TakxKe (3agada 3), uto misi puddeper-
LUPOBaHHUSl NPOU3BeeHUs1 0000IEHHON (PYHKUHUH U OeCKOHEeUHO TJaAKoH
BepHa oOblyHast (opmyna auddepeHIUPOBaHNs MpPOU3BeNeHUs. Torpma c
yUuéTOM HayasbHbIX ycaoBHH U3 3anauu Komu (1.7) monydaem

(z(t)9(t)) = 2/ ()V(t) + 2()Y (t) =
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((09) " = ((09) ") = (2@ =
= 2D ()(t) + 272 (0)8(t) = 2D ()9(1),

(0™ = (VB9 =
= M D0(t) + 2D(0)3(t) = 2 (B)O(E) + 5(2).

2. loxcraasist HalAEHHbBIE TPOM3BOIHBIE B onepatop L(D), monydaem
L(D)E(t) = (L(D)z(1))I(t) +6(t) = 4(t),

4TO U TPe6OBaJMOCH.
[IPUMEP 3. HdokaxkeM, 4TO QyHKLHS

tnk 1

n—1
Za (k= 1)1 19(75)

n=1
k
sABJseTC (DyHAAMEHTAJbHBIM pelleHHeM orepaTtopa % —a. (3nech a #
= (0 — xoncranra.)
O JleHCTBUTENBHO,
1. B cuny npenpiayiiero [oCTaTouyHO A0Ka3aTh, YTO (PYHKIUA

tnk 1

Zan l nk:—l

SIBJISIETCS peLIeHHEM COOTBETCTBYIOLLETO OAHOPOAHOTO ypaBHEHHs C rpa-
HUYHBIMH YCJIOBHSIMH, aHAaJOTHYHBIMU TAKOBBIM U3 3amaud (1.7).
2. HerpynHo ycTaHOBUTB, UTO

2(0) = ... = z(:72(0) = 0,
A=) (g) = i Dk SB=D(0) = 1
2 = DR ’
dk & e tnk—k—l & . tlk—l
gt =0+ " ey = )l gy = ez ()

n=2 =1

k
Ortciona caenyer, uto (1.7) mist onepatopa L = ng — @ BbINoJIHEeHO. X
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§ 2. OGo6meénHag 3agaua Komm

Paccmorpum ksaccuyeckyio 3apady Komw ans OIY ¢ mocTostHHBIMH
K03 (pruLHeHTaMH

Luzu(”)+a1u("_1)+...+anu:f(t), t>0,
u®(0)=up, k=0,...,n—1, (2.1)
f(t) € C[0; +00).

[Mponomxum f u pemerue v (CyliecTBOBaHHE KOTOPOTO CJENyeT H3 KJac-
cHUyeckod Teopuu) HynéM npu t < 0 m 0603HAUYMM MOJMydYeHHble (DYHKLHH
COOTBETCTBEHHO uepe3 f, u.

Torna (cMm. 3amauy 4) umeem

k—1
a®(t) = @) + 3 wst (W), k=1,.n, (2.2)

=0

rie (UrypHble CKOOKHM 03HA4aloT, 4TO MBI OepéMm (IOTOUEuHO) 3HaueHHe
KJ1aCCH4YeCKOH NMPOMU3BOAHOH, a B TOUKax, Iie OHA He ompefeJseHa, Oepém,
HanpuMmep, HyseBble 3HaueHusi. (3aMeTHM, 4TO 3[eChb peub He HIAET 00
YMHOXKEeHUH 0000ILEHHOH (PYHKUHUHW Ha OeCKOHEUHO NuddepeHLUpyeMyIo,
HO 3TO He MelllaeT HaM YCTAaHOBUTb KOPPEKTHOCTb 0OOOLIEHHON (PYHKLUHH
B [IPaBOH YacTH «BPYYHYIO».)

[ToncraBasiem B ypaBHeHHe. C yuértoMm (2.2), cobupast KO3(pPUIHUEHTH,
uMeeM

L = {Lu}d(t) + upd ™~V (8) 4 (aruo + u1 )62 (t) + ...
ceoF (an—1ug + ap—gus + ... + Up_1) =

n—1 n—1
= f0)0() + > ewd® () = F() + Y o™ (1),
k=0 k=0

rie
C) = Qp_1U)+ ... +A1URL—9 + Up—1,..-,

Cp—9 = G UQ + U], Cp_] = Up.

(2.3)

Wrak, u(t) ymoBnersopsieT B cMbicie 0600WEHHBIX (GyHKUHE 3 D'(R)
ypaBHEHHIO

n—1 ~
L= f(t) + Y erd®(t) = f(1). (2.4)
k=0

3ameTuM, 4TO B ypaBHeHHH (2.4) yxe comepxarcs (MOCpPeacTBOM Ko3(-
(HULHEHTOB ci) HayaabHble ycjoBus 3anauu (2.4). [lostomy 3anaua (2.4)
HasbiBaeTcss 0000mEHHON 3anmauedl Komwm. B To xke Bpems, Hocurtesu

0606ménnbx pyHRUME E(t) = 2(1)d(t) u f(t) — mpasoit yacTu ypaBHe-
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Hus (2.4) — orpaHHuYeHbl C OJHOH CTOPOHbI, a MO3TOMY (CM. 3aMeyaHHe B

NpebIAYIIeH JeKLUHU) onpeneseHa ux ceéprka u(t) = E(¢) * f(t), koropast
B CHJIY TeOpeMbl 2 sIBJIsieTCsl pelieHneM 3agauu (2.4).

PaHee MBI HCXOZM/IM M3 KJACCHYeCKOTO pelleHus 3agadd (2.1). Mul
«ymakoBaJu» eé (ypaBHEHWE H IPaHHUYHBIE YCJIOBHUS) B ONHO-€IMHCTBEHHOE
ypaBHeHHe OTHOCHTeNbHO (yHKuMu u(t) = u(t)V(t) u Hamam peruenue
nocsentero u(t). Ecan ymactes nokasats, uto u(t) = u(t) mpu t > 0, To
MOKHO OyIeT ¥ B CaMOM JieJie TOBOPHTb O CBEJeHHH KJacCHUeCKOH 3amauu
Ko (2.1) k o60061énnoi (2.4).

3aMeTHM Mpexje BCEro, uto

n—1
u(t) =€)« f(t) = @)+ (f(1) + Y axd® (1)) =
k=

0

= &(t) = f(t) + "z—: €M (t) = fz(t —s)f(s)ds+ "z—: crz®(t) | 9(¢).
k=0 0 k=0
(2.5)

(PaBencrBo E(t) * f(t) = fé z(t — s)f(s) ds9(t) Gyner mokaszaHO HHUIKe.)
Jlanee MOXKHO paccykaaTh ABOsIKO. MOXHO SIBHO MPOBEPUTD, UTO (DyHK-
uusi, crosimas B npaBod uactu (2.5), mocse orpanuuenus Ha [0;+00)
ynoBaeTBopsieT 3anade Komu (2.1). A MOXKHO 3aMeTHTb, UTO 3ajnauy (2.4)
MBI TIOJYYH/IE KaK 3a[ady, KOTOPO# ymoBieTBopsieT (GyHKUHs u(t), ABASAIO-
I[A5ICST TIPOJO/IKEHHEM KJIACCHYECKOT0 PELIeHHs], U M0Ka3aTh, YTO PeLIeHHe
3anauu (2.4) cpean 0600MIEHHBIX (DYHKIHH, HOCHTENb KOTOPBIX OrpaHHUYeH

cJieBa, eMHCTBEHHO, a T0ITOMY C HEOGXOMMMOCTbIO u = 4. (3amauu 5, 6.)
HTak, Hall moaxo[ MO3BOJIKJ MOCTPOHTb PelleHHe MPOU3BOJNBHOH KJac-
cuyeckod samauu Komm Buma (2.1) ucxomss Tosbko w3 dyHkiuu Koru
ypaBHEHHUSI. B
Ocrasnoch mokasatb b, 4to E(t) * f(t) = f(t) z(t — 5)f(s) ds9(t).
Mwmeem npu sr060it p(t) € D(R)

COROREONE
= (@) T (e +m) = | | @) Ftmete +macan =

+oo +oo
_ J de J dn (&) [ (m)p(€ +1) = {r = € +n) =
0 0
400 T

= J dTJan(T —=n)f(n)dn=

0 0
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+oo T T
= | dro) [anstz = mron dn = <z9<7>jz<f — ) £(r) dn, @(T)> .
—00 0 0
PaccmoTpum npumeps.
MPUMEP 4.
{ w+bu= f(t),
u(0) = up.

O Umeem z(t) = e, co = agug = bug, oTKyna

¢
u(t) = upe " + Jeb(ts)f(s) ds. X
0

[TPUMEP 5.
i+ w?u = f(t),
u(0) = uo,
ﬂ(O)—ul

O Mmeem z(t) = S”L—“’t co=0-ug+u; =wuy, ¢; = ug, OTKYAA

t
1
u(t) = ug coswt + % sinwt 4+ " Jsinw(t —s)f(s)ds. X
0

§ 3. 3agauu a9 CaMOCTOSITEILHOTO pelleHUus

Bamaua 0. Cpauuth opmynsl (2.2) u (2.5) u 0OBICHHUTD, MOYEMY
BO BTOPOM cJjiyuae mpu AU hepeHIHpoBaHUH pas3pbiBHOH QyHKIMK E(t) He
TMOSIBU/IUCD YsleHbl BUxa ad (™) (t).

3amaua 1. 1) Jokasats, uto ecau aas f,g € D' cywectsyor
céptku f x g, (D*f)*g, f*(D™g), To BepHbl paBeHCTBA

D (fxg) = (D*f)xg= fx (D).

2%*) JlokasaTb, UTO U3 CYyLIEeCTBOBAHHUS CBEPTKHU f * g CJelyeT CylLleCcTBOBA-
HHe OCTAJIbHBIX (PUTYPHPYIOLIMX 31ech cBEPTOK. 3) [IpHBECTH KOHTpIpUMEp
K 00paTHOMY CJIEACTBHIO.

3amaua 2. JlokasaTb, uTO MNPOU3BOAHBIE OOOOIIEHHBIX (QYHKIHMH
MOXKHO BBIYHCJSTH MOCJEN0BATENbHO, T. €. s Jo6od f € D' u j106bix
MYJIbTHHHIEKCOB v, 3 BEPHO

DY(D*f) = D™,

rne MyJbTUUHAEKCHI CKJIaAbIBAIOTCSA MTOKOOPAHWHATHO.
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3anaua 3. Iloxkazatb, 4To nJs k-OH MpPOM3BOMHOH MNpPOU3BENEHUS
06061mEHHOH QyHKUNK f(2) HA GeCKOHEUHO TIanKyl (QYHKUHIO a(x) Bep-
Ha Qopmyna Jlefi6Huua (B KOTOPOH MPOU3BOIAHBIE O0OOMIEHHBIH (YHKIMUHA
MOHMMAIOTCSl B COOTBETCTBYIOLIEM CMBICJIE. )

Samaua 4. [okaszaTtb dopmyny (2.2).
5%, 6*. TIpoBecTH HamMeyeHHEIe B OCHOBHOM TEKCTe pacCyKaeHHus, o6oc-

HOBBIBAIOII[ME PAaBEHCTBA U = U, ¥ = u NPH t > 0 B KJACCHUECKOM CMBICJIE.



Jlekuusg 7
CJABAYd N1 CHJIBHAYA INIPOU3BOJIHBIE

§ 1. CnaGaa npousBogHas

P v
1oc(§) Hasvieaemcs caabotl

(Q) u nuwen

Onpenenenue 1. @ynxuyus v(z) € L
npoussodrotl 0 ¢ynkyuu u(x) € LY

loc
v(x) = 0%u(x),

ecau 05 scakoli pynkyuu p(x) € C3°(QY) umeem mecmo pasercmso

(=Dl w(@)d% () de = | v(x)e(z) de. (1.1)
i i

CnpaBenyuBa ciaenymolias JeMma:
Jlemma 1. Crabas wacmuas npoussoonas 0 nopsdka o QyHKuuu u,
ecau cyujecmsyem, onpedessemcss eOUHCMBEeHHbIM 00paA30M C MOUHO-
cmovio 00 MHOKCECMBA Mepbl HYAb.

JloxazaTeabCcTBO.

Iycts vy, v € LY, () Takue, uTo

Ju@ﬁcpdw = (—1)lel Jvlcpd:c = (—1)lel nggpdaj
o) ) )
ns Beex ¢ € C5°(€2). Torna
J(vl —vg) p(x)dr =0
Q

151 Beex ¢ € C3°(Q), otkyna vy — ve = 0 moutu Beiogy.
Teopema nokaszaHa.
MPUMEP 1. IMyers Q = (0,2)
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AY AY
2 2
1 tH—
o/ 1 2 of 1 23

Puc. 5. Ciabast npousBonHasi v(x) QyHKUHH u(z).

Onpenenum

o(z) = 1, 0<z<l,
10, 1<z <.

’
[Tokaxem, 4To u = v B cjaaboM cMbicie. UTo6bl y6eauTbcsi B 3TOM,
BeIGepeM mpousBosbHO ¢ € C3°(12). Hano nokasatsh, 4o

2 2
Juga, dr = —ngpd:v.
0 0

Jlerko BBIYHUCJHUTDB, UTO
2 1

2 1 2
Jugp/ dl‘:J’l‘(pl dx—l—Jgo, dr = —J(pdﬂc—l—(p(l) —p(1) = —J'vgoda:.
0 0 1 0 0
[IPUMEP 2. Ilycrs 2 = (0,2).

u(z) = T, O0<z<l,
T2, 1< <.

’
Mul MNOKaxeM, 4YTO MPOU3BOAHAA u He CYUIEeCTBYET B caboM CMBbICIe.

JI151 3TOT0 HaJo MOKAa3aTh, 4TO He cyluecTByeT GpyHKuuu v € Ll () Takoii,
4To

2 2
Jugp/dx:—ngod:c (1.2)
0 0

ns Beex ¢ € C5°(9).

[pennosoxum npotrBHoe. [lycth (1.2) BhIMOJHSIETCS [T HEKOTOPOH
¢yHkUMKM v U Bcex PyHKUMH . Torna

2 2 1

2 1
—Jmpd:c = pr, da:szgpl d:v—l—QJ'gO/ dz = —Jgpdw—gp(l), (1.3)
0 0 0 1 0
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AV u(x) AY
2 2
1 L@
o/ 1 2z 0 1 2z

Puc. 6. Otcyrerre cna6oit npousBonHod v(x) dyHKUHK u(z).

rIe MBI BOCTosib30Bamuch TeM, uto ¢(0) = ¢(2) = 0. BuiGepem mocienosa-
TeNBHOCTD {(Pp, }2°_ | rIagkux QYHKLUE TakuM 06pasoM, 4ToOkl

0<om <1, on(l)=1, @n—0 pnusBcex z#1.

3aMeHUB ¢ Ha @, B (1.3) u monarasg m — 400, B cuiy Teopembl JleGera
0 MpeesIbHOM Mepexofie MONYyYUM MpelesbHOe PABEHCTBO

2 |
1= lim ¢,(l)= lim Jv@mdx—J¢mdx =0,
0

m——+0o0 m——+0o0

0

KOTOpO€ MIPOTHBOPEYHBO.

§ 2. CusnbHas npou3BogHasA

Onpenenenne 2. Dynxkuyus v(z) € LP(Q) npu p > 1 nasvieaemcs
CUABbHOLL NPOU3BOOHOI (v—20 nopsadKa om QPyHKUUU uﬁz) € LP(Q), ecau
natidemes makas nocaedosamevrocms {uy(z)} € Cl*1(Q), umo

Up — u  cusvno 8 LP(Q), 0Su, —v cumwnos LP(Q). (2.1)

JlokaxkeM TeopeMy O CBfI3H c1ab0H U CHJIbHOH NPOU3BOJHBIX.
Teopewma 1. [lycmo epanuya 05 obaacmu Q C RN docmamouno 2rao-
kas. Toeda nowamus caAaboli u CUAbHOL NPOU3BOOHOL PABHOCULbHYL.

JlokaszaTtenbCTBO.

Hlae 1. Tlyete w(x) — 3TO cHsbHAas MPOW3BOAHAst (QYHKUUH u(z).
3HAuKT, CyIIeCTBYeT TaKas NocJefoBaTeNbHOCTh {uy, ()} € Cl*l(Q), uro

up, —u cuabho B LP(Q), O%u, —v cuapho B LP(Q).

6%
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3aMeTuM, uTo AN5 Kaxaoi GyHKuuK uy,(z) € Cl1(Q) cnpaseanuso pasen-
CTBO:

(—1)l j tn (2)0% () dr = jasum)so(x) ) 2.2)
Q

nns Beex ¢(x) € C3°(Q). TlockonbKy M3 CHIBHOH cxoguMocTH B LP(§2)
BBITEKAeT C/1abasi CXOAMMOCTb B 3TOM K€ MPOCTPAHCTBE, TO MEPexoist K
npejiesly B paBeHcTBe (2.2) mpH m — 00 Mbl MOJNYYUM CJENYIOLIee PaBeH-
CTBO:

(—1)‘0“ Ju(:v)ag‘(p(x) dz = Jv(:v)go(w) dxr nnsi Bcex ¢(x) € C§P(Q),
Q Q

T. €. IPHILJIK K OTpeieeHI0 c1aboi mpousBonHod hyHkuud u(x) € LP(L).
Llae 2. Tenepb moKa)KeM, 4TO M3 OMpejeseHHs C1a00i MPOU3BOLHOM

BbITEKaeT ONpeeseHre CHabHON npoussogHoi. [lyets v(x) € LP(Q) — 370

cnabasi mpousBogHas GyHKUKMK u(x) € LP(§)), T.e. BHIIOJHEHO PaBEHCTBO

(—1)l Ja(z)a&o(w) d =
Q

:Jv(x)(p(x)das s seex p(z) € CR(Q). (2.3)
Q

Paccmotpum cpesky dyHkuuu u(z) ¢ mapametpoM cpesku € = 1/n. Urak,

tn() = 0¥ jw<n|x ~ yuly) dy € C2(Q).
Q

Tenepb 3aMeTHM, YTO MMeeT MeCTO CJjedylollasd Lelo4YKa paBeHCTB:

O (z) = anaswmu — yuly) dy =

o)
= (1)l [ Otnle — ylu(y) dy =
Q
= (=1)lelpN (=1l Jw(nx —y|)v(y)dy mpu n>=ngeN.
)

Baxwnbiii MomenT!!! lpu mepexome kK mocsieqHeMy pPaBeHCTBY Mbl BOCIOJIb-
3oBasuce opmysoit (2.3), nockoibky dynkuus w(n|z|) € C() npu

') 3nech OF B 06eux yacTAX paBeHCTBA MOHHUMAETCS B KJACCHUECKOM CMBICTE.
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JIOCTATOYHO OO0JbIIOM N € N. Tenepb 0OCTaJIoOCh BOCIIOJIL30BATbLCA TEM, UTO
W3 CBOWCTB CPE3KH BBITEKAeT

up(z) — u(z) cuasno B LP(Q), 0%up(x) — v(xz) cuabho B LP(Q),

T. €. Mbl IPULLIJIK K ONpeae/IeHHI0 CHUJIbHOH l'IpOI/ISBOLIHOfI.
TeopeMa JOKa3aHa.

§ 3. Cnabasa npousBogHasi Mpou3BeaeHUs (PYyHKIIUI

CrpaBenJiBa cjenyoLlas JemMma:
Jlemma 2. [Tycmo ¢pynxyuu u(z),v(x) € LP(Q) umerom crabole npous-
s00nbie Oyu(x), Oyv(z) € LP(Q) u epanuya 9Q obaracmu @ docmamouro
enadkas, mozda cnpasedausa credyowas popmyra: )

O (uv) = udyv + v0yu, (3.1)

noHuMaemMas 8 cAabom cmoicae, m. e. Ois aw0bol pynkyuu () € CHR(82)
umeem Mecmo paseHcmao

J@x (u(z)v(x))p(x) de = Ju(x)axv(x)go(x) dx + Jv(x)axu(x)ap(x) dx.

Jloka3aTeabCTBO.

llae 1. Mycts cuavana v(z) € CH(Q), a pyukuus u(x) € LP(Q) umeer
cnabyto npousBonHyio dyu(x) € LP(). Torna us Teopemsl 1 u onpeneserus
2 MB TOJYy4YWM, Y4TO CYLIECTBYeT Takas MOCJeN0BATeNbHOCTh {uy,(x)} €
€ CH{Q) N LP(2), n19 KOTOPOH MMEIT MecTo CjeAylollHe MpeJebHble
CBOWCTBA:

Up, —u cuabHo B LP(Q) u  Oypu, — Ozu cumbHO B LP(Q).

Torpa cnpaBepsuBa Kjaaccuueckass (opmyna AU (hepeHIHPOBAHNS MPOU3-
BefleHUs ABYX (PyHKUHMH. JleHCTBUTENbHO,

O (Unv) = Up 0y + VO Uy,

Hlae 2. YMHOXKHM 3TO PaBEHCTBO Ha TMPOHM3BOJBHYI0 QYHKLHI o(x) €
€ C5°(£2) n npounTterpupyeM 1o o6aacty ), TOria MoJy4HUM PaBEHCTBO

J@x (un(z)v(x))p(z) dr = [un (x)0yv(x)p(x) de+

') CumBosiom O, Mbl 0603HAYaeM KaKylo—JMG0 KJACCHYECKYI0 HJIH YaCTHYIO
cJ1aby10 MPOU3BOAHYIO.
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+ J v(z)0pun(x)p(z) dz.  (3.2)
)

Paccmotpum otmesnbHO 00a cjiaraeMbix B MPaBod 4acTu paBeHcTBa (3.2).
JleicTBUTEJIBHO,

Jun(x)ﬁlv(x)go(x) dr = J [un(z) — u(z)] Opv(x)@(x) do+

+ Ju(x)axv(x)go(x) dz =1, + 1.
)

Paccmorpum nnterpan 1. CnpaBensivBa cienyolasi olleHKa:

L < j|un<x> @) |Bs0(@)p(z)] de <
Q
1/p 1/p

< | | fun(@) = u(@)|” da Bv@)e@)f de| <
i i
1/p

< [meas()]/” sup [9,0(z) ()] Jlun(fv) —u(x)[” dx
Q

Gameuanue 1. OTmeTuM 3pech ClAeNyOLIUHA TOHKHE MOMeHT. DPyHK-
unst Oyv(z) € C() u, oueBUAHO, DYHKLUHUK U3 3TOrO Kjacca MOIYT OBbITh
HEOrPaHWUYEHHBIMU B OKPECTHOCTH TpaHuiubl Jf) obnactu ), HO QYHKIHA
©(x) umMeeT KOMIaKTHEIH HocuTesb K € ), u nostomy dv(z) € Cp(K).

Termepb 0CTaNOCh 3aMETHTB, YTO W3 CHJBHOH CXOLHMOCTH U, — U B
LP(Q)) uHrerpas B KOHIE LENOYKH HepaBeHCTB s |I;] cTpeMuTCst K HyJIO.
CJieoBaTeJibHO,

ngglw J U (2)0zv(x)p(x) doe = J w(z)0v(x)p(z) dr.
o)

Ananornydsim O6p330M, JIOKa3blBaeTCsd, 4TO

lim Jv(w)@xun(x)go(x) dx = Jv(x)axu(x)ap(x) dx.

n—-+4o00
Q

n——+oo n—-—4o0o

lim J@x(un(x)v(:v))gp(sc) do=— lim Jun(z)v(:c)axcp(:v) da =
Q Q
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=~ [ u@y@0sp(a) da.
Q

Takuwm o6paszom, u3 (3.2) mpenesbHbIM MEPEXOAOM MPH 7L — +00 MBI MOJTY-
YHUM PaBEHCTBO:

- J u(z)v(z)0pp(x) de = f [u(z)0pv(x) + v(x)Opu(z)] () dx,

T.e. HMeeT MeCTO PaBEHCTBO B cjaboM CMbIC/Ie
Oz (u(x)o()) = w(x)dzv(z) + v(x)Ozu(z) (3.3)

s dyukuuu u(z) € LP(Q), dyu(x) € LP(Q) u v(z) € CHQ).

Llae 3. Ins Toro utoObl pacnpocTpaHuTb (opmyay (3.3) Ha cayuai
pyurunit v(z) € LP(Q), d,v(z) € LP(?) Hamo cHOBA B3ATh CYILIECTBY-
olyl0 B culy Teopembl 1 mocaenoBatenbHocTh {vy,(z)} € CH(Q)LP(Q)
TaKyto, 4To

v, — v cuibHO B LP(Q) wu  0Oyv, — Oyv cuibHO B LP(Q).

W nanee BoCMoJb30BaThbCs TOH XK€ CXEMOH, YTO U paHee B J10Ka3aTe/bCTBE
3TOH JIeMMbI, BOCIIO/Ib30BABIIKCE TTOJYUYEHHBIM paBeHCTBOM (3.3).
JlemMMa goKa3zaHa.

§ 4. CnabGasa npousBogHas CJI0KHON (PYyHKLUHN

Jlemma 3. [lycmo ¢ynxyus f(t) € CH(RY) u f'(t) € L® (R u pynxyus
u(z) € LP(Q) u umeem caabyio npoussodnyro Oyu(x) € LP(Y). Toeda
cnpasedausa caedyroujas Gopmyra cAabotl npoussooHol CAOHCHOL DyHK-

yuu: /
Op f(u)(x) = f (u)Oru(z). (4.1)
JlokasaTenbCTBO.
Ulae 1. Mycts {um(z)} € CHQ)NLP(Q) u

Um — w  cuabHO B LP(Q), Opuy — Oyu  cuisHo B LP(Q).

Torna nas Kaxmoi QyHKuMH u,,(r) € C'(Q) cnpasensusa popmyna npo-
U3BOHOH (KJIaCCHUECKOH) CJIOKHOH (DYHKLUH

O f () (@) = f () Ogtiy ().

Hlae 2. YMHOXKHUM 00e 4acTH 3TOr0 paBeHCTBA Ha (yHKUHIO () €
€ C5°(£2) n mpounTerpupyem 1o o6aacty ), TOria MoJy4UuM PaBEHCTBO

J@xf(um)(:p)cp(:n) dx = Jf/ (U Op i () () daz.
Q Q
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paCCMOTpI/IM OTAEJIbHO 3TH ABa HWHTerpaJa. HNmeetr mecTo cjaenyrouas Le-
IIOYKa PaBEHCTB:

Jaf(um)(fv)@(x) dr = J F (1) (2) P20 (z) e =
Q Q
. j ) () — () (2)] Byip(r) dr — Jf(u)(x)aw(w) dr. (4.2)
Q Q

3ameTuM, UTO CIPaBeJIMBO Cllelylollee HePaBEHCTBO:
[f (um) (@) = f(u)(@)] < ¢|um (@) —u(z)],

nockosbky [ (t) € L°(R"). TTosToMy MMeeT MeCTO HepaBeHCTBO

Ij [ ) (@) — F(u)(2)] Dp(x) dx
Q

< J i (&) — u(2)] B () dr <
Q

/

1/p 1/p
<c |8x<p(x)|p/ dx [t () — u(z) [’ dz -0,
Jtor ) ([

mpy M — +00 M0 MOCTPOEHUIO TOCAENOBATENBHOCTH { Uy, }, Te supp{p} C
C K. Tostomy u3 (4.2) BeITEKaET, YTO

lim J'axf(um)(:v)go(ﬂc)dw——J' Fu)(@)0up(z) dz.  (4.3)
Q

m——+0o0

PaccmoTtpum Tenepb HHTerpalg

Jf/ (um)aum(if)sﬁ(I) dx =
Q

= J [f’ () Dt () — f (u)@wu(x)} p(x) dr + Jf' (u)dyu(z)p(x) da.

Q Q
(4.4)

CHpaBeILJH/IBa caenyrouias neno4yka HEepaBeHCTB:

<

| [ wpsa@) = £ @0,0(w)] @) da

0
<61J

K

’

£ ) = f (@) 19t (@)] v
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to J Outtn () — () | £ (0)(@)| dr =Ty + T, (45)

rue

c1 = sup [(z)|.
zeK

lae 3. CnpaBenyiuBa ciefyollas 1ernodyka HepaBeHCTB st Iy :

/p A /P
L<o | 10 @) [|rwf" ] <
K K
1/p
<o J |0t () — Opu(x) P do —0 npu m — +oo.

K

Illae 4. Tenepb 3aMeTHM, 4TO NOCJeA0BATENbHOCTb {u,,} € C'(Q) u,
nostomy ajs Joboro komnakta K € Q umeem {u,,} € C'(K) u, B uacr-
HOCTH, Oy, € L°(K). B crenymomux oueHkax Mbl GyIeM HCIOJb30BaTh
9TOT (haKT.

Pacemorpum Teneps 1 us (4.5)

I =¢ J ‘f,(um) - f/(u)‘ |0zt ()] dz <

K
’

1/p 1/p

<o j Ostm]? de j £ () — 1 ()] da
K K

[ToCKO/IbKY TOC/IEN0BATENBHOCTD Uy, CHABHO cXOmuTCs K u B LP(Q) ¢ p €
€ [1, +0o0], To HallneTcst TaKasi MOANOCAEN0BATENBHOCTD {Uy, } C {um ()},
4TO Uy, (T) CXOZUTCS MOUTH Beiony K u(x) Ha (2.

lae 5. Tlockonbky f'(t) € C (RY), To npuxoanm K BBIBOAY, 4TO

’

f (um,) (x) = f(u)(z) mpu n— +oo aas noutd Bcex x € €.
CaneoBaTesibHO, 10 TeopeMe JleGera MPUXOLHM K BBIBOLY, 4TO

lim Ij(wp,)=0.

n——+oo
Takum o6pasom, u3 (4.4) BEITEKAET, YTO

’

s [, )0rt, (0)ele) o = [ £ (w0ru(e)o(a) da
Q

n—+oo

Q
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3HAUMT, MPUIILIK K CJAEYIOIEMY PaBEHCTBY
—Jf(U)(w)az@(w) d = Jf' (w)Ou(x)p(z) de.
Q Q

A OTCHOa U BbITEKaeT yTBepmneHHe JIEMMBI.
JlemMa gokaszaHa.



Jlekuug 8

IIPOCTPAHCTBA C. JI. COBOJIEBA W, " (Q) U
WP (Q)

B sroét sekuuu wmbl paccmotpum mpoctpaHetBa C. JI. CobosieBa
Whr(Q), Wol'p(Q), WP (Q) u ux yacTHbIH cayyail npu p = 2.

§ 1. Mpocrpanctea H'(D) u H(D)

B sTom maparpacde Mbl pacCMOTPUM CJeNyIOLiHe BelleCTBEHHBIE MpO-
crpanctBa C. JI. CoboseBa:

def def
Hg(D) = Wy*(D), H'(D)= W'"(D),

def

H=/(D) < w='2(D) = (W (D))"

Hanomuum omnpeneneHue caaboil 4yacTHOH MPOU3BOAHOH (DYHKLHH.
Onpenenenue 1. Craboii uacmroii npousgodrnoii pyukyuu u(z) €
€ L},.(D) no nepemennoti x; nasvieaemcs Qyuryus vi(x) € L} .(D),

ecau 0as aroboii npobroti gynkyuu o(x) € C(D) N Co(D) svinoaneno
pasencmeo
Op(x)

J {Ui(x)g?(x) + u(x)a—% dr =0 (1.1)
D

OtmetuM, uto paseHcTBo (1.1) ecThb ciiencTBUe hOPMyJb HHTErPUPOBA-
HUsl 110 YacTsAM.

JHanum onpenenenue npoctpanctsa Cobosnesa H' (D).

Onpegenenne 2. Pyuryus u(z) € H'(D), ecau u(z) € L*(D),

a ee caabole wacmuole npousgodnoie v;(x) € L*(D) npu ecex i = 1, N,
npuuem 3mo npocmparcmeo 6AHAX080 OMHOCUMEALHO HOPMbL

1/2

= | | lm(x)? £y |vz~<x>2] &

D

1) 310 corJslacyeTcs ¢ omnpenesieHueM cyaboit HpOI/ISBOﬂ,HOI./JI, MOCKOJIbKY LQ(D) C
1
C Lloc(D)'
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Jlapum onpenesnenue npoctpatcta Cobonesa HY (D).

Onpenenenune 3. [lonoiHenue 6eKmMOpPHO20 NPOCMPAHCMEA
C5°(D) no nopme 6anaxosoeo npocmpancmsa H'(D) nasvisaemcs 6a-
naxosvim npocmpancmeom H} (D).

3ameuanue 1. OTMeTHM, 4TO HOPMOH Ha BEKTOPHOM MPOCTPAHCTBE
C (D) sBnsieTcs TakxkKe BeJMUMHA

HD:E,U/HQ’ D:I? - (axlv"'vaxj\r)a

rie Oy, — 3TO COOTBETCTBYIOLIHE cJjla0ble YaCTHblE NMPOM3BOAHLIE MO Mepe-
MeHHOH xj. M ecin pacemorperh nononHenne CG° Mbl noayuum 6aHaxoBO
npoctpanctso DV2(D) oTHOCHTENBHO yKa3aHHOH HOPMBL. B cusy HepaBeH-
crBa Ppunpuxca

llulle < e1]|Dyulle  mast Becex  u(zx) € H& (D)

5TO MPOCTPAHCTBO COBMaiaer ¢ GaHaxoBbM mpoctpanctsoM HY (D).
Jlanee Mbl U3yuuM cBoficTBa npoctpanctBa H (D) compsixeHHOro K
6anaxoBomy npoctpanctsy H{ (D). BeeseM caenyiomue 0603HaueHus:

() H™(D)® Hy(D) — R
— 9T0 cKOOKH ABoficTBeHHOCTH Mexny H{} (D) u

H™(D) < (H}(D))";

(s (H(D) @ H'(D) - R!
— 370 cKOOKH aBoiictBenHocTr Mexay H'(D) u (H'(D))*. Bennuuna
(")) : D'(D) @ D(D) — R!

— 3T0 CKOOKH BOMCTBEHHOCTH MEXIY NPOCTPAHCTBOM OCHOBHBIX (DYHKLHH
D(D) u npocTpancTBOM 0606weHHbIX dyHKmi D (D).

PaccmoTpuM (hopmasbHBIN BHUA JIIHNTHYECKOTO oneparopa L, ompene-
JIEHHOTO cJleflytollel (hopMyJIoH:

e ¥ 9 a»»xau(x) 3 x@u(x) c(x)u(x
w3 o (w015 ) + o) e+ o). 12

Ilycts ai;(x), bi(x), c(z) € L*°(D). Ilpuuem yacTHbIe IPOU3BOAHbIE

0 .
a—l‘j pu j—l,N

B cJlaraeMmom

c?ixi (az‘j () a;g) )
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noHumaeTcst B c1abom cmbicae (tounee us L?(D) C L} .(D)). Torna nas
dyukuuil u(x) € H (D) umeem

)
aij(x)%“j € 13(D). (1.3)

Tenepb BBeeM (QyHKIHOHAM, opoxaaeMbiii dynkuuei f(z) € L?(D), o6o-
3HauaeMbld TaKXKe KaK W YacTHas MPOU3BOAHAsS

axi ’

npuueM 3TO He cjadasi IPOU3BOAHAS, a IPOU3BOLHAS PeryJspHoi 0600IIeH-
HO# (yHKIMK, nopoxaenHol Gynkuueil f(x) € L*(D) C D (D), cranaapt-
HOH (popmynon

<<gaj;’¢>> dif_<< ’$>>__Jf(:v)g;dx, (1.4)
D

rie  ¢(x) € H{(D) u, B uactHoCTH,

dp

2
oz, € L“(D)

— 570 ca1abast npoussonHas pyHkunu ¢(z) € HY (D).
Jlemma 1. @yukuyuornar (1.4) s6a5emcs AUHELHOIM U HENPepbLl8HbIM 8
CUNBbHOL MONOAOCUL NPOCMPAHCMBA H& (D). Hraue eosops,

of
6:@

€ H (D). (1.5)

Jloka3aTeabCTBO.
JleficTBUTEIbHO, AJ1s1 JIOGOH MOC/IEN0BATENBHOCTH {;,} C H} (D) Ta-
KOH, 4TO
©m — ¢ cunpHo B HY(D)

vMeeM, B HaCTHOCTH,
IDyom — Dylls = 40 mpu  m — +o0.

CaenoBaTeJIbHO,

') Henopasymenuii 310 He OMXKHO BEI3BATH, OTOMY UTO B KaXKIOM KOHKPETHOM
clydae NOHATHO Kakasi NPOU3BOAHAs HMeeTcsl B BUIY csabast NPOM3BOLHAS HJH
npor3BofiHass 0000IEHHbIX QyHKLHH.
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{3 on=0))| < [ 1Dom ~ Duvlir(e11 0 <
D

2 2

< j|stomexso\2dx j|f<x>\2dx 40 mpu m— oo
D D

Crano 6bITb, 1O opMyJIe

i) ot /] 0 i)
(o) (o)) =] oo
D

omnpeneJsieH JIMHEHHbIH U HENpephiBHBINA (DyHKIIMOHAJ

of of
ow; ox;

Jlemma nokasaHa.

CrpaBe/IMBO cyefyiollee BaXKHOE YTBEPXKIEHHE!
Jlemwma 2. Beaxkuid @yukyuonanr Hao eusvbepmosvim npoCmpanHcmeom
HY(D) nopowdaemcs ¢pynryusmu fj(z) € L*(D) npu j =0,N no ¢op-
myare

*

€ (Hy(D))" = H™(D).

Han mpoctpanctsom Hj (D) =

rron Y | £
Jj=1 D

dx + J'fo(x)ap(x) dz, (1.6)
D

npuuem 04 HEKOMOpo2o 00HO3HAUHO onpedesentozo dremenma g(x) €
€ H' (D) umeem mecmo pasencmeo & carabom cmoicae

(o) = B2 i) = glo)

JlokazaTeabCcTBO.
[lae 1. JlefictBuTenbHO, poctpacTso H'! (D) sBnsieTcs TH/Ib6epTOBBIM
OTHOCHTEJIbHO CKaJISIPHOTO MPOW3BeNEHHS

nas Beex ¢(x),g(z) € HY(D). C npyroil cTOPOHBI, sl BCAKOTO 3JeMeH-
ta f*(z) € (H'(D))" cornacho Teopeme Pucca—®peuue Hafinercsi Takoii
efMHCTBeHHbIH sement g(z) € H'(D), uTo uMeeT MeCTO paBeHCTBO

8:;;?) dr + Jg(x)go(sc) dz,
D

N
el = ale) o) =3 [ 1@

J:ID
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rie 9
] _ 99 2 S V4
filz) = awj e L*(D), j=1,N.

[Ilaz 2. Haxomenu, ajisi BCSKOH MocaenoBatenbHoctd {¢,,} C H'(D)
TaKoH, 4YTO

om(x) — @(x) cumpro B H'(D) mpu m — 400
MMeeM

lom — ¢lle = 40, [|Dam — Dapllo = +0 mpu  m — 400

[Toatomy
[ 52252
< Haga(::r) - 8%";(@ ’ dx N Jf;(:v) dx " — 40,
! ! D
| s@ent@ - planas| <
D 2 2

< | lem(@) = o(@) de lg(2)]* dz | — +0
| |

npu m — +oo. CrenoBaresnsHo, Qopmymnoit (1.6) 3amaercst JuHeHHBIH H
HempepbIBHbIH (DyHKIHOHA Haj npocTpaHcTeom H' (D).

JleMmMa nokasaHa.

Cnencteue 1. [aa écaxoeo aremenma f* € H-'(D) naididemcs
maxoti eduncmeennoiii aaemenm g(x) € HY (D), umo umeem mecmo ssroe
npedcmasierue

. ¢) éZJ 3% z, fj(w)zag;f), g(z) € H{(D) (L.7)

dan ecex p(x) € H{ (D).

JlanuM  3KBHBaJIeHTHOe  oOmpefeseHHe  0OaHaxoBa  IPOCTPAHCTBA
(H'(D))*.

Onpenenenue 4. Muoxecmeo cex AuHeliHblX U HeENPepvLBHbLX
pynryuonaros nad 6amaxoseim npocmparncmeom H'(D) obosnawum
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cumeorom (H'(D))*, npuuem amo npocmparcmeo sirsemcs 6aHAX08bLM
OMHOCUMENbHO HOPMbL

3 Op(x)
1 s S @) e+ | fo@e(a) dal.
D

(I l3+1D=wl3)*=1 |j=1 Oz
20e
0
@)= %0 o) =gte). glo) € HUD) =ON

— amo QyrKyuu nopoxcdaroujue PYHKYUOHAA.
CnpaBenyuBa ciaenymolias JeMma:
Jlemma 3. Hmeem mecmo caedyroujue pasercmsa:

o . 1/2
[Vl sup (o0l = (Hgl\§+ IIngHg) . g(z) e H'(D)
(lelZ+Dael?) *=1
(1.8)
oas aroboeo f*(x) € (H'(D))* u drs scex p(x) € HY(D);
£+ défl sup  |(f*, ) = [Daglla,  g(x) € HY(D) (1.9)

DMOH2:1

Oas aoboeo f*(x) € H-Y(D) u das scex ¢(x) € H{(D).
Jloka3aTenbCTBO.
Jlokaxxem, Hampumep, paBeHcTBO (1.8). JleHcTBUTENbHO, BO—MEPBBIX,
HMEEeT MECTO CJIEAYIOllee HEPABEHCTBO:

N

1" [l < sup > 1102, 9ll21102; 12 + lgllallll2 | - (1.10)
(lel3+IDapl3)*=1 | 5=1

3aMeTI/IM, 4YTO UMeeT MeCTO CJenyroliee YrucJ0BOe HEPAaBEHCTBO!

N 2 N N
Za;”b}” +a)?n)? | < Sajtag | |3 b +bo
j=1 =1 j=1

nast Beex aj > 0, b; > 0 npu j =0, N. [Tostomy Mer u3 (1.10) MBI mosyuum
CJIelyIOlee HEPABEHCTBO:

. 1/2 1/2
171 < swp (IDagl + lgl3)  (IDael+ 16l =
(lel3+1Dzll3) =1

') CrannaprHas *-HopMa.
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1/2
= (ID=gl3 + lgl13) "

C I[pyFOI./JI CTOPOHBI, 3aME€THM, YTO UMEET MECTO HEPAaBEHCTBO CHU3Y

N
" dg(x) Op(x)
.
17> 30 | B2 de ot | gleeta) de
=D D
s Beex (||o|3 + ||Dl.g0|‘%)l/2 = 1. BosbMeM B 9TOM HepaBeHCTBE

x

ole) = 25 __

1D=gl5 + llgll3

U TIOJIYYHUM OLIEHKY CHHU3Y

£ e = \/ID=2gl3 + 19113 -

PaBenctBo (1.8) mokasano.
Jlemma nokasaHa.
[pomo/mxkuM paccmoTpenne omneparopa L, onpeneseHHOro (GopMyJIoH
(1.2). Ilpuuem B csiaraemom 5
u

bi X
@) 5
[IPOM3BOAHAA ITOHWUMAETCA B caabom CMBbICJIE, O BOT MPOM3BOAHAA

0
8561‘ ’

IIpUMeHeHHasi K BbIpaKeHHUI0

Ju |
aij(z) 5~ ul(z) € Ho(D),
Zj
NMOHMMaeTcsl y»Ke KaK TNpou3BofHas 0006mieHHoil (yHkuun us L?(D) C
C D (D), 1.e. xak dynkuuonan us H~'(D). Takum 06pasoM, Mbl NPHXO-
IMM K BBIBOLY O TOM, UTO

0

AL 72
aw(:v)axj.Hé(D) L*(D), (1.11)
B! B
o gt gl
i;yﬁxi(a”(x)axj)ﬂo(z)) H™Y(D), (1.12)
bi(z) 0 : H{(D) — L*(D), c(x)I: HY(D) — L*(D). (1.13)

83% ’
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Tenepb 3aMeTUuM, 4YTO UMET MeCTO IIJIOTHOE€ BJIO2KEHUE
ds * ds %
HN(D) € L*(D) = L2(D) = <L2(D)> C (HA(D))" = H (D).

Takum o6pasom, Takoe o6061ieHHe oneparopa L, GpopmMasbHO 3aNUCAHHOTO
KaK U paHee, IeHCTBYeT CJelyHOLINM 00pa3oM:
R ) al )

ij=1,1

(1.14)
HakoHew, MBIl MOXKeM oOmNpefe/iiTh TaK HasblBaeMoe cjadoe pellieHHe cJe-
LyIolllel OMHOPOAHON KpaeBo# 3amauu Jupuxie:

Lu(z)=f(x) mpu z €D, wu(x)=0 na ID. (1.15)

Onpenenenue 5. Carabom peuleruem 00HOpOOHOU Kpaesoil 3ada-
wu Jupuxae (1.15) nasvisaemes ¢pynxyus u(z) € H} (D), ydosremsops-
rouas paseHcmay

(Lu, ) =0 0rs scex (x) € HY(D), (1.16)

npuiem amo paseHcmeso 3K8UBANLEHMHO paseHCcmsy

[[2 metse-

al ()

- Z bi(x)——2p(x) — c(z)u(z)p(x)| de =0 (1.17)
izl 8:@

oas scex (x) € HY(D).

Paccmotpennbie npoctpanctsa H!(D), H}(D) wn coorserctsyiowme
COTIPSIKEHHBbIE HCIOJb3YIOTCS MPU PAaCCMOTPEHHH HEJHHEHHBIX KPaeBbIX
3aja4y C IJIABHBIM JIMHEHHBIM OMEpPaTOpPOM 3JIHITHYECKOTO THIIA BTOPOTO
nopsinka. OnHaKo, MPH PacCMOTPEHHH HEeJNHMHEHHBIX B IJIaBHOM AH((epeH-
LMaIbHBIX YPaBHEHHH MCIOJIb3yl0TCsl GaHaxoBbl mpoctpanctsa WIP(D) u
WOI”’(D) npu p > 2. PaccmorpeHneM 3THX MPOCTPAHCTB MBI 3alMeMCst
B 3 maparpade. A cefiuac Mbl M3y4YHM BOIPOC O SIBHOM BHIE oIeparopa

Pucca—-®pele 151 napsl conpsikeHHBIX TUb6epToBbIX npocTpancTB C. JI.
Cobonesa H} (D) u H~1(D) = (H}(D))*.

§ 2. Oneparop Pucca—Ppeme gias ruabdeproBa
npocrpancrsa H~!(D)
1. lns nocTpoeHus: siBHOro BUaa oneparopa Pucca—®pelne HaM HYXHO

paccMOTpPeThb BOMNPOC O CYLIECTBOBAHWHM M €IMHCTBEHHOCTH CJ1a0oro pelie-
HUS CJefyIollell KpaeBo# 3alauk, B KJIACCHUECKOM CMBIC/IE MMeIolel BUA:

—Au(z)=f*(x) mpu z €D, u(x)gp=0. (2.1
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B csnaGom cMbic/ie 3afada CTaBUTCS TakK:

(—Au, @) = (f*, ¢(z)) nns seex p(z) € Hy (D), (2.2)

rie f*(z) € H~Y(D). Jra 3anaua sKBUBaJeHTHA CJENYIOLIEH:

B(u, ) = (f*,¢) nnsascex o(x) € HY(D), (2.3)

roe 6unuHeiinas gopma B(u, ) onpeneseHa paBeHCTBOM

def
J 3:1:1 axl ) da. (2.4)
Dz 1

Jas1 6unuHeiHON (pOpPMBI CIIpaBeNJIMBhl OLIEHKH
B(u,¢) < || Dsullz|| Daplla,  Blu,u) = || Dyul3. (2.5)

2. CornacHo jsiemMe Jlakca-MuJibrpama CyiiecTByeT eIMHCTBEHHbIH Ome-
patop A € L(H,H), A~' € L(H,H) ") rakoii, uto

B(u, ) = (Au, ) nas scex u(x), o(x) € HY(D), (2.6)

rae (+,-) ckansproe nponssenenue B H} (D) Buna

def vy (z) Ove ()
Ul, 2 = E dx.
81‘1 fi
p =1
[TosaToMy 3TOT omepaTop A — 3TO eNUHHUYHBIH OMepaTop.

3. Kpome Toro, B cuiy Teopembl Pucca-@peute mast Besskoro f*(z) €
€ H™Y(D) naiinercst takas ¢yukuus w(z) € HJ(D), uto umeeT mecto

paBEHCTBO
(f7 e(@)) == (w, ). 2.7

IMockoabky Im A = H} (D), 1o ans storo w(x) naiigercs takas (QyHKUHs
u(z) € HY(D), uro nast s1oil dpyukunu u(x) u aas seex p(z) € HY(D)
BBITOJIHEHA LIENI0YKA PABEHCTB

Au(z) = w(z) = B(u, ) = (Au, p) = (w,9) = (f*, ¢),

M3 KOTOPOH cjienyeT, uTo u(x) caaboe peleHre HCXOMHOH 3amauu.
4. ENMHCTBEHHOCTb C/1a00r0 pelleHHs CAeyeT U3 CJIeAYIOLMX coobpa-
xkenuit. [TycTb caadbix pewenuit aBa: ui(x), up(z) € H} (D), Torna nmeem

) Jlekuws 11. Tom I. JIuneHHbIH U HeJUHEHHbIN (YHKLHOHANBHBIM aHaau3. M.
O. Kopnyco u A. A. ITaHuH.
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B(uy, ) = (f*.0),  Blug, ) = ([, ¢) =

= B(U1 —UQ,(,O) =0= B(Ul — Ug, U] — UQ) =0= HDI(UI —UQ)HQ =0=
= H}(D) 2 uj — ug = constant = constant = 0 = u; = uy.

5. Takum o6pasom, mas Beskoro f*(z) € H~!(D) cyumecTsyer enun-
cTBeHHOe cuaadoe pewenne u(z) € H)(D) ypasuenus (2.2). Cnpasennnsa
CJIelyIolast LIeroYKa PAaBEHCTB:

ou(x) Op(x)
8ZE1‘ 8561‘

7= dug) =Y | d = (u,p).

i=1 D

6. IlokaxeMm, uto onepatop J = (—A)~! sBasercsa u3oMeTpHUUECKHM.
JleficTBUTEBHO,

def

71 s (A )] <
[ Dz pllz=1
< swp Dl Dapll = |Drl = g = 195
[ Dzeplla=1
u
e = [(—Au, )| 2 | —Au, 75— )| = |1D = =19/ ey
171 =8 )1 > | = e M = Dt = g = 17

£l = 13f* |y mnst Beex  f*(2) € H~'(D).

Orcrona BeiTeKaert, 4to oneparop Pucca—Ppere vmMeer cienyomni sBHBIH
BUL:

J=(-A)"': H Y (D) — HY{D), wu(x)=Jf*(z).

§ 3. Mpocrpaucrea C. JI. CoGoresa W'P(D) u W, *(D)
npu p > 2
Hanum onpenenenue npoctpanctea Cobonesa WP(D) npu p > 2.
Onpenenenue 6. @ynkuyus u(z) € W'P(D), ecau u(x) € LP(D)
u ee caaboie wacmuoie npoussodnsie Oy, u(x) € LP(D) npu ecex i =1, N,
npukem 3mo npocmpancmeo 6aHaxo080 OMHOCUMENbHO HOPMbL

1/p

N
def
full1p = ”|u<x>p+2|%u@>lp dz
=1

D

1
Janum onpenesnenre npocrpanctsa Co6osesa Wy*(D).
Onpenenenue 7. [lonoinenue BeKmMoOpHO2O NPOCMPAHCMEA

C°(D) no nopme 6anaxosa npocmpancmea WP(D) naseieaemes 6ana-

X08bLM NPOCMPAHCINBOM W(; P(D).
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L,
3ameuanue 2. OrTMeTHM !), uTo HOpMa Ha MpPOCTPAaHCTBe Wy (D)
9KBHBAJIEHTHA CJIefyolel

1/p
IDyull, < J|Dxu|pdx D= (B, Oar).
D
BBeﬂ,eM O603Ha‘{eHI/Iﬂ.
—1p def | 1
WP (D)= (W, P(D))", PRI RS

() WP (D) ® WP(D) — R

Kpome Toro, mbl ncnonbsyem o6osHauenne (W1P(D))* nast anHedHBIX

HempephIBHbIX (yHKIHOHAI0B Han WIP(D) co ckobKaMu HBOHCTBEHHOCTH
()1 s (WHP(D))* © WHP(D) — R

CrnipaBenivBa caeyas BaXKHAs JEeMMa:
Jlemma 4. Beakas ¢yuxyus f*(x) € (W'P(D))* npedcmasuma 6 cae-
dyrowem 8ude:

(f* u)pe = Z g;(z) 8;5) dx + Jgo(x)u(x) dx (3.1)

Jj=1 D

Oan scex u(z) € W'P(D), ede g;(x) € LP (D) npu j =0, N.
Jloka3aTenbCTBO.
[llaz 1. Baumaxoso npoctpancteo W!'P(D) MOXHO OTOXIECTBUTb C
MOANPOCTPAHCTBOM

W = (w, Dru, ..., Dyu) C LP(D) @ LP(D) @ - - @ LP(D), Dy = 0Oy,

N+1

le/l‘{eM 3T0 6aHAaX0BO MNPOCTPAHCTBO OTHOCHUTEJIbHO HOPMbI

N
def
lwllw = llull, + Y _IDjully = llullws.
j=1

Llae 2. BeeneM onepatop

P:uc W' (D) — w= (u, Dyu,..., Dyu) € W.

') B cuny 0606menus Hepasenctsa ®puapuxca.
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OueBHAHO, YTO ITOT OMEPATOP SIBJSETCS M30METPUEl MeXAy GaHaXOBBIMH
npoctpancteamu WP(D) u W npu cuHaGxenuu npoctpanctsa WP (D)
TaKOH 2Ke HOPMOH:

| Pullw := ||ul|lwi» ans Bcex u€ W'P(D).
Ulae 3. Tlostomy qoGoii snement f* € (WP(D))* npeacrasum B Buje
ff=L"P, L"e(W).
3aMeTHM, YTO HMeeT MeCTO CJeAyIoliasi Leroyka PaBeHCTB:
(f* upe = (L%, Pu)) 1),
1/ e = sup [(f*u)iel = sup  [((L%, Pu))| = [|L"[lw~

ullyy1p=1 [ Pullw=1
rae ((+,-)) — ckoGku mBo#icTBeHHOCTH Mexkny W n W*. CoracHo Teopeme
Xana-banaxa cyuiectByeT mpomoskeHue L* ¢yHkuuwonamsa L* ¢ mommpo-
crpaHcTBa W Ha Bce 6aHaX0BO MPOCTPAHCTBO

(L;U(D))N-‘rl def LP(D)® LP(D)® - - - @ LP(D),

N+1

TakMM 006pas3om, 4To
(f* u)re = (L*, Pu)) = (L*,w),, we W C (LP(D))N*,

rie (-, ), — CKOGKH IBOHCTBEHHOCTH MeXJy GaHaXoBBIM MPOCTPAHCTBOM
(LP(D))N*! u 6anaxosbim npoctpanctsom ((LP(D))N+1)"

(ZP(D)N+)Y (L (D) N+ = 1P (D)@ LP (D) ® - -~ @ I¥ (D).

N+1

Craso GbiTb, HalayTes Takue dyHkuuu g;(z) € LP (D) npu j = 0, N, uto
MMeeT MECTO PaBEeHCTBO

N
(f/:, w)p = Z J 8;5:)%(10) dx + Ju(m)go(x) dx.

Jj=1 D

Takum obpasom,

N
(f* u)1e = Z agix)g](x) dx + Ju(x)go(x) dz,
j=1 / b

1 1
—+—,:1
p D

') 3nech MBI 3amucany mocsienoBaTelbHOE eHiCTBHE OMepaTopos L* P.
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JleMmMa goKa3zaHa.

CnencrBue 1. Beakut asemenm f* € W™ Ly’ (D) npedcmasun,
B803MOMCHO, HeeOuHCmBeHHbIM 06pa3om 8 ciedyouem ude:

ZJ d Y u(z) € W, *(D), (3.2)

’
ede g;(z) € L (D) npu j =1, N.

Tenepb pPaccMOTPUM BOMPOC 06 HHBEKTMBHOM OIEpaTope, KOTOPHIK
NeHCTBYeT W3 MPOCTPAHCTBA WOI"’(D) mpy p > 2 Ha BCe MPOCTPAHCTBO
W=LP (D). B otanume oT cayyas p = 2 3TOT ONepaTop sBJASETCS HeJM-
HEHBIM OMepaTopoM p—JarnJiacuaHa.

O JleHCTBHTENBHO, PACCMOTPUM OIEPaTOp p—JariachaHa:

A U def le(|D u\p QDJ:U), D, = (8351, ""6IN)' (3:3)

[Ipu s3TOM MBI 6yIeM paccMaTpPUBATh TOT OMEPATOP B PACIIMPEHHOM CMBIC-
ne. Onepatop D noHrnmaercsi B cJlaboM CMBICJIE.
1. B kadecTBe o6sacTu ornpenesieHUsi BO3bMEM

dom A, difI/V P(D),

TOoraa
D, :Wy?(D) — LP(D)@ - @ LP(D).

N

PaccMOTpUM BeKTOPHYIO HeJIMHEHHYI0 (DYyHKLMIO

n(z) = (m(@),....nn(z)) = , ,
= |¢(2)|P2%¢(x) : LP(D)® - - - @ LP(D) — LP (D) ® - - - ® LP (D),
N N

rae {(z) = (&i(2), ... §n(2)). Temeps onpeneJmM ¢yurunonan div(n(x)) €
e w-lep ( ) Hal TPOCTPAHCTBOM W P(D) caenytoumm o6pasom:

N
(div(n(z)), ¢ Z nj(z 8:13J dm

Jj=1

115 Beex p(x) € Wol‘p(D) ¥ 3allaHHO# (PYHKIMH

(@) = (m(x), (@) € LY (D)@ -~ @ LP (D).
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Torza, onepatop A, NPeICTaBHM B CJELYIOLIEM BHIE
def . _
Apu = div(n(e)), n(z) = [E(@)P7%¢(z),  &(x) = Dou(x)
npu u(x) € Wol‘p(D) W TIOJIyYUM, UTO 3TOT OMEPaTop AeHUCTBYET
A, : WIP(D) = W% (D).

2. B panpuefimeM Oymer noKaszaHo, uTo caaGoe pernerne u(xz) €
€ Wy *(D) sanaum

<—Apu(x)»90(x)>* = (f"(z), p(x))« nas Bcex ()€ Wol’p(D)

npu mo6om f*(z) € WP (D) cymecrsyer u enuHcTBeHHO ) .
3. JlokaxkeM Terepb, 4TO AJist A, BBIOJHEHO CJEAYIOLIee PaBEHCTBO:

|Apulls = [ DpulE™" ans seex  u(x) € WyP(D).
JlelicTBUTEBHO, HMEET MECTO cJlefyolas 1enoyka BblpaKeHUH:

[Apulle = sup [(Apu, )| =
I1D2ellp=1

N
= sup ZJ|D u(z) P~ 2DlJu( x) Dy p(x) dx| <

IPzellp=115=1 5,
< sup j\Dlu \“Zw%u )| D, pla)] di <
IDz|lp=1
D
N 2 1/2
ST LLC e DOICAVCT I DRSS IS
”Dac@HP:lD j=1 j=1
< sw j 2)P | Dap(a) dr <
HDMHrD

< sup ||Dxu||£7l||Dw30”p = |‘Dxu||£71~
| Dzellp=1

Tenepb 3aMeTHM, 4YTO CIpaBeAJIUBLI CleAYyIOllhe HepaBEeHCTBA:

2

O——

1Apull. > | Dau(x)["~* Dyju(@) Do, p(w) dx| - mpu || Dol = 1,

J=1

') Uro Mosker 6bITH MOKA3aHO MpH MoOMoIIH TeopeMbl Bpayaepa—Muntu. Tom I11.
Henunelinblil aHanus. JIMHeHHbIH U HesMMHERHbIH (QyHKUHOHAAbHBIHA aHanu3. M. O.
Kopnycosa u A. A. [1anuHa.
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B KOTOPOM BO3bMeM

U MOJYYHUM CJiefyroliee HepaBeHCTBO:

1Apulls > [Dzulp™". =



Jlekuunsa 9
CJIEN ®YHKIHUU U3 H'(Q)

B 3To#l JleKUHM MBI PaCCMOTPHM BaXKHBIE BOMPOC O CYIIECTBOBAHWH
c/iefia Ha rpanuue GyHKIui u3 npoctpancts H'!(Q).

§ 1. Hekotopsie yTBepxaenus aia ¢pynkuuid us H'!(QT)

BBenewm caenyrome 0603HauUEHUS:

QE{zeRY: z|< 1, i=T N}, Q"= {reQ: ay>0},

’

v=(z,2y), = = (21 .. tn1),

r'“{zeQ: ay=0}=

:{x’ e RN |gy| < 1, i:l,N71}®{xN:0},

CrpaBeyIMBO CJIeayIOLIee YTBEPKICHHE:
Jlemma 1. Jlas aoboi gyuxyuu u(x) € HY Q) cywecmsyem edun-
cmeennas ¢pyuryus w(z ) € L*(T') makas, umo

. 7 ’
el [ ot o) = s
r

2 ’
de =0.1 (1.1)

Mot nasosem ynkyuo w(z') caedom Qynkyuu u(:p) Ha MHO2006pasuL
I pasmeprocmu N — 1 u obosnauum eeo uepes yu(x ,0).
JokaszaTeabCTBO.
Llae 1. JlokaxxeM e€IMHCTBEHHOCTDb cJiefja. DTO CJeAyeT U3 CjeaylolleH
eMOYKH HEePaBEHCTB:

1/2 1/2
/ ’ 2 ’ ’ ’ 2 ,
“wl(x)—wg(x) dx < J"u(x yxy) —wi(z )| dx +

r

') O6o3nauenus ess.lim osHauaer, uTo mpefes GepeTcs MO MHOMKECTBY Ty €
€ [0, 0]\ E, rue mepa Jlebera |E| mHoxectsa E C [0, d] paBHa Hy.0.



1. Hexomopoie ymeepacernusn orn pynkyutl us HI(Q+) 187

npu zy — 0+ 0 B cMbicsie npefesa ess.lim.
Illae 2. Tlpexne BCero 3aaMeTHM, 4TO HMEET MECTO MJIOTHOE BJIOXKEHHE
oo —+. ds Hl +
(@) CH(QT).

[ostomy mast puxcuposanHoil Gpyukuun u(r) € HY(Q1) cymecrtsyer mo-

cJ1e10BaTebHOCT {upm, ()} € COO(Q+) TaKas, 4to

lim ||Um - uHH‘(Q*) =0. (12)

m— 00

duxcupyem 0 < 26 < 1. Buibepem rnankyio dyuxuuio o(zy) € CH([0, 1))
TaKyl0, 4TO
(1, mpu xy €][0,4];
plon) = {O, npu zy € [26,1].
3amMeTHM, 4TO

lim_[lpun —pull g+ = 0. (1.3)

m

O JleHCTBUTENBHO, C OOHOH CTOPOHBI,
[l oo (@+) + [1DapllLoe(g+) < K(6) < +00.
C npyroil cTOPOHbBI, BBITOJHEHBl HEPABEHCTBA

lpum — pull 2(o+y < el @r)llum — ull 2o+

1Dz (puum — (‘Ou)HLQ(Qﬂ < HD$<»0||L°°(Q+)||um - UHLZ(Q+)+
+ ||(p||L°°(Q+)HDxum - DﬁuHLQ(QJr)- X
[Ipu nocratouno Masom € € [0, 8] BBHINONHEHO PaBEHCTBO

1

Um (2, €) = —J

€

A(ptm)

axN dl‘N. (1.4)

TT03TOMY MMeeT MeCTO LieNouKka HepaBeHCTB !)

') B cuny uepasenctsa esbaepa.
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2

’um(xl,e) — un(as/,s)‘2 < JI <8(8icljvm) — a(aﬁlj:)) dey| <

€
2
d[L‘N.

oo [l -2

9 1
O(pum) _ O(pun)
< _
de = J" (9.231\7 aCL’N
0

0

’
Tenepe npouHTerpupyem no x € I' o6e yacTH MocjefHEro HTOroBOro Hepa-
BeHctBa. Orciona u u3 (1.3) Mbl mosy4uM cJjefyolilee BblpaXKeHHe

[ (@, €) = un(z', )l 2y < [ tm — @unllmgry — +0  (1.5)

mpu m ¥ n — +oo. C/enoBaTe/ibHO, ¢ OJHOH CTOPOHBI, MOCJEI0BATE/Ib-
4 o
HOCTb {um (2 ,€)} siBAsieTcst pyHAaMeHTaNbHOl B 6aHAXOBOM MIPOCTPAHCTBE
o ’

L*(T). O6osHauum mpefes 3TOi MOC/eA0BATeNbHOCTH uepe3 v(x &) €

€ L*(T). C npyrofi CTOPOHBI, MOC/EN0BATEIBHOCTb {1y, } CHIBHO CXOAUTCS
L*(Q%). H E 0,9

kK u(x) B L*(QT1). Ho rtorma cymecrsyer takoe MHOxecTBO E C (0,9)

Hy/eBo# Mepsl Jle6era, uro mist mpousBosbHOro € € (0,0)\E,

v(z'e) =u(z' &) mnam se. x el. (1.6)

Hlae 3. Takum o6pasom, s Beex € € (0,0)\E B cuny (1.5) umeror
MeCTO CJIefyIolle HepaBeHCTBa

’ ’ 2 ’
“um(fb ,0) —v(z ,O)’ dr < ||@um — gpu||§{1(Q+), (1.7)

’ ’ 2 ’
‘um(:v &) —u(z ,e)‘ dr < ||t — ‘PU||%11(Q+)~ (1.8)

L

Kpome Toro, o4eBHIHO, HMeET MECTO CJELYIOllee HEPABEHCTBO:

2
dz. (1.9)

/ 4 2 ’ 6’um
J')um(x,a)fum(x,O)) dx éej Din
I +

O JlefcTBUTENBHO, CIIpaBelINBa CJeqylollee PaBEHCTBO:

€

U (2, €) — U (2, 0) = J'
0

aum(x/,xN)

dry.
8561\[ N

Orcrona nosy4um

O (', )

d
&rN N

’ ’ 2
um(x,e)—um(a:,O)‘ éaJ
0
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OcTanoch NPOMHTErPUPOBATh 0GE YACTH MOCHENHEr0 PaBEHCTBA [0 & €
e{x’eRN—lz 2| <1, i=LN—-1}. X

Hakonen, kom6uHupysi HepaseHncTBa (1.7)-(1.9), Mbl MoJlyunuM HepaBeH-
CTBO

1/2 1/2

1/2
2

dr’ . (1.10)

’

+ “um(xl,O) (s

)

Yerpemaisisi ogHoBpeMeHHO M — +00 U € — +0 mo mHoxecty (0,0)\E,
MBI TIOJTyYMM HEPaBEHCTBO |

1_ ’ /12 d ’
egifonj ’u(:v &) —w(x )’ ES
r

! ’ 2 !
= lim J"u(:v &) —w(x )| dr =0,
c€(0,6)\E, e—+0
r

rne w(z') = v(z’,0).
Jlemma nokasaHa.
Sameuanune 1. M3 npenenbroro cofictsa (1.7) Mbl uMeeM
!/ ! 2 ’
lim “um(z ,0) —w(z)| da’ =o. (1.11)

r

B cuity 3T0r0 npeesibHOr0 CBOACTBA Ml MOXKEM ONPEACNHTb el QyHKLHH
/ o

u(z) Ha [ KaK Takywo j?YHKLII/IIO w(z' ), 9TO AJIST BCSIKOH MOCJIEN0BATEIbHO-

ctd {um(z)} C C>®(Q ") Takoi, 4to

v = vm| gg+y — +0 npu m — +oo

BeinosiHeHo (1.11). 3ameTuM, UTO MOCKOJIbKY

c(@") € H'(QY),

') Cmotpu onpenenenne ess.lim.



190 Jlekuns 9. Coen pyHKuuMH

—+
TO YKa3aHHYIO TNOCJEN0BATeNbHOCTb {1, } MoxHo Gpath n3 CD(Q") D

—+
D C>(Q ). OrmerHm, YTO TO ONMpeneseHre CJela SKBUBAJEHTHO OIpee-
JIEHHIO cJiefa U3 JieMMbl 1. N
3ameuanue 2. 3amerum, uto ecaun u(z) € HY(QT)NC(Q "), torna

’yu(x/,O) = u(z,0) ana noutn Beex x €.

Tenepb Mbl MOXKeM [0Ka3aTh CJELYIOLIEe YTBEPKICHHE:
Jemma 2. Myemo u(z) € H(QY)NC@Q") u u(z, t) = 0 66ausu sepxeil
kpouuku u 6okosotl epanuypl Q. Ecau, kpome mozo, u = 0 Ha ocHosa-
nuu T, mo u(z) € HI(QT).

Jloka3aTeabCTBO.

llae 1. Tlpopomxum ¢yHKUMIO u(x) Ha BCe MHOXeCTBO @ =
={zeRY: |z;| <1, i=1,N} nyrem:

~ v Ju(z), ewm =ze Q"
ile) = {0, ectn z€Q\Q . (112

[pexxne Bcero, nokaxewm, uto u(x) € H'(Q). HeficTBUTebHO, 0YEBU/IHO,

uto usmepumas pyukuus u(x) € L*(Q) u, Kpome Toro, B c1aBoM CMbice

ou(x)  [Ou/dx;,  ecin x€QT;
Ox; 0, ecmt € Q\QT

(1.13)

npu ¢ = 1, N — 1. CnenoparesibHo,
8;—5)6?(@) npu i=1,N—1.

Ocranoch JI0Ka3aTh, YTO B cjaboOM CMbICIe

du(x) {au/axN, ecn x € QT

(1.14)

ory 0, ecn € Q\QT.
Y Torma otcroa mosyduM, uTto
du(x) 2
—— €L .
e @

C 3TOH LeJbI0 HAM HYXKHO [0Ka3aTh CJeNYIOlLlee PaBeHCTBO:

~ Oy B ou
Ju%dx— fJ—g)dx

1151 Beex p(x) € C5°(Q). DTo paBeHCTBO ¢ ydeToM ompefesenns u 1 (1.14)
MOXKHO 3allHCaTh B CJIELYIOLIEM BHJE

J uaidxz— J Ou pdx (1.15)
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nns Beex p(x) € C(Q). dns nokasatesbcTBa 3TOrO PaBEeHCTBA BO3bMEM
cpesatomyio pynkiuuio n(zy) € C3°(—1, 1), yroBneTBopsiomy0 yca0BUAM

(an) = 1, ecn  |zy| <&
mEN) = 0, ecn  |zy| = 2e,
0<nlzy) <1, |77,(xN)|<§, —l<zy<l1l, 0<2<l.

CHpaBe[LHI/IBO caenyrouiee npeacTaBieHHe:

€Tr =

J' u(x)aé;p;]:j) e — J u(x)ﬁ(n(:vzv)@(:v)a;]sl —n(@n)e) ,
Qt Qt

= J u(z)n (zn)p de + J u(w)n(xN)gv_fvder
o+ o+

+ [ w2z nlen)e) *az(iw))@) do € IF+ 15+ IE. (1.16)
Qt+

fcHo, uto B cuay onpenesenust GyHKuuH n(zxy) U Teopembl JleGera o
npenesbHOM TEPEXOfie N0 3HAKOM MHTerpaja nMeeM

lim I§ = 0.
e——+0

3amernm, uto (1 —n(zn))e(x) € C°(Q™) n mostomy Bbipaxkenue st I§
MpUMep BHI

~+
npu € — +0. Haxorer, nockonsky u(z) € C(Q ) u u(z) = 0 npu zx = 0,
TO UMEET MeCTO LEeNoyuka HePaBEeHCTB

II5] < )un,(xN)‘ dr < g |u| dz — +0
QTN{z: [zn|<2e} Qtn{z: |zn[<2e}

npu ¢ — +0. HUtak, nepexoas k npeneay npu € — +0 B paBeHctse (1.16),
MBI TIONy4yuM paBeHcTBO (1.15).
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lllaz 2. Tenepb HaM HyXHO 0KasaTh, uto u(x) € HY(Q1). ) C sroit
Le/bl0 3aMeTHM, YTO MOXHO DPACCMOTPETh MOOMU(HUHPOBAHHYIO CPE3Ky
dynkuuu u(x) : 2

J-ii(z) = j%(xl ) we(anet — v )we (o — i — 26)i(y) dy,
Q
rue
exp (—?/(e2 — %)),  ecau
ecJiu
Bocmonbayemest TeM ycioBreM, uTo (YHKUEs U(z) paBHa HYMH BOJIH3H

GOKOBOU IpaHHIbl U Ha BepxHe# Kpbiike Q1 u Ha Q\QT. Torna nomyuum,
4To

. —+
Jou(x) € G (Q ).
Hcrnonb3ysi cBOHCTBA cpe3kH W Toro, 4to 4 € H'(Q) Mbl mosyuum, uto

i U — 1 =
i{fﬁOHJEU ul|gr1(g+y =0,

HO TOrAa COIVIacHO ompefesenuio npoctpanctsa HY (QT) mbl momyuum, uro
u() € HY(Q™).

JleMma nokasaHa.

CripaBelInBO CJIEyOlee CJIEICTBHE:

Caencteue. [Mycmo u(z) € HY(Q1)N C(@+) u u(x) — amo npo-
Jdonscerue gynruuu u(x)

o u(=), ecau x € Qt;

i) = w(z',0), ecau z€EQ =Q\QT.
Toeda u(z) € HY(Q).

§ 2. Caen pynkumii us H'(Q)

CripaBensiiBa OCHOBHasi TeopeMa.
Teopewma 1. ITycmo Q C RY — amo oeparuuennas obracmo ¢ eradkoti
epanuyeii OS). Beaxkas ¢ynxyus u(z) € HY(Q) umeem edurncmeennolil
caed yu(z) € L2(00), nonumaemoiii 6 caedyrowem cmoicae: >

lir_lr_l J [t — yu|? do =0, (2.1

o0

') Hanomuum, uto npoctpanctso Hy(QT) sBasercsa nomonHeHuem mpocTpaH-
crBa C3°(Q™) no Hopme npoctpanctsa H' (Q).

%) lnsi 3Toi CPe3KH OCTAloTCS CTPaBeM/IMBLIMH CBOHCTBA OOBIYHOH CPE3KH C
AIPOM «IIATIOUKa».

%) KoTopblii 5KBMBAJIEHTEH MCXOJHOMY ONpEAEJEHHIO CJIea.
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2de {up} € CO(Q) — amo npouseosvnas nocaedosamervrocme,
lu = vumll g ) — +0 npu m — +oo.

Jloka3aTeabCTBO.

lae 1. Tlockonbky Of) rmajkasi rpaHuua, To Kaxknas Todka € Of)
MUMeeT OKpecTHOCTb U €O CJIEAYIOLIMM CBOHCTBOM: CYLIECTBYeT IJIagKoe
o6patumoe otobpakeHue U, Takoe 4TO

U:Q={yecR: |y|<1,i=1,N} - U

U:Qt={yeQ: yv>0} ->UNQ, Y(I)=UnNaN,
roe
F={ye@: ynvn=0}.

Iycts {u,,} € CD(Q) — 310 NpoM3Bo/IbHAA MOC/IEI0BATENBLHOCTb, CXOMSA-
wasicst K u(z) € H'(2) cunbro. Onpesenum cieayionlyio noc/enoBaTel b-

' Um(y) = () 0 U(y), n(x) € CF(U). 2.2)

Torna v, (y) € (C(l)(@Jr) U Uy, = 0 BOJM3H BepxXHeH KPBIIKH W GOKOBOH
rpanunsl QT u

lim ||1)m - (7’]1},) o \I/HHl(Q+) =0. (23)

m——+o00

CornacHo yTBepKIeHHIO JeMMbl | cyliecTByer Takas ¢yHkuus h(y) €
€ L*(T) Takas, uto

, N
lim ”vm(y,O)—h(y) dy = 0. (2.4)

m——+o00
r

OueBupHo, yto h = 0 BOsK3K rpanuusl I'. BosBpauasch K nepeMeHHOH x,
MBI TOMYUUM

lim J () () — w(e)[? do = 0, 2.5)

m——+oo

UnoQ2

rae
w(z) =ho <I>|¢N(x):0, y=®(z) = (®1(z),...,Pn(x)), Y(y) ==z
®(x)— aro obparHoe orobpaxenue ais V(y). OrMeTuM, 4To

w(z)=0 mpu xz€UNINN.
7 M. O. Kopnycos, A. A. [Tanux
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[Tocne mpomoskeHuss (QyHKUMH w(x) HyJeM Ha BCIO rpaHduy 0§} Mbl
NOJY4YUM QopMysy

i J () () — w(e)[? do = 0. (2.6)
o

llae 2. TlockoabKy Of) — 3TO KOMIaKTHOE MHOXECTBO CYII€CTBYeT
Takoe KOHeYHOE OTKPBITOE MOKPBITHE

00 C CJ U;. 2.7)

=1

[lyctb () mpu i = 1,n — 3To pazGreHHe eIUHHLIBI, TOAYHHEHHOE MOKPbI-
tuio {U; }"_,. B wactHocTH, 3TO 0O3Havaer, 4To

im(w) =1 pgnadBcex =z € LnJ U;,

i=1 i=1
ni(x) € CC(U;).

[TycTh yHKUHS w;(2) — 3TO COOTBETCTBYOLIASE (DYHKIUS OCTPOEHHAS M0
7;(2) Ha TpeABIAYIIEM LIare, T.e. TaKasi, 4To

lim J (i) (o) — wi(o)[2 dor = 0. 2.8)
1219}
O603H2UNM "
w= Zwi = w(z) € L*(09),
=1
npryeM

n
umfw:Z(mumfwi), x € 09,
=1
lim J [ (o) — w(o)]? do = 0. (2.9)
m—-+00
0
DTo [0Ka3blBaeT CyLIeCTBOBaHHE CJefia Yu|gn. Takxke MoxeT GbITh 1OKa-
3aHa eIMHCTBEHHOCTb CJefa.
Teopema nokasaHa.
Cnencteue 1. [Mycmo Q C RN — amo oepanuuennas obracmo c
eaadroti epanuyeil. Ecau u(z) € H}(Q), moeda

yulon = 0.
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IIOKa3aT€JIbCTBO.
CorJiacHo OoTpeneJieHHIo

c () € H().

[TosTomy cyllecTByeT Takasi MocJae10BaTeIbHOCT {uy, } € CJ°(£2), uTo

Uy — u  cumpho B H'(Q),

HO Torna B cuay pedyabrara (2.1) Teopembl 1 nmeem

lim J' [t — yu|? do =
m—+00
o0

= lim J |yul? do = J |yul? do = 0 = yu|sq = 0.

m— 00
o0 o0

CrepcTBHe NOKas3aHo.

7

(2.10)



Cemunap-Jlexkous 10
ITPOCTPAHCTBA C. JI. COBOJIEBA

§ 1. HepaBenctBo ®puapuxca

Jemma 1. Mycmo Q C RN — oepanuuennas obracme. Toeda cy-
uecmsyem maxas koncmanma Cq, umo 0as 8cex u € WOI'Q(Q) 8EpHO
Hepaserncmso Ppudpuxca

lull2@) < CalllVulllL2q)- (L.1)

Jloka3zaTeabCTBO.

1. JoxkaxxeMm cHaya/jia 3TO HepaBEHCTBO /51 6€CKOHEUHO TMMaAKUX (PYyHK-
UUH « C HOCHTeNEeM, BJIOXKEHHBIM B o6sacTb (). OueBHUIHO, MPOLOJIKHB
J00yI0 M3 Takux (DYHKUMH HyJEM BClOAy BHe (), MOJyuYdM OeCKOHEUHO
raanakyo gyrkuuo Ha Begm RY. Ilyets a = inf{zy | 2 = (zy,...,25) €
€ Q}, b=sup{zy | z € Q}. Torna, oyeBngHO, MJIsI KAXKIOH M3 paccmart-
puBaeMbIX (QYHKUHH H JM060# TOYKM x = (z1,...,ZN) BepHO (¢ yuérom
HepaBeHcTBa Ko — ByHSKOBCKOro)

|u($1,. J' ﬂ Il,...,IN_l,t)dt <
TN
o ou 2
12 TN <
f dt - J 8{[]\[(1’1, ,IN 1,t) dt
ou 2
\d(Q)J Sl oyt <

b
< d(Q)J|Vu(m1, an-n b)) dt,

rae d(2) — nuamerp obaactu 2. MHrerpupys no obnactu §), nmMeeM
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b b
||u|2L2(Q)<d(Q)deN J dor ... dryy J|Vu(x1,...,zN_1,t)|2 dt | =

RN-1
b b
_d(Q)deN J dZL‘l...d(EN_lJ'|V’U,(ZL‘1,...,ZL‘N_1,t)|2 dt <
a N-—1 a

< EQVullfe)-

Hrak, nnst GecKOHeUHO TIagKuX (YHKIMHE ¢ HocuTejeM BHYTpU )
soimodiasiercst (1.1) ¢ Co = d(Q).

2. PaccmoTtpum OGIIMH c/lydail MPOM3BOJBHON (DYHKUHH U € WOI‘Q(Q).
ITo camomy ompenesienuio npoctpanctsa W, %(Q) dyHKuMM, paccMoTpeH-
Hele B 1. 1 0Ka3aresbCTBa, IOTHE B HEM. [109TOMY CyllecTByeT mocJe-
noBateJbHOCTb {uy} Takas, uTo

||u—uk|\W012(Q) — 0. (12)

Jlerko BumeTh, UTO W JeBas, W MpaBas 4acTH HepaBeHcTBa Ppuppuxca
Maxkopupyiotes Hopmoi B W% (Q), nostomy B cuiy (1.2) u HepaseHcTBa
TpeyronbHiKka umeeM [[ukl|r2) = [[ullzzq), [IVuklllLe@) = [IVulll L2y
A nockosbky (1.1) ¢ obueit koHcTaHTO# Co BBINOJIHEHO AJS BCEX Uk, TO
9TO HEPABEHCTBO BBINOJIHEHO U [/ U C TOH XKe KOHCTAHTOH.

Jlemma nokasaHa.

CnencrtBue 1. HepaBencrso @punpuxca no3poJsieT BBECTH Ha Mpo-
CTPaHCTBe WOI‘Q(Q) (rme Q — orpaHHyeHHass 06JaCTh) 3KBUBAJEHTHYIO
HOpMY

n=1

I B N ou 2
lellygeqy = NVulllzer = |3 (5,0 ) @
Q

4yTO yHOOHO B TeX 3ajadax MaTeMaTHyeCKOH (PU3HKH, THe CTapiias 4acTb
JJIUNITUYECKOT0 AU(PepeHLHaNbHOr0 onepaTopa npeacTasisieT coboit one-
patop Jlamnaca. (CM. /b 4 Hacrosinedt sekiuuu u: Jlageikenckas O. A.
KpaeBble 3agaun matematuuecko# ¢pusuku. M.: Hayka, 1973.)

§ 2. OpToroHaJjbHble JOMOJHEHUS] B CO00JIEBCKHUX
MPOCTPAHCTBAX

[TIPUMEP 1. PaccmoTpuM opToroHa/jbHOe [OTOJHEHHE K MHOXKe-
cTBY (371ech M Jasee ucromb3yercsi o6o3Hadenne H! = W'?)

b
y € H'a;b], ‘[y(:v)dx:O

a
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O JleHCTBUTENbHO,

1. 3amerum mnpexpe Bcero, 4to L — 3aMKHyTOe IMOANPOCTPAHCTBO
B H'[a;b]. Heiicrurensho, ecan |[yn — Yl mijap) — 0, TO ¢ momompio
HepaBeHcTBa Komn—DBynskosckoro nonydyaem

b b
J(yn_y)dx < J(yn_y)de “Vb—a < ||yn_yHH1[a;b]\/b_a — 0.

2. TlocTpoum oproronanbHoe nonosuenve B H'[a;b] k mommpoctpan-
ctBy L. Ilasi aTOrO 3aMeTHM, 4TO ONEepaTop

b
Q:z(x) — z(x) — bian(x)dx

siBJIsieTcs1 opTonpoekTopoM Ha L. B camom pene, oueBumHo, uTo () —
npoektop (1. e. Q*> = Q) u yto ero o6pas cosmamaer ¢ L. (ImQ C L,
KaK MOXHO MpoBepuTh; Im () D L, nockosbky GyHKuMH u3 L onepartop @
ocTaBJisieT 6e3 U3MEHeHHH.)

3. Octanoch 10Ka3aTh, 4YTO () — CaMOCONpSXKEHHbIH onepaTop. MMeem
npu npousBoabHbIX z(z), w(z) € H'la;b]:

b
(22 Qu) ity = j [2(x) - (Qu) () + 2'(x) - (Qu) ()] da =

b b
:Hz(x) w(x)—biaJ'w(t)dt +

—
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/

1

+ z(:v)—b_ajzz(t)dt w'(x)]dx—

b b b
= J [z(z)w(z) + 2/ (z)w'(z)] dz — 7 i - Jz(t) dth(x) dz.

4. Urax, (2, Qu)gjap = (Q2,w)pi[qp). Ho ecnn QQ — opronpoexrtop
Ha L, to

1

Lt =Im(I - Q) = —

Jz(x) dr | 2(x) € H'[a; b]

a

HerpyaHo BuzeTh, uto B L1 comepkaTcs BCe KOHCTAHTBI M TOJBKO OHH.
Urak, L+ COCTOMT B TOYHOCTH M3 BCEX 3JEMEHTOB Hl[a; b], UMeroUMX
TPeNCTABUTENS-KOHCTAHTY.

[IPUMEP 2. PaccMoTpuUM OpTOrOHa/IbHOE JOIOJHEHHE K MHOXKe-
CTBY

L={ye H'a0], yla)=y(b)=0}.

Takoe ycsoBHe CTaBUTCSI KOPPEKTHO, MOCKOJBKY, KaK CJeIyeT U3 TepBOi
TeOpeMbl BJIOXKeHHsI (CM. JIEKI[MI0 OCHOBHOTO Kypca), Kakuas (yHKI[Hst
us H'[a;b] uMeloT HenpepbIBHbIi MPeICTaBHTEb.

1. 3amerum, uto L — 3amkHyToe nomnpoctpaHctBo B H'[a;b]. dto
BEPHO B CHUJIy HEMPEPBIBHOCTH BBIIEYMOMSIHYTOTO BJIOXKEHHS, T. €. OLEH-
ki [|y(2) | clap) < Clly(@)| gijas) ¢ HexoTOpo# KoncTantoit C, obmed ms
Beex GyHkuui y € H'[a;b]. JlelictBuTenbHo, U3 ||y, — Yl 1) — O cae-
ayer [ — ylciuy — 0. & fosTomy ecan y,(a) = ya(b) = 0, T0 y(a) =
=y(b) =0.

2. Jlis MOCTPOeHMsl OPTOTOHAJBHOrO AOMONHeHust LI mommpoctpaH-
cTBa L paccMOTpPUM CHavaja HOCTATOYHO TyafKHe (QyHKLUHH (CKaxeM, z €
€ C?[a; b]). Bbib1past y paBHbIMU BCEBO3MOXKHbBIM IMIaAKUM (DYHKIMAM U3 L,
MeeM

b b b
0= J(yz +y'2) dx :J(yz —y2") dr + yz’|§iz :J(yz —y2") dx,

(2.1)
rJle BHEHHTErPabHbIE YJIeHbl IPU HHTETPUPOBAHUHU [0 YACTSIM PABHBI HYJIIO
B cuay yeqosusi y(a) = y(b) = 0. B cusy 0CHOBHOH JIeMMbl BapHALIHOHHOTO
vcuncaenus u3 (2.1) umeem z — 2" =0, uiu

z=Cie" + Che". (2.2)
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3. Urax, Bce C2-rnagkue dyHkuuu u3 LT o6pasyioT muHeiHYI0 060-
JouKy (QyHKUMH e®, e~®. Ocrtaércs Bompoc, HeT JM B L+ Hermamkux
(GyHKUMH, He Bxomswux B (2.2). MoxHO omupaTbcs Ha 3agady 8 u 3a-
METHTb, UTO MOANPOCTPAHCTBO L 3aaHO Kak SIAPO JHUHEHHOro oneparo-
pa A(y) = (y(a),y(b))T, A: Hl(a;b) — R?. Torna MOXKHO yTBEpXKAATb,
uto dim L+ = dimIm A = 2, oTKyna c/enyer, 4To HHKAaKMX 3J1EMEHTOB,
JIMHEHHO He3aBHCHMBLIX ¢ €”, e~ B mpocTpaHcTBe L+ Her.

4. 3ameTHM, YTO MBI TOJIBKO 4TO omucanu otanune H}(Q) ot H'(Q) B
caydae 2 = (a;b). X

3ameuanue 1. MoxeT noxkasaTbcs, YTO eCJM IJagkue (PYyHKIHUH
miotHel B H}(a;b), T0 oHM MioTHEL B JI06OM ero moanpoctpaxctse. Ha
caMoM fieJie a priori 3Toro yTBepKAaTh HeJlb3sl: MOANPOCTPAHCTBO GAHAXOBA
npocTpaHcTBa B MOXKET Ja)Ke BOBCe He IepeceKaTbCsl C MHOXKECTBOM,
BCIONy MIoTHEIM B B. [IpocToii mpumMep: mpsimas y = v/2 2 He TepeceKaercs
¢ BCIOAY MJIOTHBIM Ha miockoctd MHoxectBoM (Q x Q) \ {(0,0)}.

§ 3. Ilpumep HeorpannuenHou pynkuuu us WhH2(Q)

Kak 6blJI0 OTMEUEHO BbIllE, U3 [IEPBOE TEOPEMBI BIOXKEHHS CJIEAYET, UTO
_ . 1,2
npy pasMepHocTH npoctpaHcTBa N = 1 aasa dynxuuit us W, *(€2) rapantu-
pyeTcsi CyLIeCTBOBaHHE HEMPEPBIBHOIO MPEACTaBUTEJs. B ciydae BbICIIMX
pasMepHOCTeH 3TO yXKe He TaK, YTO HeTPYAHO MPOAEMOHCTPUPOBATH Ha
npuMepe (PyHKLIHH

u(z,y, z) = ( : e € (0;1/2), (3.1)

2+ y? 4 22)%’

KOTOPYIO0 HeJb3sl C/e/laTb HelpepblBHOM HUKAaKUM Iepeolpejie/leHHeM Ha
MHO’KECTBE Mepbl HyJb. [y ompenenéHHOCTH OyneM paccMaTpuBaTth 00-
Jacthb ), MpeACTaBASAOLIYI0 cOO0H eIVMHHUHYIO C(epy C LEeHTPOM B Haua-
Jie KOOpAMHAT, U JoKa)keM, 4To (yHKUus (3.1) mpHHALIeXKHUT MPOCTpaH-
ctey W12(Q).

C nomollbl0 YacTHOIO NpH3HAKA CPaBHEHHS HECOOCTBEHHBIX MHTErpa-
JIOB JIETKO BUJIETh, 4TO 3Ta (PyHKuMs npunamiexut L2(Q), 1. k. € < 1/2 <
< 3. OcTanoch 10Ka3aTh, YTO €€ YACTHbIE MPOU3BOJAHBIE 110 TIEPEMEHHBIM I,
Y, 2
1) npunannexar L%(Q);

2) NeHCTBUTENbHO SIBASIOTCS €€ 0606IEHHBIMU MTPOU3BOAHBIMH.
[TepBbifi (hakT nokaspiBaeTcs npocto. Mmeem:

ou T T < r? 1
I+’ 2| N 412 X oy2e’
)R (a2 a2) TR o

— = £ -
Ox (22 + 12 + 22

Tle Mbl BOCIOJIb30BAJIUCh C(pepHUeCKUMH KoopauHaTaMu. B cuny 2 4 2¢ <
< 3 moJiydyeHHasi OLEHKa TMOKAa3blBaeT, UTO MPOWU3BOAHAS U, IpUHALJeE-
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xar L?(Q). Ananoruynas oleHKa HMeeT MecTOo W JJs OCTaJbHBIX Mpo-
U3BOAHBIX. BTopoii (akT pekoMeHIyeTCs N0Ka3aTb CaMOCTOSTENbHO (CM.
3anauy 4), UCMoJb3ysl TEXHUKY <«BbIpe3aHHUs] 0COOEHHOCTH», MOLOOHO TOMY,
KaK 3TO OBIJIO CHIEeJaHO MPH PacCMOTPeHHH (PYHIAMEHTAJbHOIO pelLleHHs B
JIEKIIMH DT,

§ 4. IIpocrpancTrBa CoGoJsieBa ¢ oTpHLIATETbHBIMU
WHAEKCaMH

HanoMHUM, 4YTO NMpOCTPaHCTBA C OTPHULATE/BbHBIMH HMHAEKCAMH OIIpe-
JeNsI0TCsl KaK COMPSI)KEHHBIE K COOTBETCTBYIOLIMM «OOBIYHBIM» IIPOCTPaH-
CTBaM:

_kp/ kYp 4 1 1
Wk (Q) = (WEPQ), -+ =1
p p
BBenst aTu npocTpaHcTBa, MOKHO pacCcMaTpuBaTh Av(p(depeHHaIbHbIE Olle-
paTophl, ONpefeéHHble Ha BCEM HCXOHHOM mnpoctpaHctBe CoboseBa. Iis
NMprUMepa paccMOTpUM NpocTpaHcTBo Hi[a;b] ¢ «yceuéHHBIM» CKanSPHBIM
NpOU3BeJeHHeM

b
() gy = [0 () d (4.1)
U TIPOCTPAHCTBO )
H™'a;b] = (Hg[a; b)) .
DTO TMO3BOJISET ONPENEIUTb ONEepPaToOp BTOPOH MPOM3BOLHOH
D?: H}la;b] — H 'a; 0]

CHIeyIOLMM 00pa3oM: MycTb NpH KaxaoM u € Hl [a; b] snement w = D?u €

! , I , ]
€ (Hé [a;b]) €CTb OrpaHHYeHHBbIH JHHEHHBIH (PYHKLHOHAJ, NeHCTBYIOLINH
10 TpaBHITY

b
(w,v) = —Ju’(m)v’(m) dx, (4.2)

ree (-,©) — ckoOku aBoiicTBeHHOCTH Mexny Hila;b] n H~'a;b]. Jler-
KO BU[ETb, YTO MpaBas 4acTb COOTHoleHUs (4.2) nefcTBUTEJIbHO 3a7aéT
OrpaHUYeHHbIH JUHEHHBIH (PYHKIIHMOHAJ Ha H& [a; b], nosTOMy Takoe ompe-
JleleHye KoppeKTHO. Ero MOTMBUpOBKa Takxke noHsTHa: ecau u € C2[a;b],
10 U3 (4.2) ¢ MOMOLIbI0 UHTEPUPOBAHHUS 110 YACTAM C YUETOM TPAHUYHBIX
YCJIOBUH MOJIyYaeM:

b b
(w,v) = — J o (x)v' (z) dz = Ju"(x)v(m) dz,
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10 ecth maa u € C2[a; b] byHKUMOHAN W MpeACTaBAseTCA B BHe

b

(w, v) = JU(:U)U(:U) dz,

a

rae U(z) = u”(x), npuuém ¢yuxuus U(z) He MOXKeT ObITh PaBHA HUKAKOH
IPYrof HempepsBHOH (YHKUMH (IOYeMY?).

Bbiuncsium Teneph HopMy w Kak sjaementa H~![a;b]. Tlo onpenenenuio
HOpMbI (DYHKLMOHANa ¢ y4éToM BbibpanHoro B H{l[a;b] ckanspHoro npous-
BeneHus (4.1) umeem

a

b
u'v' das’

bu/de. bUIQd.%'
Jeol| = sup < sup VIa ) do /[0 @)

TP —— = ||ull ey
v#D HUHHI[a;b] v#Y fb (v,>2 dr

npu4yéM, Kak MoKasbiBaeT BBIOOpP ¥ = U, PaBeHCTBO AocTHraercs. Mrak,

D%l gr-1(a0) = |1l 111

¥ Ha MepBbIH B3I TPYAHO BHIYKMC/sSEMAs HOPMa B «CTPAHHOM» MPOCTPAH-
CTBE OKAa3bIBAETCSl OUEBHUAHOH B TOM CJjiydyae, TJie OHA €CTECTBEHHBIM 00-
pazom Bo3HuKaeT. ([Iprimep mompo6HOH TPaKTOBKY MPOU3BOLHBIX CM., HAMP.:
Koprycos M. O. PaspyuieHne B HeKJaCCUUECKHUX BOJIHOBBIX YPaBHEHHSIX.
M.: Jlu6pokom, 2010. C. 173—190, oco6. 3ameuanue 1 Ha c. 177.)

B nanHom cayuae Mbl npuBesu npumep snementa w € H~![a; b] kak pe-
3yJbTara npuMeHeHusi nuddeperunanpHoro oneparopa. OxkasbiBaercs, Bce
3/IEMEHTBI TPOCTPAHCTB C OTPULATEJNbHBIMH HHAEKCAMH HOCST MOAOOHBIHA
xapakrtep. ImenHo, BepHa

Teopema 1. (Cm.: CeemnukoB A. I'., Kopnycos M. O. Henuneii-
HBIH (DYHKLHOHAJbHBIH aHA/IM3 W MaTeMaTH4eckoe MOAEJHPOBaHHE B (H-
suke. T. 1. [eoMeTprueckre W TOMOJOrHUECKHe CBOHCTBA JIHHEHHBIX INpO-
crpanctB. M: Kpacann, 2011. C. 324, teopema 34.) Beskutl asemenm f* €
€ W=kP (Q) momem Goumo npedcmasren 6 sude

= Z 0%go(z), 20e go(z) € Lpl(Q).

lor| <k

PekoMeHAyeTCsl CPABHHTD STOT Pe3yJ/IbTAaT C TEOPEMOH O MPenCTaBIeHHH
06061EHHbIX (pyHKUKHA U3 D'().

§ 5. IIpumenenue npoctpancts CoboseBa

PaccMoTpuM Ha mpuMepe NMPOCTOH CHTYalMH, KaK MOXHO IIPOBECTH HC-
cJleloBaHUe JIMHEHHOHN 3afaud MaTeMaTHuecKoH (U3UKH C UCII0Jb30BAHHEM
HECKOJIBKO JIPYTOT0 TOAXO0Ma, YeM H3JI0XKeH B TpefblnylieM maparpade. OH
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He TpeGyeT BBeNEHUS IMPOCTPAHCTB OTPHULATENBHOIO HMHIEKCA, HO Cyllle-
CTBEHHO OMupaeTcsl Ha (PaKThl U3 TEOPUH TUIbOEPTOBBIX MPOCTPAHCTB.
Paccmotpum kpaesyio 3amauy upuxie

{ —~Au+tu=f, felL*Q),

5.1
dlge = 0 (5.1)

¢ yucjoBbiM napamerpoM A € C B orpaHudeHHoi o6sacty €.

V3BecTHO, UTO CyILECTBOBAaHHE KJACCHUECKOTO DELIeHHs 3TOH 3amayd,
BOOOllle T'OBOPsl, HeJb3sl rapaHTHUPOBaTh 06e3 TpeOOBaHHUS TéNbIEpOBOCTH
npaBoii 4YacTH f M HEKOTOPBIX YCJOBHH TJIaAKOCTH Ha TpaHULy o0Ja-
cti. (Cwm., Hamp.: [mabapr ., Tpymunrep M. Danuntuueckue ypaBHe-
HHS C YAaCTHBIMHU MPOU3BOAHBIMU BTOpoOro nopsinka.) OnHako MOXHO ocJja-
6uTh TpeGoBaHUS W HCKaTb 0000IIEHHOEe pelieHWe B cMbicie CoboJieBa,
T. e. aneMeHT u € H}(Q), ynosnersopsowmii sanade (5.1) B HEKOTOpOM
0600LIEHHOM CMBICTIE.

Uro6bl oOecneyuTb «0OpPaTHY0 COBMECTHMOCTb», T. €. TapaHTHpPO-
BaThb, YTO KJACCHUECKOe pelleHHe (eCJM OHO CYIIECTBYeT) YAOBJIETBOPSIET
06001LIEHHON 3anade, MOCTYMUM MPH TOCTPOEHHH MOCJeIHEeH CJeayIOINM
oOpa3oM. YMHOXKHUM ypaBHeHue u3 (5.1) Ha W, roe w — MPOU3BOJIbHAS
dyukunst uz CF(S2), uepra osHauaeT KOMIUIEKCHOE compsikeHue. [locse
UHTETPUPOBAHHUSA 10 YACTAM IMOJTYUHUM:

(u, w) g1 () + AMu, w)r20) = (f,w)re,

rie yuTeHsl rpanuusble ycaoBusi w € C3(§)) u BBIGOP «yCEUEHHOr0O» CKa-
JISPHOTO TPOU3BENEHHUS B Hé(Q) (B mannom maparpade Mbl HCIOJb3yeM
KOMILJIEKCHBIE TIPOCTPAHCTBA; MPH 3TOM CKaJsIpHbIE MPOU3BEIEHUSI BBIOU-
paeM JIMHEHHBIMU M0 MEPBOMY ApPryMEHTY M COMPSKEHHO-JMHEHHBIMH M0
BTOPOMY.)

3aMeTHM Temepb, YTO B CHJY MJIOTHOCTH MHOXECTBa C§(Q) (n na-
xe C5°(€2)) B mpoctpancte H{ () moxHo samennts w € C5(f2) Ha w €
€ H} () (npoBenute 5TH paccyieHus CAMOCTOATENBHO; aHAJIOTHIHOE YIKe
OblJIO clesiaHo Bhille). B urore mosydaem 3agady

Yw € H& (Q) (U,’LU)HI(Q) + )\(U,w)LQ(Q) = (f,w)LQ,

| (5.2)

u € Hy (),
re yeaosue u € HY(€2) sanaér He TonbKO (yHKLHOHAIBHOE IPOCTPAHCTBO,
B KOTOPOM HILETCS PelleHre, HO U IPAaHHUYHBIE YCJOBHS.

Kak Mbl MOKa)keM, pe3yjabTaThl OTHOCHTEJBHO Pa3pelIdnMOCTH 3aja-
yn (5.2) HEMmOCPeNCTBEHHO CJENYIOT M3 TEOPHH BIIOJHE HEMPEPBIBHBIX JIU-
HeHHBIX ONepaTopoOB.

Jlns atoro mepenwiiem sagady (5.2) B omepaToOpHOM BHAE. 3aMeTHM,
uro npu f € L*(Q), w € H} () Bbipaxkenus

(frw)my v (ww)pq)
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3a[1alI0T COOTBETCTBEHHO CONPSIKEHHO-JIHHEHHbIH (DYHKLHOHAM U NOJyTOpa-
nuHediHyio popmy B HJ (§2) (npoBepbTe 9T0, N0/b3YSCh HALIMM ONPENeNeHH-
eM ckansipHoro npoussenenus B H}(€2) u undopmauneii us naparpada 0).

[Toatomy B cuiy Teopem Pucca—®perne (o npeacTaBieHNH JeHHEHHOTO
¢dyHKUMOHAMa B ruabbepToBOM mpocTpaHcTBe) u Jlakca—Musbrpama (o
NpeACTABJIEHHH MONYTOpaIuHeHHON (OpMbI) AJIs Caydasi KOMILIEKCHOTO
TU/IbOEPTOBA MPOCTPAHCTBA MOXKHO YTBEPXKAATH, UYTO CYLIECTBYIOT TaKHe
dyukunst F € H}(Q) n nuueiinslii orpanudensii onepatop A : Hi () —
— H(Q), uto

Vo, w € Hy(Q) (v, w)re(e) = (AU,W)H(;(Q)’ (fyw)re) = (F,w)g,

0 ()"

(5.3)

Torna (5.2) MOXKHO Mepenucath B BUIE
Vw e Hy(Q)  (u,w) gy + MAw,w) o) = (F,w) i), w € Hy(Q).

B cuay npoussosibHOCTH w € HY () 1 CBOHCTB CKa/SIPHOrO MPOM3BeIEHHs!
nocJjieHee PaBEeHCTBO 3KBUBAJNEHTHO 3ajaye

(E+ M )u=F, uecH}D). (5.4)

U3z (5.4) cpasy Bumuo, uto mpu A = 0 (ypaBuenue [lyaccona) pereHue
cyllecTByeT ¥ enuHCTBeHHO, u = F. (KoHeuHo, He CTOHUT YAHBJATHCS
«JIETKOCTH» TIOJYUEHHs] TOTO pPe3y/bTaTa: BO-IEPBBIX, Mbl HCIIOJb30BaJH
MOILIHBIe Pe3Yy/bTaThl TEOPUH THIbOEPTOBBIX M COOONEBCKHX MPOCTPAHCTB,
a BO-BTOPBIX, Mbl paccMaTpHBaeM 0000IIEHHbIE, «0CAa0eHHbIe» PELIeHHS.)
Pacemorpum cayuait A # 0.

Jlokaxem, uto omepatop A siBJsIeTCs BIOJHE HEMPEPBIBHBIM.

O Has atoro (cM. 3amauy 9) mOKaxKeM, YTO OH TMEPEBOAUT JI0GYIO
cnabo CXONSILYIOCS TOCJeN0BATEIbHOCTh B CHJIBHO cXopsuytocs. Mrak,
nyctb v, — v B H} (). Toraa, Bo-nepsbIX, v, — v B L*(Q) B cunty Teopem
0 KOMIaKTHbIX BJIOXKEHHsIX, a BO-BTOpbIX, Av, — Av B H}(f2), nockonbky
(cm. 3apmaum K Jekiuu 6a—7a) HeMpephIBHBIA OMepaTop HEMpepbiBEH H B
cMmbicie cnaboi cxopumoctd. CHOBa MCMOMb3Yysi TEOPEMY O KOMIAKTHOM
BJIOXKeHUH, ToydaeM Av, — Av B L?(Q). lasee, ¢ yuéToM onpeneseHus
oneparopa A (cm. (5.3)) umeem

(Av, — Av, Av, — Av)Hé(Q) = (vn — v, Avy, — Av) 120y =
= (n, Avn) 12(0) — (Un, AV) 200y — (v, Avn) 2 + (v, AV) o) —
— (v, Av) 20y — (v, Av) 12 () — (v, AV) 2y + (v, AV) 2(0) =0,
rme Mbl HCIIOJb30BaJu HereprBHOCTb CKaJIHpHOFO HpOI/ISBeﬂeHI/IH o OT-
Jle/IbHBIM apryMeHTaM | 1o ux coBokynHoctu. Hrak, Av, — Av B H} (),

4TO U TpebdoBasoch. X
YcTaHOBHM Tak»ke, 4To onepaTtop A camocomnpsikéH. Mmeem

(Av,w) g0y = (v, w) p20) = (W, V) £2(0) = (Aw, v) g1 () = (v, AW) g1 (q)-
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Tenepb nanbHeflIne pe3y/bTaThbl CJAEAYIOT U3 TEOPUH BIIOJIHE HENPEPhIB-
HBIX CaMOCOTPSKEHHBIX ONepaTopoB B IHbOEpTOBOM npocTpaHcTBe. (CM.,
nanp.: Bosikos B. T., drosa A. I'. UurerpasbHbie ypaBHeHusi. Bapuaunon-
Hoe ucuucaeHue. Kype sneknuii.) Mbl mosyuaem:

1) cymiectByer He Gojiee 4yeM CUYETHOE YMCJIO 3HAYEHHH A = A\p C eIuH-
CTBEHHOH MNpelesbHOM TOUKOH A = 00, HJsl KOTOPBIX 3amada (5.4) umeer
HeTpHBHaNbHOE pelileHMe mpH f = 0;

2) Bce Takde 3HaueHHs (KOTOPHIMU Mbl OyIeM Ha3biBaThb COOCTBEHHBIMH
3HaueHUsiMH 3ajaud Jupuxse nnis onepatopa Jlamiaca B obnactu §2)
NeHCTBUTEJbHBI,

3) mpu A # A, 3anaya (5.4) UMeeT eIMHCTBEHHOE pelleHHe.

MoxHo paccMoTpeTb M cayyail Gosiee 0oOlIero 3JIHITHYECKOTO OIle-
patopa. Ecau oH OypmeT comepxaTb M NPOM3BOJHbIE [EPBOrO MOPSAKA, TO
orepaTop, PoJb KOTOPOTO B HallleM paccy:KiaeHMH urpaer A, okaxkercs,
BOOOLLE TOBOPSI, HECAMOCOTIPS2KEHHBIM (CM., HATIPUMep, YIIOMSHYTYIO BBILLIE
kuury Jlagpikenckodt O. A.) u mpumércs HCMNOJb30BaTh Oojiee OOIIYIO
TEOPHIO BIIOJIHE HEMPEPLIBHBIX (KOMMAKTHBIX) orepaTopoB (cM., Hamp.: Ap-
ceHbeB A. A. Jlekuuu no (pyHKUHOHAJBbHOMY aHaJM3y A/ HAaYMHAIOLIUX
CIIeLIMAJUCTOB Mo MareMmartuyeckoil ¢usuke. M.—Mxesck, PerynsipHas u
xaoTuueckasi nuHamuka, 2011).

§ 6. 3amauu ns CaMOCTOSITEJbHOTO pelIeHus

3apaua 0. OTBeTUTb Ha BONPOCHL 110 TEKCTY.

3apauva 1*. Yny4ymwutb KOHCTAaHTYy B HepaBeHcTBe Ppuppuxca, Uc-
nosib3ysi (¢ o6ocHOBaHHeM!) SKCTpeMasibHOe CBORCTBO MEPBOH COOGCTBEHHOM
¢yHkunu 3agaun dupuxse a4s oneparopa Jlannaca. [lokasaTts Ha npumepe,
YTO HOBasl OLleHKAa NeHCTBHUTEJNBHO Jydlle (a 10 e€ CMBICTY, OYeBHIHO,
SIBJISIETCS HeyydlIaeMoi).

3apaua 2*. Jlokasath HepaBeHCTBO Dpuapuxca Ajsi HEOTpaHHUEH-
HbIX oOsacTteil ), «BJOXEHHBIX B CJIOH», T. €. TaKHX, YTO [Jisi HEKOTOPOU
KOODPAMHATHI T) CYLIECTBYIOT Takue d; U dg, uTo dj < inf cq x) < do.

3anaua 3. [Qasa mpocTpaHCcTBa H&(—l; 1) ¢ «yceuéHHBIM» CKassp-
HbIM IIPOM3BeleHHEeM YKa3aTb «IIpeACTaBJeHHe OesabTa-(QyHKLUHH», T. €.
Ha#iTn Takyio dynkumo y(z) € Hl(—1;1), uro

Vz(z) € Ho(=1:1) (y.2)py = 2(0), (v, 2)my = J Y ()2 (x) dz.

—1

Sapaua 4. 3aBepuiuTh paccMoTpeHue mpumepa ¢ u(x,y,z) =

=1/ (2 +4* +z2)6/2, JI0KA3aB, 4TO YaCTHble MPOU3BONHEIE ITOH (DyHK-
MM, CYLIeCTBYIOLIME IMOYTH BCIOAY B eIMHHYHOM Liape, SBJSAOTCA
0600LIEHHBIMYA TIPOU3BOAHBIMH 3TOH (QyHKUMKM B cMbicae CoboJeBa.
(YxasaHue: HeOOXOOMMYIO IJs 3TOTO (POPMYJNY «HHTETPHUPOBAHHUSI MO ya-
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CTSIM» MOXKHO TOJy4nTh U3 opmyssl Octporpaackoro — laycca, npumenss
MocJIeIHION0 K BekTop-QyHKImH {u(x)p(z);0;0}.)
3apaua 5. [okaszaTb, 4TO (PYHKLHUS-«CTyTEHbKA»
@) = 0, z€][0;1),
1, z€]l;2]
MMeeT KJIACCHUECKYI0 MMPOU3BOAHYIO BCIOLY, KPOMe OJHOH TOYKH, HO He
uMeeT 0600ménHON npousBonHod B cMeicsae C. JI. Co6Gosesa. (Cp. ¢ pe-
3y/IbTATOM TpefbIAyLed 3agaun!)

3anaua 6. [lepeHectu paccyxpaeHusi /b 4 Ha caydail Gosiee o61Iero
3JJIMIITHYECKOTO Ollepartopa

Du i\’: a;j(x) Ou + ib (x) Ou +c(x)u
ij=1 7 Owida; i=1 0w ’

copMy/IMPOBAB HEKOTOPbIE YCIOBHS Ha KOI(MQULHEHTH a;j, b;, C.

SBamaua 7%*. JlokasaTb, 4YTO CeMeHCTBO COOCTBEHHBIX 3HAYEHHH 3a-
naun JlupuxJe mjis oneparopa Jlansiaca Bcerma cuértHo (tTorma Kak obiias
TEOpUs! BIIOJIHE HENPePbIBHBIX CaMOCOIPSIKEHHBIX ONEPATOPOB FapaHTHPYET
JIMIIb He 0Gosiee UeM CUETHOE KOJHUYECTBO XapaKTePUCTHUECKUX UHCEJ).

3amaua 8%*. Hasosém ¢akropnpoctpancteoM B/L GanaxoBa mpo-
cTpaHcTBa B 1o ero (3aMKHyTOMY) MOANPOCTPaHCTBY L JivHelHOe mpo-
CTPAHCTBO KJIACCOB 3KBUBAJEHTHOCTH 3JEMEHTOB NpOCTpaHcTBa B, rie
X Yy TOorga W TOJNBKO Toraa, Korma x — y € L. PasmepHocTb mpocTpaH-
ctBa B/L Ha3piBaeTcst KOpa3MepHOCTbIO MOANpocTpaHcTBa L U 0603Hada-
etcs codim L.
1) 3aBepwuTh onpesesieHue, 10Ka3aB, YTO BBEIEHHOE OTHOLIEHUE NEeHCTBU-
TEJILHO SIBJISIETCS] OTHOLIEHHEM SKBHUBAJIEHTHOCTH, U BBenst Ha B/L nuHei-
Hble onepauuu. JlokaszaTb, YTO MOJNyUEHHOE MPOCTPAHCTBO NEHCTBUTEJNBHO
SBJISIETCS JIMHEHHBIM.
2) Ilycts A : By — By — JvHelHBbIH omepaTop, ONpeneséHHBId Ha BCEM
npoctpaHcTBe B). JlokasaTs, 4To

codimker A = dim(B;/ ker A) = dim Im A.

(PasmepnocTit MOryT GbITh U GeCKOHEYHBIMH!)
3) Jlokasatb, uTo B FH/Ib6EPTOBOM MpocTpaHcTse codim L = dim L*.
Sanaua 9. [lokasaTh, 4TO [Js JHHeHHOTo omepatopa A, mpe-
CTBYIOLLEr0 B I'MJbOEPTOBOM NPOCTPAHCTBE, NOCTATOYHBIM YCJOBHEM MOJ-
HOU HENpepbIBHOCTH SIBJSIETCS CJAeylollee: AJs JOO0H MocjaenoBaTe bHO-
ctit {xy, } crnabasi CXOMUMOCTD Ty, — & BJIEUET CHIIBHYIO CXOMUMOCTb Az, —
— Az. Ykasanue. YuecTb, 4TO B pedieKCHBHOM 0aHAXOBOM MPOCTPAHCTBE
U3 J11060H OrpaHHUEHHOH MOC/eN0BaTEbHOCTH MOXKHO H3BJeYb cjabo cXo-
IALLYIOCS.



Jlekuuga 10

IIPOCTPAHCTBA C. JI. COBOJIEBA. TEOPEMBI
BJIOZKEHUMU.

§ 1. Teopema Baoxkenuii C. JI. CoboneBa

Teopewma 1. Hmuerom mecmo nenpepoigHole 8a0%CEHUA:

W@ L @) o N>p oy = ot
Wy?(Q) cC(Q) npu N <p.
B wacmuocmu, mecmo credyrousue nepasencmea: ')
[ull,- < el[Dzull, npu N >p; (L.1)
sup |u(z)| < ¢ (meas Q)%fé |Dyull, npu N <p. (1.2)

€N
JlokazaTeabCcTBO.
llae 1. Ioxaxem wepaserctso (1.1) aas gynkumit u(x) € CL(Q). 2)
3aMeTHM, 4TO 5Ty (DYHKLHI MOXKHO MPOAOJKHTH HysleM BHe obsactu §) C
C RY. Tlpexae BCero crnpapeiHMBO HePAaBEHCTBO

Ty
|u(x)| < J dyl |81Lu(x17 ey Li—1,Yi» Ti+1, ny)| =
—o00
= Ju(z)| < fdyi Dat(1, oo iy i Tits o )y D = (Dars ooy D)
Rl
N*paS I‘IepeMHO)KI/IM 3TO HepaBeHCTBO U HoﬂquM CJIeleIOLHee

N
‘u(x)|N < H J dyz ‘Dmu(xli '-~7$i—17yi7$i+]a axN)| .
i:lRl

D] Culenyole HepaBeHCTBAa eCThb aHaJUTHYeCKas 3allUChb CBOHCTBA HeNpepbiB-
HOCTH YKa3aHHbIX BJIOXKEHHH.

2) Uupeke «0» BHU3Y 03HauyaeT, YTO HOCHUTE/Ib IPOU3BOJNBHON (PYHKILHH U3 3TOrO
KJlacca UMeeT KOMMNAKTHBIH HOCHUTEJb, NPUHAANEXKAIHH (2.
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Tenepb Bo3BejeM 0o6e yacTH 3TOro HepaseHcTBa B creneHb (N — 1)7! u
[IOJY4YUM HEPABEHCTBO

N 1/(N=1)

N/(N-1
Ju(@) VMY < ] J dy; |Dyu(z1, ooy Tim1, Yi, Tit1, - TN
i=1g
(1.3)

[Tpounrerpupyem 00e yacTH 3TOrO HEPABEHCTBA M0 MepPeMeHHOH x| U Toraa

MOJIy4YHM Clleflylollee HepaBeHCTBO:
1/(N—1)

J |u(x)\N/(N_l) dz; < J dy1|Dyu(yr, x, ..., TN
R! 1
1/(N=1)

N
X J' d£U1H dez ‘Dx’u(l‘l,...,Ii_l,yi,fEH_l,...,ZL‘N)| (14)
=2 1

R
Llae 2. Cetiuac BocnoJsib3yeMcsi 0600IIEeHHBIM HEPABEHCTBOM [esbaepa.
JlelicTBUTE/IbHO, CIPABENINBO CleayIOllee HePaBEeHCTBO:

[fa(@) - fn(@)] dey < | fallps | Fallps - - Il (1.5)

2
rae
1/p1
e e B
’ P2 P3 PN

1

— 1. (1.6)

Tenepp BocmoOJIb3yeMcs 3THM HepPaBEHCTBOM [J11 TOrO UTOOBl OLEHHTb
npaByl 4acTb HepaBeHCTBa (1.4), MOJIOKUB B 0OOOLIEHHOM HEPABEHCTBE

[enbnepa (1.5)
=N-1 =N-1 #4—#4— L—1
pQ_ 1'-'1pN_ k) N—l N—l N—l_ )

N-—1

a B KayecTBe (yHKUHH fi(T) BO3bMEM C/eayIOLIHEe HHTErPaJIbl

fk(l‘l’ LK) xk—l’xk—‘rlv "'7$N) e
1/(N=1)

J dyy |Dyu(zi, ..., Thot, Yk, Tht1, -, TN)|

1
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W3 Boipaxkenust (1.4) u 060061LIeHHOTO HepaBeHCTBa [enbiepa BbITekaeT
[1eM0YKa HepPaBeHCTB:

j () NN iy <

Rl

(N-1)

< | [ 1Deuta) da | @ sste) - i@y o <

1 R!
1/(N=1) 1/(N=1)
< J |Dyu(z)| drx, J' |Dyu(z)| doydzy X e eX

1 2

1/(N=1)

X J |Dyu(z)| deydey (1.7)

2

Tenepsb npouHTerpupyeM HepaBeHcTBO (1.7) MO MepeMeHHOH xg ¥ MOMY-
4HM CJIefyIolllee HEPABEHCTBO:

L/(N=1)
J |u($)\N/(N71) dxy dzy < J |Dyu(x)| deydze X
R? 2
1/(N-1) 1/(N—-1)
X Jdmz J |Dyu(z)| dx, J |Dyu(z)| dzy ds X e X
R 1 1

1/(N=1)
X J |Dyu(z)| deydey

2

Bocnosnb3oBaBinch onsite 06061eHHBIM HEPABEHCTBOM [esibiepa, KOHKpeT-
HBIH BHJ KOTOPOTO aHajoruueH HepaBeHcTBY (1.5), mosmyuum orciona Hepa-
BEHCTBO

1/(N-1)

J |u(x)\N/(N_l) dzy dzg < J |Dyu(z)| deydzy X
2

R2
1/(N—1) 1/(N=1)

X J' |Dyu(z)| doydzs X J |Dyu(z)| doydzedes X oo

2 3
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1/(N=1)
X J |Dyu(x)| deydeodry
2
[Iponosmxas aasblile HHTEPUPOBAHHKE 110 CJELYIOLIEl epeMEHHOH ¢ nocie-

AYIOIIKWM NPpUMEHEHHEM 06006111eHHOTO HepaBeHCTBa I'em:aepa, Mbl B HTOTe
NOJYYHUM CJaenyrouiee HepaBeHCTBO!:

N/(N-1)
J (@) MY g < J dz | Dyu(z)|
N

RN

OTcrona MpUXOAUM K CJIEAYIOLIEMY HEPABEHCTBY:

lullw /v < iju da. (18)
Q

CnenoparesibHO, HepaBeHcTBO (1.1) mpu p = 1 mokasaHo.

Hlae 3. JIns nokasaresbCTBa 3TOrO HEPABEHCTBA NpPH p > 1 BMeCToO
dynkuuy u B (1.8) mamo noactasuth ¢yukumio |ul?. Torma monyuum
HepaBeHCTBO

|||u|ﬁ||N/(N71) <p J lul~! | Dyu| dx <

RN
N 4
" | Dyull,, p = P (1.9)

< B [lul”~"] i

OtHocutensHO B > 1 motpebyeM, 4TOObI

N P p(N —1)
b= Ty =8="—
MoxHO n0Kasath, uto npu p > | Besuuuna 3 > 1. Kpome toro, ans
p(N —1
g= V-1
—Dp

HUMeeT MeCTO BbIpa>KeHHS:

N p Np
= — 1) =p*F = N .
b—7=0 )p_1 p , e N>p

') 3amerum, uTo B cnaGoM cMbicie uMeeT MecTo paseHcTBO Dful’ =
= Blu|®2uDyu npu B > 1.
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CrenoatesibHo, 13 (1.9) mpuUxomuM K HepaBeHCTBY:
(N-1)/N (p—1)/p

j|u<x>|f’* da <8 j|u<x>|f’* dz | D).
Q

13 KOTOPOro cpasy ke BeiTekaeT HepaBeHcTBo (1.1).

Ilae 4. Tpuctynum Tenepb K A0Ka3arebcTBy HepaBeHctBa (1.2). O6-
Jactb ) OymeM cuuTaTh OrpaHHueHHOH. B HepaBencTBe (1.9) mepeitnem ot
GyHKUMK u(x) K QyHKUUH T(x), cBA3aHHOH ¢ u(Z) BbIpaXKeHHEM

. u(z)
u(r) = ———. (1.10)
[ Daullp
[Toc/ie MOACTAHOBKH MOJNYYHM CJIEAYIOLIEe HEPABEHCTBO:
811518 B1) [zB—1 _ N
1Dzl v < Bl Dzulllpl Daully™ 1l My, N = 57—
OTkyza cpasy ke NPUXOIUM K HEPABEHCTBY
|l < Bl (L.11)
KOTOpO€ /s yA00CTBa [EepernuLieM B CIeAYIOWEM BHAE:
1/N' 1/p
J|ﬂ|’BN dx <p JW\p B=1 gy
CJ/ie10BaTe/IbHO, MOMYUHUM CJIEIYIOLIee HePABEHCTBO:
_ _B-1 _ =1
[T < BT, = [Tl < B7IILLLS (112)

llae 5. Tenepb chenaeM BaXKHOE€ MPEATOJNOXEHHE, OT KOTOPOTO Mbl
3aTeM B KOHIle J0Kasare/bCcTBa M30aBUMCH — MYCTb

0 =1.1

[Tosie3HocTh 3TOTO NpeanoJIOKEeHHs 3aKJAIYaeTCsl B TOM, YTO €CJIM p; >
> P2, TO CIpaBeIJIMBO HEPABEHCTBO

[Vllp, < [vllp, mast Beex v(z) € LPH(Q).

O JlefCTBUTENBHO, CIIpaBelJ/IMBa LENOUKa HEPABEHCTB!

') Cumposiom |Q| Mbi 0603Haunu Mepy JleGera MHOKecTBa €.
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1/pa 1/ps
J|u|p2 dx = J 1-|ulP?dx <
)
1/d p2/p1 Ve 1/pi
< f 19 de J\u|p‘ dx = J|u|p1 dx ,
) ) )
rae ;o e . n
q—1 P2

C y4eToM 3TOro mpeanosoxeHus us Hepasenctsa (1.12) moayuum
- _1-1/8
@l g < 87l 577, (1.13)

’ !
3lech MBI BOCIIOJIb30BAJIHCh OUeBHAHBIM HepaBeHCTBOM p (0 — 1) < p .
Illaz 7. Tenepb BBeleM 0603HAYeHUE!

’

N
gi=—F>1 p=cm
p

nockosibky p > N. Otcrona cpasy e NPUXOAUM K PaBEHCTBY.
6;0/ = IN',
M3 (1.13) BbITeKaeT HEPABEHCTBO CJEYIOLIee:

Ve pn om=1,2, ... (1.14)

@l < ™" Tl 2, 2

BO3bMeM B 3TOM HepaBeHCTBe m = 1 U I'IO.Hy‘{I/IM OLLeHKy
_ _nl=1
Il . < eVl e (1.15)

Llae 8. C npyro#t ctopoHsl, 3 HepaBeHcTBa (1.8) W Halero mpeanoso-
xeHus1, uTo || = 1, nmosy4um HepaBeHCTBa

[ull v < [[Dully < | Dul],.
Orcropa ¢ yuerom (1.10) cpasy ke mpuxoauM K HepPaBEHCTBY
[y < 1.
3unaunt u3 (1.15) IpUXOAUM K HEPaBEHCTBY:

[a]| . < V5. (1.16)
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Torna mocJ/ie moaCTaHOBKH 3TOr0 HepaBeHcTBa B (1.14) mpu m = 2 moaydum
1-1/€°
2 2
]| v e < g2/e <61/€) Le¥eEtle e,
Torna mocJjie moaCTaHOBKH 3TOr0 HepaBeHcTBa B (1.14) mpu m = 3 moaydum
— 3/e3 [ 2/e*+1/¢ 1-1/¢* 3/e342/e% 1 /¢
[l < ¥/ (2/5505) T < -

C.He[LOBaTeJIbHO, Ha Mm—TOM lIare Mbl NOJYYHUM HEPABEHCTBO

_ i k/ek Jriok/ek
@] 7 em < €551 Sa=¢ei=t | e>1.

[lepeiinsa x npeneny npu m — —+00, MOJYYUM HepaBEHCTBO
[ullo < a
Orciona ¢ yuetom onpefeseHuss GyHKUHUH T(x) TOTyYUM HEPABEHCTBO:

sup [u(x)| < al| Dyl
e

Hlae 9. Temepy nsGaumcs oT Tpebosanus |2 = 1. Chenaem 3ameHy
nepeMeHHOH

Y; = |Q|1/N$Z 1= I,N

CHpaBeILJH/IBa cjaenyromlasa gernodyka Bpra)KeHI/II;'II

1/p
sup [u(x)] < a ijupdx -
zeQ
Q
1/
oy o\
=a JWDZ]M dy =

= a|Q /NP Dyull.

Hlae 10. Mbl nokas3anyd Halld HepaBeHCTBA MJsl cjaydyas (YHKLHH
u(x) € CJ(£). Tenepb HY>KHO MPOLOJKHUTb ITH PE3YJIbTAThl A5 (YHKLHI
3 WOI‘I’(Q)‘ Pacemotpum HepasenceTBo (1.1), mockosibky HepaBeHcTBO (1.2)
paccMaTpUBAETCsl aHAJOTHYHBIM 06Pa3oM.

[TycTb moc/ien0BaTeNbHOCTD

{um} € Co(2)
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1,
TaKOBa, YTO OHA CXOMMUTCS cHabHO K u(x) B WP (€2). BosbmeM my, mg € N
¥ pUMeHHM HepaBeHCTBO (1.1) K Pa3HOCTH Uy, — Up,, U HOJTYYHM

. N
ltm, = tmyllp+ < | Datim, = Detn o 97 = 5720 (117)

[ToCKOJIBKY MOC/eN0BaTENBHOCT {Uy, } CXONUTCS B WOI"’(Q), TO OHa QyH-
LaMeHTa/bHa B 9TOM [IPOCTPAHCTBE, CeN0BATe/bHO, U3 HepaBeHcTBa (1.17)
BBLITEKAET, UTO 3Ta TMOCJeN0BATeNbHOCTh (hyHAaMeHTanbHa 1 B LP (Q) u B
CHJTY TIOJIHOTBI TOTO MPOCTPAHCTBA CXOAHUTCS CHJIBHO K TOMY K€ 3JeMEHTY
u(x) € LP"(Q).

Takum 00pasom, Mbl MOXKEM [epedTH K Mpefeny NpH m; — +00 B
HepaBeHcTBe (1.17) W moay4uTh Cllenyollee HePaBeHCTBO:

[ = tm, [lp+ < e||Dae — Dytim, ||, - (1.18)

Tem CaMbIM, OTCIOla BBbITEKAET HEPABEHCTBO

[l < sl + [t =ty [+ < el Datir, [lp + €l Date = Dattm, [l

B KOTOPOM MOXKHO MepedTH K Ipenesy IMpH Mg — —+00 U, BOCIOJb30BaB-
IIMCb OUEBUHBIM HEPABEHCTBOM

[ Datimy||p — [Datullp] < | Detse — Dyt ||ps
INONMYYUTH CJaeNyIollee HEPaBeHCTBO!:
Jullp- < | Dyull, nasBecex u(x) € WyP(Q).
Kak Mbl y2ke roBOpHJIH, HepaBeHCTBO (1.2) pacmpocTpaHsieTcsi Ha (HYHK-

LHH U3 WOI"’(Q) AHAJIOTHYHBIM 006Pa30M.
Teopema nokaszaHa.

§ 2. Teopema Peannxa—Konapamona

[ycts Q C RY — 310 orpanuyenHasi 06/1acTh ¢ J0OCTaTOYHO IMAAKOH
rpaHuuen oS
Teopema 2. Hueem mecmo 8noarne HenpepoigHoe 6ioxcenue: ')

WyP(Q) e LI(Q) npu p< N (2.1)

oas 6cex q € [1,p*).

') HenpepbiBHOE U KOMMAKTHOE BJIOXKeHHe (MMHEHHbIH UHBEKTHBHBIH OrepaTop)
Ha3bIBaeTCsl BIIOJIHE HEMPepLIBHLIM.
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JlokaszaTenbCcTBO.

Llae 1. 3ametuM, uto B cuiy HepaBeHcTBa (1.1) Teopembl BioxKeHHUs 1
B cayuae p < N u orpanudenHoii obaacta {2 C RY umeer mecto Hempe-
DBIBHOE BJIOJKEHHE Wol‘p(Q) C L) npu g € [1,p*).

Llae 2. B cuny HepaBeHcTBa (1.1) HaM mocTaTOUHO MOKa3aTb, YTO HJIs
BCSIKOH TOCJIEI0BATENbHOCTH {Um ()}, OrpaHHYeHHO# B WOIP(Q) Ha#zercs
MOATOCIEI0BATENBHOCTD { U, (7)}, cxopsutasicss cunbho B LI(Q)). [Tpuuem
B NPEATIOJIOXKEHHUH [AAKOCTH IPaHULbl J§) MOXKHO MOCTPOUTh MPOLOJIKEHHE
dyHkumi {u,,} HyJsem Ha Bce mpoctpaHcTBo RY Takum o6pasom, 4TOGHI
pH 3TOM

{um ()} C WHP(RY).
[TponoskeHHble HyHKLUKMK OyaeM 0603HAUYaTh TAKXKE UePe3 Uy, (T).

Hlae 3. Wrak, nycTb nocienoBatesbHOCTb {u,,(z)} orpaHuyeHa B
WOIP(Q) B yacTHOCTH, MOXKHO MPEANOJIOXKUTh, YTO

sup|| Dyt ||p < ¢ < +00. (2.2)
m

PaccMOTpUM CPe3Ky MOC/IeN0BaTeNbHOCTH { ()} :
1 x —
o) = v [ (22wt (2.3
Q

roe w(z) — 3To «wamouka». Bes orpaHuueHusi OGUIHOCTH OyIeM MpPernno-
Jlaratb, 4To 006J1acTh {} CONEPKUT LIAp eAMHWYHOIO paguyca C LEeHTPOM B
HayaJ/le KOODAMHAT.

Hlae 4. JlokaxeMm, 4TO

[ = umll, < ce,

rie ¢ > 0 — He 3aBUCUT OT € U oT m. Ias yno6berBa cuenaem B (2.3)
3aMeHy MepeMeHHOH

=0TV TN
13

[Tocsie 3TOM MOACTAHOBKHM MBI MPHUIEM K CJEIyIOIEMY PaBEHCTBY:

us (x) = | w(2)um(z — e2) dz.
i

Tenepb yuytem, uTo

J'w(z) dz=1, supp{w(z)} ={]z| <1} C Q.

3aMeTHM, UTO CIIPaBEJIMBO CJeNYIOLlee PABEHCTBO:
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d
%u(yl, e YN) =

_ Oum(y) Oyt dum(y) Oyn _

oy ot dyy Ot o DyJumly). - 24
rie

Y=Y, UN), Yk =Tk — Elzy.

Torga Cpasy xKe IoJydYuM cJjeayrnias nernodyka paBeHCTB:

us, () — up(x) = w(2) [um(z — 2) — um(x)] dz =
=<1
= dzw(z)Jdt W =

|2<1 0

1

=—¢ dzw(z) Jdt (2, Dy) tp, (z — 2t),
B 0

re B KOHLE LENOYKH PABEHCTB Mbl BOCIO/Nb30BANKMChH MONYYEHHBIM BbILLIE

paBeHcTBOM (2.4). CoienoBaTesibHO, CIIpaBeNJIMBa CJAEAYIOLIAs OLEeHKa:

1
Jl|uin(x) —um(z)| dz < € J' dzw(2)|z| J)'dtSJ;dx | Dyum (y)| <

lzI<1

< e J dz |Dyum(y)| = eci J dy |Dyum(y)| =
RN RN
= ci€||Dyumli < c2e||Dyptim||p < c36,  (2.5)

MIOCKOJIbKY BBITIOJIHEHO HepaBeHCTBO (2.2).
lae 5. Tenepb BOCMOJb3yeMCSI UHTEPOJSIIUOHHBIM HEPABEHCTBOM MJIsi
npoctpaHcTB Jle6era. CripaBefJiMBO HEPaBEHCTBO,

1—-9 l:ﬂ+1_19

p* q p*

(2.6)

v, — uqu < Huim - umH?Hu; - Um

mpu ¥ € (0,1]. 3nech ocraHoBumcsi. YcioBue, uto ¥ > 0 HaM HYKHO
n7st panbHedimero (caydaét ©f = 0 nam He mopxomut). Ho 3To o3Hauaer,
uro ¢ € [1,p*)!!! Tenepb Bocrmosb3yemcsi HepaBeHcTBoM (1.1) W mosyuum
HepaBeHCTBa

[|us, — um“p* < [ Daug, — Dzum”p <
< camax{ || Dyug,|lp, [ Detmllp} <
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< ¢5]| Dytim||p < ¢58up|| Dyptiy, ||p < 6 < +00.
m

Torna u3 (2.6) u (2.5) moay4uM HepaBeHCTBO
€ 1-9)|, & 9 9
[ty — tmllq < ¢~ " lluz — um|lY < cre”, (2.7)
rae c¢; > 0 He 3aBHUCHUT OT € ¥ OT M.
Hlae 6. [lokaxeM Tenepb, YTO MOCAENOBATENBHOCTD {us, } I/ KaXKI0T0
(rkcHpoBaHHOTO € > 0 ABJIAETCSH PABHOMEPHO 02PAHUUEHHOL 1 pasHocme-

NeHHOo Hel’lpeprBHOLyt. ﬂeﬁCTBHTeJ’IbHO, HUMEIT MeCTO CJ/eNYyIollhe HepaBeH-
CTBa:

1 |z —y 1 cs
@) < v [t o (22 o] < bt < S5
Q

| |z — y| | Cg
D) < gy [y o (22 1D € el Dol <
Q

YTO BBIMIOJIHEHO B CHJIY CJEYIONleH enoukyd HepaBeHCTB (cM. (2.2)):

[umll1 < ctllumllpe < cacsl| Detim|lp < cacs sup|| Dt |lp < ca < +00,
m

[ Datim |1 < 5| Dotim|lp < 5 sup|| Dotim ||, < c.
m

U3 stux HEPaBEHCTB BBITEKAIOT CJEAYIoLIHe CBOWCTBA T0OCJI€I0BATEb-

Hoctu {ug, }: .
sup [us, (z)] < = (2.8)
zEQ €

Cy
|z, (7) — up, (y)] < Sup |Doup, | |z —y| < o~ |z —y
xT

: (2.9)

rie cg,cog > 0 He 3aBucsaT oT m. HepasenctBa (2.8) u (2.9) osHauator,
4TO A1 Kaxkporo ¢ukcuposaHHoro € > 0 nociegoarenpHocTb {us,(x)}
DaBHOMEPHO OrpaHHYeHa W PABHOCTEIEHHO HENpephiBHA B NPOCTPAHCTBE
C(€2), cnenosatesibHO, corniacHo Teopeme Ackonu—Apuesna CyllecTByeT pas-
HOMEpHO Ha {) cXOAflascs MOANOCAeI0BaTeNLHOCTD {u;n (ZL‘)}

Hlage 7. Tlycts Temepp § > 0 — 3TO MpoOU3BOJbHOE (PUKCHPOBAHHOE
yucJo. Torna nonbepem & > 0 HACTOIBKO MaJjibiM, 4TOOk B (2.7)

c7e < =,
=3

T. €. UTOObl UMEJIO MEeCTO HEPaBEHCTBO

||Ufnn - Umn”q <

(2.10)

W] >
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B cuy paBHOMepHO# cxogMMocTH nocienoBarenbHoctd {uf, (r)} Ha @ —
3Ta M0CJIeN0BaTeIbHOCTD PABHOMEPHO (DyHAAMEHTAaJbHA:

X

su —
D C10 3

€N

Upy, () — g, (:13)’ <

npu pocratouHo Goabwux 4,5 € N. Ho Torma orcioma Mbl NpUXoguM K
HepaBeHCTBY

() = i, (@)l < cro5p i, () = w6, ()| <
x

(2.11)

lu

W[ >

CrenoBatesibho, u3 HepaBeHCTB (2.10) u (2.11) BbITeKaeT Iemoyka Hepa-
BEHCTB!

[ttm; = tmy llq < l[tm, — g, [lg + [lwm; — “fn;-”ﬁ‘

6 6 6
€ — € < — — — = 0. .

Illaz 8. Tenepsb Bo3bMeM B HepaBeHCTBe (2.12) BesmunHy 0 Kak

0=1,

5 g eeey g one

1
n

DN —
Wl —

¥ BBIGEPEM TAKYIO TOATOCAEN0BATENBHOCT {Uyy,, (2)}, UTO /IS Hee

lynlij{lm\lumz = Um, g =0,

T. €. IOCTPOMM (PyHAAMEHTaJbHYIO Noc/aenoBaTenbHocTh B L(€)), KoTopast
B CHJIy TOJIHOTHl 3TOTO MPOCTPAHCTBA CXOAUTCS CHJIBHO B HEM.
Teopema nokasaHa.

§ 3. HepaBenctso Moppu

Teopema 3. s gynkyui u(x) € WP (RN) umeem mecmo nepasen-

CcCmeo:

N
lulx <cllullip, npu N<p u )\ZI_Z' (3.1)

JoxaszaTeabCcTBO.
Hlae 1. CHauana nokaxkeM HepaBeHCTBO Mopu /st pyHKIUHA U3

CHORN) nw» (RY).

') ITo noBoxy HcHoNb3yeMEIX 0603HAYEHHE CMOTPH BTOPYIO JIEKLHIO.
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nu npexnae BCero AJoKaxkem cJjenyrouiee HepaBeHCTBO:

1 |Dyu(y)|
— < Y .
TN J lu(z) —u(y)| dy < ¢ J P dy, (3.2)
B(R,z) B(R.x)

rae
B(R,:C)E{yERN: ly—z| < R}.

O I/ITaK, pacCMOTpPUM IPOU3BOJbHYIO TOUKY Ha rpaHHLe €IUHUYHOro C
HEeHTPOM B HaydaJie KOOpAHHAT:

z € 0B(0,1) = |z| = L.

JLnist KaXKHoH TakoH TOYKH CIIPABEIJIMBO CJENYIOLIEe PABEHCTBO:
r
u(z +rz) —u(z) = Jdt%u(x +tz) mpu O0<r <R,
0
M3 KOTOPOTO BBITEKAET HEPABEHCTBO (MpU y = & + t2)

lu(z +rz) — u(z)| < Jdt |(z, Dy) u(x + tz)| <
0

< Jdt\z| |Dyu(x +tz)| = Jdt |Dyu(x +tz)].
0 0

Teneps npounterpupyem o z € 0B(0, 1) nocienHee HEPABEHCTBO H MOJY-
UM

lu(z +rz) — u(z)| dS, < J dtdS, |Dyu(z + tz)| .
0

8B(0,1) 2B(0,1)

Beenem Touky y = x + tz npu ¢t > 0. OueBugno, uto Toraa t = |z — yl.
CrpaBenJuBa c/efyollas Lernouka HepaBeHCTB:

A N-1
|u(x+rz)—u(x)|dSZ<J J dtdSziN—_1|Dyu(x+tz)\<
8B(0,1) 0 8B(0,1)

1 1
< | s Dl < | d—e D) 63

x,r (l',R
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Tenepb yMHOKMM 06e yacTH Moc/enHero HepapeHcTBa Ha 7V !

terpupyem ero no r € (0, R), Toraa moJy4uM HepaBEeHCTBO

U NPOUH-

R
drrN -1 |u(z +r2) — u(z)| dS, <
aB(0,1)

O

<P D). G4
SN ) Wy el G

B(z,R)

Hrak, HepaBeHCcTBO (3.2) mokasaHo. X
Ilaz 2. CnipaBeauBO HepPaBEHCTBO

u(x)] < fu(z) —u(y)] + |u(y)]. (3.5)
V3 HepaBeHcTBa (3.4) BBITEKAeT Cjeyollee HEPABEHCTBO:

# u —ulx c M
B 1)) J u(y) — u(z)|dy < J |x_y|N71dy (3.6)

B(z,1) B(z,1)

[Tpounrerpupyem mno mapy B(z, 1) Hepasenctso (3.5), Torna ¢ yuerom (3.6)
MOJIyYUM HEPABEHCTBO

[ Dyu(y)| 1
J ‘.’E—y|N_1 dy + |B(z, 1) ‘[ ‘u(y)|dy (3.7)

B(z,1) B(z,1)

u(z)] < ¢

C onmHO CTOPOHEI, B CUJIy HepaBeHCTBa ['esibaepa crnpaBelJMBEl CJeAyIOLIHe
HepaBeHCTBa:

1
[B(z, 1)] J lu(y)l dy <
, B(z,1)
I/p
1 l
< —5——|B(z, 1 1/p » -
B P ||
B(z,1)
1
S B e e = el 3-8

rie noctosiHHas ¢ > 0 ne 3aBucut ot x € RY. C npyroit cTopoHbl, B cuTy
HepaBeHCTBa [esblepa MMeeM

/p
Dyu(y
leny)_'ldM | 1uwrar|
B(z.1) B(z.1)
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1/p
1
——d
g o — g
B(z,1)
O1eHUM TOCJEeIHNE HHTerpaJ:
1 N—-1
——dy=c I ~dr =
‘x — y|(N—1)P r(N=1)p
B(z,1) 0
1
1 / N -1
:cJT—adr<+oo, a= (V-1 - )= <1,
0
nockosibky N < p. CyieioBaTebHO, Mbl NPHIIIH K HEPABEHCTBY
|Dyu(y)|
W dy < C”DwU”P' (3.9)
B(z,1)
V3 nepasencts (3.7), (3.8) u (3.9) moayuum cienyroiiee HepaBeHCTBO:
()] < cllull1p
¥ B cusy HepaBeHcTBa (1.3) oTcioma cpasy ke moJydyaem
sup |u(z)| < cfjullip. (3.10)

TzERN

Illaez 3. Tenepb nyctb x,y € RN — 310 npousBosibHbIe (UKCHPOBAHHbBIE
TOYKM YW PACCMOTPUM IIaphl paguyca R = |r — y| ¢ UeHTpaMH B 3THUX
TOYKAX:

B(z,R) u B(y,R).

OueBH[IHO, OHU TlepeceKkaloTcs. BeneM MHOXeCTBO
U := B(z,R)N B(y, R).
CripaBeJiuBoO OUEBUIHOE HEPABEHCTBO
lu(z) —u(y)| < fu(z) —u(z)| + |uly) — u(2)].

YMHOXMM 06e yacTH 3Toro paseHcTBa Ha |U|~! u mpouHTerpupyem mo
nepemerHo# z € U. [lonyyuM HepaBeHCTBO

u(z) = u(y)] <
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I I
< J ) ()] =+ J luy) — u(z)|dz. (3.11)

U U

Bocnosb3yemcs Tenepb paBeHCTBOM
|U| = e1RY,

rae nocrosHHas c; > 0 saBucut ot R u ot x,y € RV. U rtorna us (3.11)
MOJIYYHM CJIe[yIOllee HepaBeHCTBO:

1
)~ ) € ey | )~ u(a)l e
B(z,R)
+ m lu(y) —u(z)|dz. (3.12)

B(y.R)

lllae 4. PaccmoTpuM, HampuMmep, NepBOe cjaraeMoe B TIPaBOH 4acTH
HepaseHcTBa (3.12). B cuay onenkwu (3.2) cnpapensinBa cienyrolas Hemnod-
Ka HepaBeHCTB:

1 c
Foq | MO -u@ld< gy | u -l <
’ B(z,R) B(z,R)
1/p
<c J %dz <c J |D,u(z)|" dz X
B(z,R) B(z,R)
1/p 1/p
1 V-1
« J ot <elpa, JT(N_I)p, | <
B(x,R) 0
A A N
< cRM|Dzullp < clz =y Daull, A=1- e
Illae 5. Takum o6pasom, u3 (3.12) mosyuyum HepaBeHCTBO
N
lu(z) —u(y)| < cle —yM|Dul, =1~ P (3.13)
T.€.
def w(x) —u
oy % sup DUy,

z,yERN |l‘ -

Orciona u u3 (3.10) BeITeKaeT yTBepKAeHHE TeOPEMbI 151 GYHKUHH u(z) €
€ CHRM)NWhr(Q).
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llae 6. Tlpomomxum HepaBeHcTBO Moppu Ha (YHKUMM H3 KJjacca
WLe(RYN). INepeceuenue (CI(RN)QWW(RN) nnotao B WHP(RY). Tlo-
3TOMy AJIs1 J1060r0 u(u) € Wlﬁp(R]\) Haiinercs cxonsimasicss B WIP(RY)
nocsienoBate bHocTh {um,} C CHRN) O\ WIP(RY). BosbmeM mpoussosb-
Hble HaTypaJbHble YHcaa 1My, Mo € N W npuMeHUM HepaBeHcTBO MoppH K
PASHOCTH Uy, — Uy
[ty = tmy |3 < cf[tim; =ty [ 1,p- (3.14)

Otciona cpasy e NoJyyaeM, 4To NOC/IeA0BaTeNbHOCTb {u,, } C CH(RY)
apaserca dynnamentanshoil B C*(RY). CrenopatesbHo,

Uy — u  cunpHo B CHRY).

Tenepnr mepeiimem B HepaBerctBe (3.14) k mpemeay mpu m; — 400 ©
NOJIYyYHUM HepaBeHCTBO

[u = umy[x < cflu = tm,ll1p-
Ho TOrga MMeeT MEeCTO HepaBEeHCTBO
ulx < | = umy[x + |umyx < cllt = vm, [[1p + cllttm, [|1p-

3ameTuM, 4TO
wm, 1o = llullip] < llu = twm, [|1p-

Orcrona nosaydaem, uto
[umsll1p = lullip mpu mg — +oo.
Tenepb mepeiizeM K mnpemeny NpU Mg — +00 H TOJNYYUM HepPaBEHCTBO

MoppH, Ho yxe nas dynkuuit uz WHe(RY),
Teopema nokasaHa.



Cemunap-Jlekuus 11

ABCTPAKTHBIE ®YHKIIUN

§ 1. A6crpaktHbie pyHkuuu. HenpepoiBHOCTD, nipene

[lycts B — GaHaxoBOo MpPocTpaHCTBO ¢ HOpMOH ||.||. Js mpocToThI
OyfeM CcYyMTaTb 3TO NPOCTPAHCTBO BellEeCTBEHHBIM. B KauecTBe mpocToro
MOJIe/IbHOTO TIpHMepa Ha MepBbIX Mopax MOXKHO MMeTb B BHAy B = R?
c 0oOBbIYHOH eBKJIMIOBOH HopMod. OmHako ciefyeT UMeTb B BHIY, YTO B
HanboJslee MHTEPECHOM /ISl HAC C/lyyae NPOCTPaHCcTBO B OyneT 6eCKOHeUHO-
MEepHBIM, YTO MOBJIEUET CBOM XapaKTepHble 4epThl, He MMeIOllHe aHaJOroB
B KOHEUHOMEPHOM H CKaJsipHOM caydasX. (CkasaHHOe, KOHEUHO, He TpOTHU-
BOPEUMT MPUMEHHUMOCTH BCEX M3JI0KEHHBIX PE3y/abTaToB K caydawo B = R.)

Onpenenenue 1. Abcmpakmmuoli ¢yukuueldl 6ydem Hasviamob
Qynkyuro x(t) uucrosoeo apeymenma t co 3HaueHusmu 8 6AHAXOBOM
npocmparcmee B.

Kak npaBusio, B nanbHeieM 06/acTbio onpenesneHuss (GyHKUHH OyneT
YHCJIOBOH MPOMEXKYTOK 7, TaK UTO MbI OyfeM pacCMaTpPHBaTh (HYHKIHN

x:7T — B. (1.1)

MoXKHO TpPOBEpPUTH, UYTO [Jisi Ka)AOr0 (PUKCHPOBAHHOrO 7 MHOXKECTBO
¢dyukuuit (1.1) obpasyer JHHEHHOE MPOCTPAHCTBO (BElLECTBEHHOE, ECJH
MPOCTPAHCTBO B BEIIECTBEHHOE), €C/IH MONOXKHTh

(+y)(t) =2(t) +y(t),
(\z)(t) = Aa(t).

Ha abcTpakTHble (PyHKIUY TIEPEHOCATCS MHOTHE TIOHSITHS TEOPUU 0ObIU-
HbIX BellleCTBEHHBIX (PyHKUUH. JlaluM COOTBETCTBYIOLLHME ONpeleseHHUs.

Onpenenenue 2. Dynkyus x(t) Hasvi8aemces ozpanuienHoOl Ha
mHoocecmse T, ecau

IM >0 VvteT |z(t)| < M.

Onpepenenune 3. Qynkyusn x(t), onpederénnas Ha npomexcym-
ke T, nasvieaemcs Henpepovleroli 8 mouke ty € T, ecau

Ve>0 30 >0 Vte (to—0,to+0)NT |z(t) —z(t)| <e.
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Onpenenenune 4. Pyukyus x(t) HazviBaemcs HenpepolBHOL Ha

npomesxcymre T, ecau oHa HenpepvisHa 8 KAHCOOU mouke 3moeo npome-
acymra. [lpu amom ecau NpoMescymox He A8ALemcs OMKpPbLMbvlM, MO 8
moukax T N 0T nodpasymesaemcs 00HOCMOPOHHSAAL HENPEPLIBHOCTb.
Onpenenenue 5. logopam, umo ¢pyukyus x(t), onpederénnas na
npomexcymre T, umeem npedea xo € B 6 mouke to € T '), ecau

Ve >0 30 >0 Vte ((to—0,t0) U(to.to+08))NT [la(t) — zol <e.

Ha cnyuait abeTpakTHBIX (YHKIMHA 060611aI0TCS yTBEPXKAEHHUS O Mpe-
Jlesie U HelpepbIBHOCTH CYMMbI U Pa3HOCTH (PYHKLHH, O JIOKaJbHOH OrpaHH-
YeHHOCTH (PYHKLHH, HEpPEpLIBHOH B TOYKe g UM HMeIoLled B HeH KOHed-
HBII TIpefient 2) , a TaKsKe M3BECTHbIE CBOMCTBA (DYHKLMH, HENpPepbIBHBIX HA
OTpe3Ke: UX OrpPaHHUYEHHOCTb, NOCTHKEeHHE TOUHBIX I'paHell U paBHOMepHas
HernpepbiBHOCTh. ([l0Ka3aTesbCTBO COOTBETCTBYIOLIMX YTBEPXKIEHUH BXO-
IUT B 3anauu.) UTo KacaeTcss yMHOXKEHHS, TO 31eChb CHUTyallhsl HECKOJBKO
cloxHee. Jleso B TOM, YTO B NPOU3BONBHOM 0OaHAaXOBOM IPOCTPaHCTBe
YMHOXKEHHUE 3JIeMeHTOB He ompefiesieHo. OnHaKo ompeleseHO0 YMHOXKEHHe
Ha 4YMCJIO U «yMHOXeHHe» JIMHEHHOro ornepartopa Ha 3jeMeHT. Kpome Toro,
caMo paccMaTpHBaeMoe MPOCTPAHCTBO MOXKET 0Ka3aThcsl 6aHAaX0BOU anreb-
poi, B KOTOPOH yMHOXKEHHe 3JeMeHTOB ompezesneHo. UTtobel omucaTb Bce
3TH CUTyalHH, PaCCMOTPUM HEKOTOpble GaHaxXoBBl MpocTpaHcTBa B;, 1 =
= 1,2, 3, u npeanonoxum, uyto Ha B X By onpepeseHa onepanus

(x,y)—ay=x-y€ By (x € By, yE By),

npuuém VA € R, Vz, 21,20 € By, Yy, y1,y2 € By

D May) = (Ax)y = z(Ay);

2) (z1 + z2)y = 1y + T2y

3) z(y1 + y2) = Y1 + TYo;

4) llzylls, < =l lyll5,-

Jlerko BUIETB, UTO [Ji51 IEPEUYHCIEHHBIX paHee «yMHOXeHHE» cBoicTBa 1)—
4) BuinoJHsIOTCS. Beropy nasee moi yMHOXKEHHEM Mbl OyneM MOHHUMATh
OMepaI1io ¢ OMUCAHHBIMH CBOUCTBAMH.

Teopema 1. [lycmo ¢pynxyuu x(t) co snauenusmu 6 By u y(t) co
3Hauenusmu 8 By onpedenernsvr 8 Hekomopoti okpecmuocmu (NPoKoAO-
moii okpecmnocmu) mouku ty, a ymHOxMCeHue menly npocmpaHcmea-
mu By u By obaradaem ceoticmseamu 1)—4). Toeda ecau smu @yHk-
Uuu HenpepvieHbl 8 mouke tg, MO u UX npoussedenue Henpepv.BHO
(ecau limy_y x(t) = a1, lime_y y(t) = y1, mo limy_y, z(t)y(t) = x131).
(Ananoeuuroe ymeeprcdete 8epro OAsL NOAYOKPECMHOCMELL. )

') Umeercs B BULY 3aMblKaHHe npoMexxyTKa 7.
%) O GeckoHeuHOM TpefieJie ecTeCTBEHHO TOBOPUTS, ecu limy_q, [|y(t)|| = +oo.

8 M. O. Kopmiycos, A. A. [Nauun
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Hawm 6yner BaxkeH c/aydail, Koria NepBbld COMHOXHTEJb — OMepaTop-
HBIH UJU YHCJOBOH.

§ 2. JuddepeHnpoBanre adCTPaKTHBIX (PyHKIUI

Onpenenenne b. [lycmo gynkyus x(t) onpederena Ha npome-
aymre T, to € T. Ecau cyujecmsyem npeden

((t) — x(to)),

r; = lim
t—to t — 1o
OH Hasvieaemcs npoudsodrol ¢gymukyuu x(t) 8 mouke ty. (B cayuae 00-
HOCMOPOHHE20 npedesa 2080pAm O coomeemcmsayroujeti 00HOCMOPOHHEl
npoussooHoLL.)
[Tosb3ysicb cBOMCTBAMHU NpenesoB, HETPYAHO 0Ka3aThb CBOWCTBAa AM(-
(hepeHLIUPOBAHUS:
D (z+y) =2"+y;
2) (zy)' = 2"y +zy’
YacTHBIMH CJy4assMd BTOPOTO CBOHCTBA SIBJISIETCS TPABUJIO BbIHECEHHS
YHCJIOBOTO WJIH TIOCTOSIHHOT'O OMEPATOPHOTO MHOXKHTEJIS 32 3HaK AU pepeH-
LMPOBaHHUS, TIPU STOM ONEPATOP MOXKET ObITb JHHEHHBIM (PYHKLHOHAJIOM:

(A-z(t) =x-2'(t), (A-z(t)=4-2'(t), ((f.x@) = (f.2"(1)).

§ 3. UurerpupoBanue (no Pumany)

Ilnsi MoCTpOeHUs] PUMAHOBCKOTO MHTerpaja Mo OTpe3ky [a,b] oT
abCTpaKTHEIX (DyHKLIHMH JeHcTByeM CTaHAApTHEIM _oOpasom. Bsogum
pasbuenre ¢ ormedeHHbiMH Toukamu T = ({t; | i =0, N,a =ty < ... <
<ty =b},{r|i=1,N,7 € (t;-1,t;)}), ouamerp pasbuenus 6(T) =
= max,_y(t; —t;_1) 1 HHTErpajibHble CyMMbl

S(T, $) = Z.Z’(Ti)(ti — ti—l)-

n=1

Pas6uenune T' nuamerpa d 6yneM mJsi KPATKOCTH Ha3bIBATb §-pa3OHEeHHEM.

Onpenenenue 6. Fnemenm I € B Hasvisaemcs npederom urme-
epanvroix cymm S(T, ) pynkyuu x(t) npu duamempax pasbuenus 6(T),
cmpemsujuxcs Kk 0, ecau 0aa awboeo € > 0 naiidémes maxoe § > 0, umo
05 ar060eo pasbuenus T ¢ ommeuernnomu moukamu npu ycaosuu §(T') <
< § BLINOAHEHO HepaBeHCmBo

I1S(T,z)—1I|| <e. (3.1)

Ecau makotl anemenm I cyujecmsyem, mo oH HA3bl8AEMCS UHMESPALOM
Pumana om ¢pyukyuu x(t) no ompesxy [a,bl.
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Teopema 2. Henpepoisnas na ompeske |a,b] ¢ynkyus unmeepupyema
no Pumany na amom ompesxe.

[Ipexxpe 4eM TPUCTYNHUTh K HOKA3aTEJNbCTBY TEOPEMbl, OTMETHM, UTO
MBI He MOXeM BBeCTH aHajoru cymm JlapOy, MockojbKy B 0OaHaxoBOM
NPOCTPaHCTBe HeT yropsnodeHusl. OfNHAKO MOXKHO pacCyKIaTb HENocpes-
CTBEHHO. MBI 0Tae/IbHO ChOPMYNUPYeM H JOKaXKeM [Be JIEMMBI.

Jlemma 1. Ecau T ecmo uszmenvuerue d-pasbuenus T, mo npu aobom
8bL60pe OMMEUEHHbIX MOUeK 8 Kaxdom u3 amux pasbueruti

HS(T, ) — S(T, x)H < w(®)(b— a),

ede
w(d) = sup (1) — z(t2)]-
[t1—t2]| <8, ti1,t2€[a,b]

Jloka3aTeabCTBO.

1. PaccmoTpuM OnHH U3 OTPe3KOB [t;_1,t;] cTaporo pasduenus 1. [pen-
MOJIOXKKUM, Ha HEM MOSBHUJIMCH HOBble TOYKH. [lJis HATVISIAHOCTH PACCMOTPUM
cayda#t no6aBneHWss onHOM TO4YKW. [lycTh HOBble HOMepa To4yeKk cyThb k,
kK+1, 1. e tp_y =ti_1, t € (ti—lvti)atk—i-l = t;. Torma pas Jaw6oro
BHIOOpA OTMEYEHHBIX TOYEK CTaporo pasbuenus 7; € [t; — 1,¢;] u HoBOTO
pas6ueHus N € [tk—1,tk], Me+1 € [tk tht1] UMEEM

[(ti = tim1)z(r) — (b — te—1)2 (k) — (tet1 — te)z (1) || =
= [[(tk41 — to—1)z(7i) — (tk — to—D) (k) — (1 — ti)z (i1 || <
< Err = te) (@(7) — 2 )] + | (Er — te—1) (@(73) — 2(me))[] <
< bt = telllo (i) — 24|+ [ts — te—r[ll2(7) — z(me)) || <
< [tog1 = te|w(8) + [tk — to—1|w(0) = (g1 — te—1)w(8) = (t; — tim1)w(d).

2. DTy Uenoyky cJenyeT OYeBHIHBIM 00pa3oM MOAU(PHIIMPOBATh, €CJH
n06aBuJIoCh GoJblile ONHOH TOYKU pa36ueHUs UM He N0O6aBUJIOCh HU OfHOM
TOYKH, HO IIOMEHsJachb OTMeueHHass Toudka. CkJaabiBast (mJsi 9TOTO HaM
CHOBa HY>KHO HEePaBEHCTBO TPEYTrOJNbHHKA) MONOOHbIE HEPABEHCTBA MO BCEM
OTpe3KaM HCXOAHOTr0o pa3bHeHHs, MoJaydaem

|S(@.2) = S(T,2) | < w@)(tx — t0) = w(0) (b - a),

4TO U TPe6OoBaJOCh.

Teopema nokasaHa.
Jlemma 2. Ilycmo T\, Ty — npoussosvisie pazbuenus duamempos 0 u &
COOMBEMCMBEHHO, U NYCMb HA HUX NPOU3BONbHbIM 00pa3om evlbparvl
ommeuerHvie mouku. Tozda

1S(Th, 2) = S(Ts, z)|| < (w(f) + w(e€))(b—a). (3.2)

8
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JlokasaTeabCTBO.

Paccmorpum paséuenue T3 = 77 U Ty ¢ MpOU3BOJNBHBIM BBIOOPOM OT-
MeueHHBIX ToueK. Torma pasbueHue T35 ecTb H3MesbUeHHE KaXKIOTO U3
pas6uenuii T} u Ty. CyeoBaTeibHO, COMJIACHO MPEAbIAYILEH JeMMe UMEEM

15(T3, 2) = S(T1, 2)|| < w(6)(b - a),
15(T3, @) = S(Tz, 2)|| < w(e)(b - a),

OTKYZa C TOMOLIbIO HepaBeHCTBA TPEYroJbHHKA MosydyaeM (3.2).

JlemmMa nokasaHa.

Temepb MBI MOXKeM 3aBepLIMTh OKa3aTeJbCTBO TeopeMbl. PaccMoTpum
MPOM3BOJIbHYIO YHCJOBYIO MOCJAEI0BaTeNbHOCTh O, — 0. [locTpoum mis
KaXK[oro d,, HekoTopoe pasbueHue 1, ¢ AHAMETPOM J, U MPOU3BOJBLHBEIM
BBHIGOPOM OTMeueHHbIX ToueK. [TockosbKy w(d,) — O (B cuy paBHOMEpHO#H
HEeNpepblBHOCTH (DYHKLMH, HENpepblBHOM Ha OTpe3Ke, C MOMOLIbIO JeM-
Mbl 2 HETPYAHO YCTAHOBHTb, YTO MOCJEN0BATEJbHOCTb COOTBETCTBYIOLINX
UHTETpaNbHbIX CyMM (yHAaMeHTasbHa. CJjlefoBaTe/IbHO, OHA CXOAMTCS K
Hekotopomy npeneay I (mpoctpancTBo B 6aHaxoBO, a 3HAYWT, MOJIHO).
Yrobbl [0Ka3aTh, YTO MOC/AEI0BATENbHOCTh UHTErPANbHBIX CYMM CXOAUTCS
K TOMYy e mpefeny I B cMbicjie ompelesieHHsi 7, HAM HYXKHO [Jisi BCSIKO-
ro € > 0 ykasaTtb Takoe d > 0, uto ans Jwo6oro pasdueHus 1 nuamerpa
MeHbllle § BBINOJHEHO HepaBeHcTBO (3.1). Iasi 3TOro Mo 3afaHHOMY &
BeiGepeM Takoe Ny € N, yto npu Bcex n > Ny BepHO

1S(Tn, ) = 1I|| <&/2. (3.3)
[Tpu 3TOM, OUEBHAHO,

sup {0, } =0 < +00. (3.4)

n> Ny

Tenepb, €CJIn HOHa[[O@I/ITCH, yBeJINYUM N HaCTOJbKO, YTO

sup {0} < o1, o1 w(o)) < £ (3.5)

n>Nj 4(b_ Cl)

(Takoe o) CyllecTByeT B CHMJy DaBHOMEDHOH HENPEPBIBHOCTH (DYHKLHH,
HENpepbIBHOH Ha OTpe3Ke, T. e. BbiOepeM Takoe N; > Np. OueBuzHo,
HepaBeHCTBO (3.3) OyneT TeM GoJiee BBINONHEHO [/ BCeX 1 HaunMHas ¢ Nj.
Torna nas so6oro paséuenust 1 ¢ fuaMeTpoM MeHblle 0| HE3aBUCHMO OT
BBIOOpA2 OTMEUEHHBIX TOUEK MOJYUHM

IS(Tny11,2) = S(T, z)|| < (w(o1) +w(o1))(b—a) <
|S(Tw,41,2) — I|| <e/2.

¢
5

Otcrona u Gyner ciefoBaTh, 4To

IS(T,z)—1I|| <e.
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Takum 06pasom, d(¢) B onpeeseHUH NPeiea HHTETPATbHBIX CYyMM CJELYEeT
BbIOpATb PaBHBIM 0.

Teopema nmokasaHa.

[lepeuncaiM OCHOBHBIE CBOWCTBa MHTerpasa. st mpocToTel Oynem
paccMaTpuBaTh JHIIb HMHTETPajsbl OT HENpPEepbiBHBIX (YHKLUHH, MO3TOMY
BOIPOC O CYL1eCTBOBAHUM MHTErPaJoB, BXOASALIUX B TOXKAECTBA, NPOOJeMbI
He HpeﬂCTaBJIHeT

1. j (1))dt = j (t)dt + [ (t
2. f )\x )\f t)dt, )\—const
3. [, x( _j dt+j t)dt, a < ¢ <b.

llﬂﬂ ﬂOKa3aTeﬂbCTBa 3TUX TOH(ﬂeCTB AOCTAaTO4YHO PACCMOTPETb HEKOTO-
pble ocJ/sie10BaTeJIbHOCTHU HHTeraJIbeIX CyMM C I[I/IaMeTpaMI/I, CTpeMHLL[I/I-
mucs K Hyawo. [Ipu 3ToM nsis JieBo#l uyacTH TOXxAecTBa 2 cJenyer OpaThb
TOJIBKO pa36HeHHﬂ coaepmau_me TOUKY C.

4. Hj dtH < [P (el dt.

llﬂﬂ J0Ka3aTeJqbCTBa 3TOro CBOMCTBA JOOCTAaTOYHO PaCCMOTPETb MocJie-
J0BaTeJ/JIbHOCTb pa36I/I€HI/II/I I[JIH Ka}KJlOI/I HHTeraJIbHOI/I CyMMbl aHaAJIOTHY-
HO€ HEepaBEHCTBO CJeNyeT H3 HEPABEHCTBO TpPEYroJbHUKA. Hepexoga K
npefiesly B UHCJAOBOM HEPaBEHCTBE, MoJydyaeM Tpebyemoe.

5. Jlnsi yMHOXKeHHSsI, CBOKCTBA KOTOPOrO OTOBOPEHBI BHIIIE, BEPHBI TOXK-

JecTBa
b

Jéx(t)y dt = j[x(t)dty, ny(t)dt = xiy(t)dt.

a

B yacrtHocTH,

b b b b
JAa:(t)dt - AJx(t)dt, J(f,x(t))dt - <f,Jx(t)dt>.

T0 CBOHACTBO MpeA/araeTcsi 0KasaTb CaMOCTOSTENbHO.
6. Popmyna Hoewronma—Jledbuuna. [yemo z(t) €
€ C([a,b]; B). Toeda

b
Jx’(t)dt — 2(b) - 2(a). (3.6)

Jloka3aTenbCTBO.
s moboro auHelHOro (byHKUMOHaNa f € B* B cusly paHee JOKasaH-
HbIX CBOHCTB IU(QepeHIUPOBAHNSA U HHTEIPUPOBAHUS HMeeM

b

b
<f,jw'<t>dt> = [eraoa Jj<f #(0)) = (£,2(0)) ~ (f, (@),

a
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rjie rocjejHee paBeHCTBO ciaeyneT U3 (opmyabl HbloToHa—JlelibHuna pis
4uc/I0BbIX (PYHKUHH. TlockosbKy, TakMM 06pa3oM, paBeHCTBO

b
<f,jx'<t>dt> — (f,2(b) - z(a))

CrpaBefJIUBO AJs Bcex f € B*, To, B CUJy CJENCTBUS U3 TeOpeMbl XaHa—
Banaxa, BepHO ¥ paBeHCTBO (3.6).

dopmMysna nokazaHa.

OcnabneHHass TeopeMa KOHEUHBI X NpupauweHuil. [as
8cAKoOL HenpepuleHo duddeperyupyemoil Ha ompeske [a,b] pynkyuu (t)
umeem

b
[2(b) = z(a)[| < J\Ix'(t)lldt < (b—a) sup [l (t)].
tela,b]
a

Sameuanue 1. Teopema Jlarpamxka (1 Posist) He mepeHocsTCsl Ha
caydail abeTpakTHBIX (DYHKIHUE HerocpencTBeHHO. PekomeHpmyeTcsi camo-
CTOSITEJIbHO MPUBECTH KOHTPHUMEP.

VIHTErpupyeMoCcTh HENMpephIBHOK (DYHKIMH MO3BOJIAET A5 JH060H (yHK-
unn z(t) € C([a,b]; B) paccMOTpeTb HHTErpajs C IMepPeMEeHHBIM BEpPXHUM

npejesoM

y(t) = JI(T)dT.
7. Iyers z(t) € C([a, b]; B). Torna

Loty = a(t), t e [ab]

z(r)dr € C'([a, b]; B), o

y(t) =

Qe o

(kak ¥ Besme, B OUEBHUAHBIX CJIydyasix MOAPA3YMEBAIOTCS ONHOCTOPOHHHE
TIPOM3BOJHLIE).

O PaccmoTpuM AJsi  HAMISOHOCTH JIMIIb [PaBYyK [POU3BOAHYIO,
T. e. At > 0. Umeem

t+At t t+At
y(t+ At — y(t) = J o(r)dr — Jz(T)dT _ J (r)dr.

CJeoBaTeJIbHO,

e+ ) — y(0) — (1) = 3 (b + A1) — (1)~
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t+At
At |

- =5 | @) =aar

[Tockosbky (hyHKUHs 2(t) HempepblBHA Ha [a, b], HMeeM
Ve>0 30>0Vre[t,t+0) ||z(r) —z(t)| <e.

Ho torna npu Bcex 0 < At < § uMeeM

1

HN@(H A - (1)) - ””“)H <

1 t+At 1 t+At
< — _ < — -
< J la(r) — (t)dr < < J —
t t
a 3TO U O3HA4aeT, 4yTo
o ,
plim AW+ AL —y(t) =2(t) wm y, =a(t),

Te HUHIEeKC 7 0003HayaeT MpaByl NpPou3BOAHYMW. [IpoBenst aHasoruyHble
paccykIeHusi JJisi JIeBOH MPOM3BOAHOH, mosydaem B urtore y'(t) = x(¢)
BCiony Ha [a, b]. W

3aMeuyaHHue 2. B rpaHuuHbBIX TOYKax OTpe3Ka MOAPA3yMeBAIOTCH
COOTBETCTBYIOIINE OfHOCTOPOHHHE MPOHU3BOAHBIE.

3ameuanue 3. Ha ciyuail 6aHax0BO3HAUHBIX (PYHKLHE TeopeMa O
CpenHeM 3HA4YeHWH MJis MHTerpaJja HernocpelcTBEHHbIM oOpa3oM He 0600-
uaetcsi. PekoMeHyeTcst IpUBECTH KOHTPIIPUMEP.

§ 4. Jlemma o npogoaKeHUM B TOUKY

Jlemma 3. Iycmo ¢pynxyus x(t) onpederena u HenpepoisHo Ougpeper-
yupyema 8 Ae80L NOAYOKPECMHOCMU MOUKU to, M. e.

a(t) € C'((to — 7, t0); B),
u nycmo cywecmsyem npeden

= i "(t).
x| t_)ltom_ox()

Toeoa:
1) x(t) nenpepoiero npodorscuma 00 Pynkyuu

.%(ﬁ) S C((ﬁo — ’y,io];B);

2) z)(tg) = x| (ede undekc | o3nauaem nesyio NPoussoOHY0).
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I[OKa3aTeJIbCTBO.

1. U3 CyLIeCTBOBaHUA JIEBOr'O IIpeneJia l'IpOI/I3BOJlHOI>'I CJeayeT, 4To 3Ta
NPOU3BOJHAS OTPaHUUYEHA B HEKOTOPOH NPOKOJIOTOH MOJYOKPECTHOCTH TOU-
KH g:

3¢ €(0,4], IL >0 Vt € (tg—C, to) |2/ ()] < L. (4.1)

B cuay crenctBusi M3 CBOFCTBA 7 MHTErPasOB OTCIOAA BBITEKAET JIMIILIMLL-
HenpepbiBHOCTb GyHKUMK x(t) Ha (o — (,tg) ¢ KoHcraHToH Jlununua L.
CuenoBaresibHO, A1 QYHKILMK z(t) BbIMOMHEHO ycjoBHe Komw cyecTBo-
BaHMsI JIEBOTO TIpelesia B TOUKe o H

Jrg= lm x(¢). (4.2)

t—>t0—0

[TosoxkuM
- t), t to— v, t0);
:E(t): x() e(0 70)
Zo, t= ﬁo.
OueBnuHO, nocTpoeHHasi (GyHKUHMs HempepbiBHA Ha (tg — y,tp]. Ocrasnocn
1oKasatk, uTo Z;(to) = 1, T. €. 4To

li t) — =
g 0 —0) =
HJIU

. 1
A},l—1>n+0 Kt(xo —z(ty — At)) = xy.

Uro6el Bocnosb3oBaTbes (opmynol Heiorona—Jlelibuuna B Toil Gpopmynu-
POBKe, KOTOPYIO MBI paHee A0Ka3aJu, BBeLEM HempepeiBHYIO Ha (fo — C, o)
(hyHKLHIO
= [P0, teto—Cto)
xIy, t= to.
(Mbl moka He MOXKeM yTBepkmaath, 4to I’ (tg) = z(fp); Hama ueab —
JI0Ka3aThb 3TO.)

2. Tlpu kaxmom 0 € (0,¢) moxeM 3amucatb Qopmyny Hbrootona —

Jleiibuuua
t0—5

z(t)dt = z(tg — 6) — x(to — At). (4.3)
to~At

Yerpemum § x mymo. Torma, ¢ onHOH cTopoHsl, (tg — ) — xo (cm. (4.2)).
C npyro#t cTOpOHH,

to—0 to
()t — J ()dt,

to— At to— At
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ITOCKOJIbKY

to to— 8 to to

f ()t — J ~(t)dt| = J ()t < J I2(t)|[dt < 5L — 0.

to—At to—At to—5 to—6

31ech HCIOJb30BaHbl HEMPePbIBHOCTb (MYHKLKK 2(t), oueHka (4.1) u BbiTe-
Karolias U3 Moc/eHed B CHJIY YCJOBHS JIEMMB olieHKa ||z(to)|| < L.

3. Wrak, nepexonst K mpenesy B 00eux yacTsx pasencrsa (4.3), mosy-
yaeMm

to
z(t)dt = xg — x(tg — At). (4.4)
to— At

Torpa us coorHowtenuit (4.3), (4.4) umeem

z(T)dr = Z(t) — Z(tg — At)
to—~At

npu Beex t € [tg — At, tp], mpuuéM monbiHTerpasbHasi QYHKIHS HEnpephbiB-
Ha. [Ipumenssi Teneps B ToUKe ¢ = {( yTBepKIeHNE O OTUPPepeHIIUPOBAHUH
MHTerpasa 1o BepxXxHeMY ITpefiesty (CBOHCTBO 7 MHTerpasa), nosydaem

E’(to) = Z(to) =,

4TO U Tpe6oBaJoCh.
JleMma nokasaHa.

§ 5. 3amauu Qs CaMOCTOSITEJIbHOTO pelIeHHs

3amaua 1. IlpoBepuTb, UTO MHOXECTBO aGCTPaKTHBIX (DYHK-
unid x : 7 — B (npu ¢uxcupoBanHbix 7 u B) o6pasyer JuHeiHOe Mpo-
CTPaHCTBO.

3angaua 2. CchopmynupoBaTb U 10Kas3aTb Kputepui Komu cyuiectso-
BaHUs Mpefesa N5 abCTPaKTHBIX (DyHKLHMH.

Sanaua 3. Jlokasath, uto (YHKIHUS, UMEIOLas Mpeaes B JaHHOH
TOUKe, OrpaHHYeHa B HEKOTOPOH €& OKPECTHOCTH.

3apaua 4. JlokasaTb TeopeMbl O HENPEpLIBHOCTH U Mpefese CyMMbl
abCTPaKTHBIX (PYHKLHH.

3agaua 5. CchopMyaHpoBaTh U 10Ka3aTb TEOPEMBI O CBSI3H OIHOCTO-
POHHEro W OOBIUHOrO Mpefesa, OMTHOCTOPOHHEH U OOBIUHOH HENMpPEepPBIBHOCTH,
OJIHOCTOPOHHEH M 006BIUHOH AH((epeHLHPyeMOCTH.

Gamaua 6. JlokazaTb, uTo yHKLHMs, HEMPEPbIBHAS HA OTPe3Ke, orpa-
HMYeHa, a eé HOpMa J[OCTUraeT CBOMX TOYHBIX TpaHell. YKasanue. ITo0
MOKHO cieq1aTh MO0 HeloCpeaCcTBEHHO, JIMO0 COCNABIINCh Ha MOAXOASALLYIO
TEOpeMbl JIEKIIUH 0 KOMIIAKTHOCTH.
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3apauva 7. JlokasaTb, 4To (DyHKIHS, HelIPePbIBHAS Ha OTpe3Ke, paB-
HOMEpHO HelpepblBHA. YKazaHHe. ITO MOXKHO clesaTb JUOO Hemocpes-
CTBEHHO, JIUOO COCJIABLINCH HA MOAXOASIIYI0 TEOPEMbl JIEKLHH O KOMIAKT-
HOCTH.

Ganaua 8. JlokazaTtb Teopemy 1.

Samaua 9. [okaszaTb cBoiictBa 1), 2) onepaunu nuddepeHurpoBa-
HHUS.

3amaua 10. [lokasaTb CBOHCTBO 5 HHTerpasa.

3apaua 11. [IpuBecTH KOHTpIpHUMep, MOKA3bIBAIOILKX, YTO TEOpeMa
JlarpaH:xa o KOHeUHBIX TIPUPALLEHUSAX H TeOpeMa O CPefHEM [/ UHTerpaJa
HENOCPEACTBEHHO He MePeHOCATCs Ha Cayuald abCcTPaKTHBIX QYyHKIHH.



Jleknuga 11
ABCTPAKTHOE UHTEITPUPOBAHUE

§ 1. UHTerpan boxuepa

[lepefinem kK mocTpoeHHIO HHTerpasa bBoxHepa, siBasiollerocs 6aHaxo-
BO3HauHbIM 060061IeHHeM HHTerpana Jlebera.

Kak u B cayyae uHterpasna Jlebera myTb y Hac HMeeTCs HU3MEpHUMOe
npoctpanctBo ([0,T], M, ) — 5TO H3MepHMOe MPOCTPAHCTBO, COCTOSILIEE
us [0,7] C R}, o—anre6psl ero mogmuoxects M u mepb JleGera g,
onpenenenHoit Ha M. KoHeuHo, kak u uHTerpan Jlebera nHrerpan Boxxepa
MOXXHO CTPOMTb M [/ MHOXeCTB He Toabko Ha mpsimoii R'. Ho mac
B fajbHeillieM OyneT HHTepecoBaTb HHTerpaj DoxHepa Ha «BpeMeHHOM»
otpeske [0, T]. Hanum crenyioliee onpeeseHHe.

Onpenenenue 1. [Ipocmoii pynkyueti h(t) na ceemenme [0,T) co
3HaueHusMu 8 baraxosom npocmparcmee B mor nazosem caedyrouiyio

pynkyuro:
h(t) = bixi(t) b €B, (1.1)
i=1

20e dasn kamcdozo i = 1,n ¢yukyus x;(t) — amo xapakmepucmuueckas
pyHKyus Hekomopoeo muoxcecmsa S; € M:

(3

) def |1 npu te€S;
10 npu te€[0,T\S;.

Hpuuem S;NS; = @ npu @ # j.

Tenepb Mbl MOXeM ONpeAeTUTh UHTErpaJd DoxHepa AJisi MPOCTHIX (HYHK-
uuh. Hanum onpenenexHue.

Onpenenenue 2. Humeeparom Boxmepa om npocmoii ¢ymnxyuu
h(t) na ompeske [0, T| nasvieaemces caedyroujas 8esutuna:

T

[[1(6) a3 bints,). (12)
i=1

0

Hakoneu, MoxkHO BBecTH HHTerpai boxHepa mpasi mpousBonbHOH B—
—3HauHo¥ (yHKunu f(t) caepyoumm obpasom. Janum ompenesneHue.
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Onpenenenue 3. Humeepasrom Boxmepa om npousgosvroi B—
—3Haunoli Qyukyuu f(t) Hasvleaemcs caedyroujas 8eAULUHA:

T T
[ e [ (13
0 0

ede npeden NOHUMAEMCS 8 CUALHOM CMbicie BAHAX08a4 NPOCMPAHCMBA
B npu ycaosuu, umo cyujecmsyem makas nocaedosamenvrocms {hy(t)}
npocmoix pyrkyuil, cxooaujancs p noumu sciody wa [0,T] cusvno 8 B k

Qynrkyuu f(t), npuuem

hm‘Mﬂﬂ—mﬁWMWUZQ (1.4)

n—-—+o0o
0

31ech ecTh OOMH TOHKHH MOMEHT. MBI M0OKa He N0OKa3asu, YTO CKaJgsp-
Hast (PyHKLUS
1) = hn (D],

cTosillasi Mo 3HakKoMm HHTerpana JleGera (1.4) pu—wu3MepuMa Ha OTpe3kKe
[0,T]. HeiicTBUTENBHO, 9TO HEOGXOOUMO MPOBEPUTh. IlJisi OTBETA HA STOT
BOIIPOC Mbl HEMHOT'O YIJIYOUMCSl B TEOPHIO U3MEPUMOCTH B—3HauHbIX (DyHK-
LMH.

Kpome Toro, Heo6X0oAMMO [0Ka3aTb He3aBUCHUMOCTb mpenesa (1.3) ot
BBIGOpA TOCe0BaTeNbHOCTH { Ay (E) ).

§ 2. CusbHad u caabasg U3MepPUMOCTD

Jannm onpenesieHus.
Onpenenenue 4. B—snaunans ¢yukyus f(t) Hasvieaemes p—
—caabo usmepumoti na ompeske [0,T], ecau 0as kamdozo f* € B*

pynkyus
(f (@) (2.1)

asasemcs p—usmepumorl na ompeske [0,T.

Onpenenenue 5. B—snaunans @yukyus f(t) nasvieaemes p—
—cunvto usmepumoti na ompeske [0,T], ecau cywecmsyem nociedo-
samenvtiocmo {hy,(t)} npocmewx gynkyuii na ompeske [0,T), cuavro
cxodsuwasnca 8 B k f(t) p noumu eciody na ompeske [0,T], m.e.

lf(&) = hn(®)|| = +0 npu n — +oo.

CrnpaBensnBa ciefyollast BaxkHasi Teopema IleTTHca, 10Ka3aTesbCTBO
KOTOpOH npuBesneHo B [11].
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Teopema 1. H3 p—caaboii usmepumocmu B—snaunoii ¢pynxyuu f(t)
soimexaem, umo || f(t)|| seasemes p—usmepumoti na ompeske [0,T] npu
ycaosuu cenapabesvrocmu B.

Jloka3aTenbCTBO.

llae 1. PaccMoTpuM [Ba CJAEAYIOIIMX MHOXKeCTBA:

A={t lfOI<a) n Ap={t: [(f5 F(E) <l

3aMeTuM, 4TO B CHJIY (—CJaBod U3MEPUMOCTH (DYHKIMH f(t% MHOKeCTBO
A« sBasercs p—usmepumbiM Ha otpeske [0, 7. [lockosabky !

IF@N = sup [(f* f(0)],

If= <t
TO UMEET MEeCTO CJeAYylollee BJIO0KEHHE!:
Ac () Ap (2.2)
I+ l<1

Illae 2. Bocnosib3dyemcsi cieiIcTBHEM U3 TeopeMbl XaHa—Dbanaxa:
CnenctBue u3 teopemb XaHa-bawnaxa. [ua kasdoco
aremenma f € B naiidemca maxoii f* € B*, umo

I =1 lfl = {7 1)

[Tostomy mast kaxnoro ¢ € [0,7] Haiinercst Takoid snement f*(t) € B*,
4TO MMeeT MeCTO PaBeHCTBO

LF@OI = @, f@), IOl =1= @« < 1.

[TosTomy umeeT MecTo 06paTHOE BJIOXKEHHE:
A> () Ap (2.3)
IF=0.<1
CrenoBatesibho, U3 (2.2) u (2.3) BHITEKaeT Cjeayiolllee PaBeHCTBO MHO-
JKECTB:
A= () Ap (2.4)

7= 1l<1

Llae 3. Ho aToro moka HenoCTaTOYHO AJisl 10KA3aTebCTBa TPEOYEMOro
pe3yJbTaT MOCKOJbKY B Ie€peceyeHn

N Ar

llf=ll-<1

') Cmotpu mepewiit Tom 1.
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y4yacTByeT HecueTHOe MHOXeCTBO MHOXKecTB. [/ TOro uToOBl MpeonoseTh
9Ty TPYAHOCTb BOCIOJIb3YyeMCsl TeM, 4TO MpocTpaHcTBO B cemapabesbHo.
CrpaBe[J/iMBa CJiefyIOlasi BCIOMOraTe/bHast JJeMMa, KOTOPYIO Mbl [IPUBEIEM
0e3 [0Ka3aTeJbCTBa.

Jemma 1. Cywecmsyem makas nocaredosamesvrnocms {fr} C B*,
Il fll« < 1, umo das kamcdoeo f* € B*, || f*||« < | naiidemcs nodnocae-

dosamesvHocmb
{fi} c{f},

lim  (f, f) = (f*,f) O0rn6cex feB. (2.5)
n —-+o0o

C ydyeToM 3TOU JIEMMBI MBI NpUXOAUM K CJeNYyIolleMy PaBEHCTBY

umo

+o0
A=Ay, (2.6)
=1

roe {f¥} — ato mocnenosarenbHOCTb U3 JeMMbl 1. Ho cuetHoe mepeceye-
HUEe H3MEPUMBIX MHOXKECTB SIBJISIETCS H3MEPHUMBIM MHOXECTBOM H, CJIef0Ba-
TEJIbHO, MHOXKECTBO A SIBJISIETCS H3MEPHUMBIM.

Teopema nokaszaHa.

CnpaBeniuBa cjefyomias JeMma.
Jlemma 2. Cunvto p—usmepumas pynkyus na ompeske [0,T] seisemcs
CAQ60 [i—U3MEPUMOLi HQ MOM Jce ompesKe.

Jloka3aTenbCTBO.

Hlae 1. Tlyers B—3naunast ¢yHkuusi f(t) sIBJASETCS CHJIBHO fi—
—usMepumoit Ha otpeske [0,7]. Torma cyiiecTByeT MOC/IEN0BATENLHOCTD
B—3HauHBIX MPOCTBIX (PYHKIHH

{hn(t)} C B,

cusbHo B B cxonsimasics kK GyHkuuu f(t) noutu Bciony no mepe JleGera p
Ha [0,7], t.e.

(&) — hn(®)|| = +0 pas mouru Bcex t € [0,7] mpu n — +oo.

Cile10BaTe/IbHO, 3Ta MOC/EI0BATEbHOCTb (—T0uTH Beiopy Ha [0, 7] crabo
B B cxonutes Kk dyHkuuu f(t), T.e.

(f*, f(t) = hn(t)) — +0 pas mouru Beex ¢ € [0,T] mpu n — +oo.
llae 2. PaccMOTpUM CJIeaYIOLIHE MHOXKECTBA:
Al) = {t: (5 fO) <al m An(t) :={t: [(f hn(D)] < e}

Has p—noutn Beex ¢ € [0, T| cnpaBeyivBo cieayioliee PaBeHCTBO:

+oo
At) = [ An(®),
n=1
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[Tpuuem
+o00
) Anlt)
n=1

SBJISIETC (—H3MEPHUMbIM KaK CUETHOe IepeceyeHHe [t—H3MEPHUMBIX MHO-
JKECTB.

CrnenoBaTesibHO, MHOXKECTBO A () TOXKe [1—H3MepUMO.

JleMma nokasaHa.

Gameuanue 1. Temepp Mbl MOXeM [0Ka3aTb, 4TO (QYHKYUA
|| f(t) — hn(t)|| s6a5emes p—usmepumoii na ompesxe [0,T].

O [HedicTBurenbHo, QyHKuus f(t) siBAseTcss B CUJIy OMNpefeseHHs 3
CUJIbHO (t—H3MepPHMOH, 3HAYMT, U3 JIeMMbl 2 BBITEKAET, YTO OHA fBJSETCH
cnabo p—wusmepumoit. [loHsiTHO, 4To mpocThie (yHKUMH hy,(t) caabo us-
Mepumbl. [asee, pasHOCTb IBYX c1abo U3MepuMbIX QyHKuui f(t) — hy, ()
sIBJIsleTCsl, O4YeBHUAHO, c/a1abo u3MepuMoi (yHKUMeHd. Temepb HOCTAaTOYHO
BOCII0/1b30BaThCs TeopeMor 1. X

Sameuanue 2. Kaxk Mbl yxe oTMeuasu, B ONpeliesieHHH 3 HUMeerT-
csl ellle OAMH TOHKHMH MOMEHT — Mbl JOJIKHBI J0Ka3aTb, YTO UHMeepair
Boxnepa om ¢gynryuu f(t) He 3asucum om svibopa annpokcumupyrouer
nocaedosamenvrocmu npocmolx gynkyuii {h,(t)} C B.

O JleHcTBUTENBHO, TYyCTh y HAac HUMEIOTCS [BE MOCJENOBATENBHOCTH
MPOCTBIX (DYHKUHH, aNmpoKCHMUPYIOLIHX ONHY M TyXke ¢(yHruuio f(t),
TOTAA M3 3THUX [BYX MOCJEN0BATENbHOCTEH MOXKHO OPraHU30BaTb TPETbHIO
MOC/IeI0BATEIbHOCTD, alNpoKcuMupyoulyw ¢yukuuo f(t). X

§ 3. HuTerpupyemoctb no boxuepy

Temepb Mbl MOXKeM [0Ka3aTh BaXKHYI0 TeopeMy, MpHHaaJjexaulyio box-
Hepy.
Teopema 2. [as mozo umober curvro p—usmepumas pynxuus f(t)
Goira unmeepupyemorl no Boxwepy na ompeske [0,T], neobxodumo u
docmamouro, umobet || f(t)|| Gbira p—unmeepupyemoii na smom e om-
peske.

Jloka3aTeabCTBO.

Llae 1. Heobxodumocms. VimeeT MecTo ciiefyolllee HEPABEHCTBO Tpe-
YrOJBHUKA:

IF@ON < M@ + 1£(E) = hn (@] (3.1)

Otmetum, uto ||hy(t)|| siBaAsteTCS i—H3MepuMbIMU Ha oTpeske [0, T]. B cuny
sameuanusi 1 ¢pyukuuu || f(t) — h,(t)|| fBaAsIOTCS [1—M3MEPUMBIMH.
W3 uepasenctsa (3.1) BbiTekaeT u—uHTerpupyemocts dyuxuuu || f(¢)|.
Hlae 2. Jocmamounocms. Ilycts {h,(t)} 3To mocienoBaTesbHOCTh
MPOCTHIX (PYHKUHMH, u—TouTH Beiopy Ha otpeske [0, 7] cumbho B B cxons-
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wasicss K pyHKuud f(t). PaccMOTpUM HOBYO MOC/I€I0BATENBHOCTb TPOCTHIX
(yHKLIMH:

wa(t) & {hn@v mpu (R (D)) < IS (1 +771)
n 0, npu ||hn(t)|| > ”f(t)” (1 —l—n_l) .

Heno, yTto

lim [|f(t) —wn ()] =0

n——+oo

p—moutk Bciopy Ha otpeske [0, T]. Kpome Toro,

1£(8) — wa(Ol] < 2171 (1 n ;) |

Tenepb B cuay p—uHrerpupyemocts ¢yHkuuu || f(t)|| moxHO Bocmosb3o-
BaTbcs TeopeMoit Jlebera u nokasath, 4To

T

jnf(t) —wn(O)] plde) ~ 0 mpr n— +o.
0

Teopema nokaszaHa.

PaccmoTpuM elle HekoTopble cBoOicTBa UHTerpasna boxHepa. Bo-nepsbix,
uHTterpasn boxHepa o6/anaeT cBOACTBOM JIMHEHHOCTH.
Jlemma 3. ITycmo pynxyuu fi1(t) u fo(t) unmeepupyemor no Boxuepy,
moeda 0as ar0bvix nocmosuublx oy, € C! umeem mecmo caedyroujee
pasercmso:

j (o fo(8) + anfo(t)] uldt) = Jfl (t) () + oy J fo(t) )
0 0 0

JlokazaTenbCcTBO.

[l MoKasaTesNbCTBA 3TOrO YTBEPXKJAEHHS JNOCTATOUHO B3AThb COOTBET-
CTBYIOILME ANMPOKCHMHUPYIOIHE MOCAe0BATEJLHOCTH U MEPEUTH K Mpeje-
JIy, TIOCKOJIbKY [Jisi TPOCTHIX (DYHKIHE 3TO PaBEHCTBO, OYEBHAHO, UMEET
MecTO.

JlemmMa nokasaHa.

Kpome Toro, nMeeT MecTo BaxKHOe B TPHUJIOKEHUSX HEPaBEHCTBO.
Jlemma 4. Iycmo ¢ynkyus f(t) sersemcs p—unmeepupyemoti no box-
nepy na ompeske [0,T], moeda umeem mecmo caedyroujee Hepasercmao:

jf<t>u<dt> <j||f<t>||u<dt>.
0 0
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Jloka3aTenbCTBO.

Hano B3siTh anmpoKCHMUPYIOLLYIO TOCAEN0BATENBHOCT TIPOCTEIX (YHK-
uni {h,(t)}, L9 KOTOPHIX YKA3aHHOE HEPABEHCTBO HMEET MECTO, a 3aTeM
mepedTH K Tpeleny MpH n — +00 M MOJYYHTh TpebyeMoe HepaBeHCTBO.
JleiCTBUTENIbHO, HMEET MECTO CJeAYIOLLas Lenoyka HepaBeHCTB:

Jf(tmwt) < Jf(t)ﬂ(dt)—Jhn(t)u(dt) + jhn<t>u<dt> <
0 0 0 0
T T T
< jf(twdt) - jhnu)u(dw + juhnwn uldt) <
0 0 0
< Jf(t) (dt) - jhnu) u(d)|| + Jnf(t) — o (0)]| () + juf(wu u(d).
0 0 0 0

Tenepb Hamo MepelTH K Tpeneny MpH n — 400, BOCMIOJAb30BABUINCH ONpe-
JleJIeHHeM 3.

Jlemma nokasaHa.

Haxkowren, cnpasen/nBa cienyionias BakHasi ieMMa.
Jlemma 5. ITycmo ¢ynxyus f(t) unmeepupyema no Boxnepy na ompeske
[0, T, moeda ¢ynkuyus u(t), onpedesennas GopmyioL

t
)= | ntas). (3.9)
to
a8AsIeMcs cuLbHO Ougppeperyupyemoti 0as noumu scex t € [0,T].
JlokazaTeabCcTBO.
Hlae 1. WUrak, nycts {h,(t)} — 3To mnocienoBaTeqbHOCTb MPOCTHIX
(byHKLUHH U3 ompejeseHus 3, mpuyeM 0e3 OrpaHUYeHUS OOLIHOCTH MOXKHO

MPEANOOKHUTE, YTO UMEET MECTO CJEIYIollee HePaBEeHCTBO (CPABHHU C TeO-
pemoii 2):

1
I < £ (1 i a) |
B cuny onpenenenus 3
hyn(t) — f(t) cunbno B B

p—-moutd Bcrony Ha otpeske [0,7]. CrpaBemiuBa cjenyiomas [ernodyka
PaBEHCTB!

t—to
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# i [ hato) i)~ 0.

Otcrona nmosyuaeM CJeAyOLLYIO LeNoUKy HEPaBEHCTB:

t
1

t—to

; 1
Jf(s) u(ds) — f(to)] < t_—ﬂj 1£(5) = hn(3)] pu(ds)+

1
t—to

Jhn<s> (ds) — (1) | + nto) — F(to)]] =

=L +L+1. (3.3)

Hlae 2. Tlpexae BCEro OTMETHM, UTO B CHJy TOro, 4to h,(t) — 31O
npoctasi (PYHKLHMS, TO BbipakeHHe lp PaBHO HYJMIO [—TIOYTH BCIOLY Ha
otpeske [0, T] npu moctaTouHo MaJoi JJHHE oTpesKa |t — tol.

Bripaxenue st I B nipenesie npu ¢ — o 1aet cielyioliee npeieabHoe

PaBEHCTBO:
tlij% Li = ||hn(to) — f(to)l

p—mout Beiony Ha orpeske [0,7]. Takum oGpasom, uz (3.3) moaydnm B
npepeJie npu ¢t — to caenyrllee HepaBeHCTBO:

t

[ ryntas) = o) | < 2ltto) s (3

to

lim
t—to ||t — 1o

pu—moutH Bciony Ha otpeske [0, 7.
lllae 3. Temepb [MOCTATOYHO MeEPEUTH K Tpeleay HpU n — 400 U
TMIOJYUUTb U3 HepaBeHCTBA (3.4) cienyroliee paBeHCTBO:

t

jf<s>u<ds> — f(to)] =0

to

. 1
lim
t—to || T —tp

p—TiouTH Beiony Ha otpeske [0, T).

Jlemma nokasaHa.

HmeeT MecTo Takoe yTBep:KIeHHUE.
Jlemma 6. IMycmo f(t) ¢ynkyus, unmeepupyemas no Boxuepy. Toeda
oaa Kaxcdoeo f* € B* umeem mecmo caedyrowee pagerncmao:

<f*,Jf(t) u(df)> = J<f*,f(t)> p(dt). (3.5)

0 0
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JlokasaTenbCTBO.
Hlae 1. Tycts {hy,(t)} — 3TO MOC/HENOBATENBHOCTD MPOCTHIX (PYHKIHH

u3 ompegenenuss 3 mist QyHkuud f(t). Has kaxpod (QyHKUMM U3 3TOH
I0C/IEI0BATENBHOCTH BHIIIOJIHEHO N10Ka3biBaeMoe paBeHCTBO (3.5):

T T

<f*,jhn<t>u<dt>> - j<f*, (1)) ).
0

0

CHpaBeILJII/IBa cjaenyroumasg uernoyka paBeHCTB!:

T T
<f*»Jf(t) u(dt)> = <f*, J [f(8) = ()] M(dt)> +
0 0
+ <f*,Jhn(t)u(dt)> = <f*‘J[f(t) = hin ()] M(dt)> +
v r
+ J (7, hn(8)) p(dt) = <f*, J [f(£) = ()] u(dt)> +
0 0

+ j (U hn(t) — (1)) pi(dt) + j () p(de). (3.6)
0

0

Hlae 2. CipaBen/IuBEl CJeNYIOLUIME OLEHKH:

T
|<f*, j () — hu (1) u(dt)>
0

<Ml

T
j () — ha()] ()

0

<

< -

[f(t) = hn(®)]| p(dt) — O mpu 0 — +o00,

o3

(75 b (8) = F(0))] uldl) <

%)ﬂ

<

j () — F(0) pu(de)
0

<[l | 11Pn () = f(8)] p(dt) — O mpu n — +o00.

C yueToM 3THX OlE€HOK W3 (3.6) mepexomoM K mpefesay MpU n — 400
TIPUXOIHUM K YTBEPKAEHUIO JIEMMBI.
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JleMmMa goKa3zaHa.
CrpaBe/iMBa CJaeqyoLlas Teopema.
Teopewma 3. Iycmo

t

u(t) = Jf(s) u(ds) to,t € [0,7].

to

Toeda ecau f(t) € C([0,T]; B), mo u(t) € C([0,T]; B).

HNoka3zaTenbCTBO.

U3 semmbl 5 BbITekaet, 4yTo GYHKUMS u(t) u—MOYTH BCIOLY HA OTpe3Ke
[0,T] cunbho muddepenuupyema, mpuuem ' (t) = f(t). Ho mockombky
f(t) € C([0, T];B), To nocse namenenust Ha muoxectse u3 [0, T| HyneBo#H
mepsi Jle6era p nonyuanm, uro u () € C([0, T]; B).

Teopema nokaszaHa.



Jlekuug 12
B-3HAYHBIE IIPOCTPAHCTBA JIEBETA

§ 1. IIpocrpaucrea LP([0,T], pu; B)

Teneps ompenesuMm KJacchl (DYHKIMH, WHTErpUpyeMbiXx Mo BoxHepy.
Hanum onpenenenue.

Onpenenenne 1. Kaaccom gpynxyuii LP([0,T), u;B) npu p € [1,+
+00) HA308eM MHOXMCECMBO CUALHO U—usmepumbix Ha ompeske [0,T)
B—snaunoix ¢yukyuii, 0r5 komopuix @yukyus ||f(t)||P seasemcs p—
—unmeepupyemoti na ompesxe [0, T)].

3ameuanue 1. Ilpocrpancrso dyukuuii LP([0, T, u;B) He sBasier-
cst iuHeHHbIM. [T0CKOMIbKY He eIUHCTBEHEH HYJIEBOH 3JIeMeHT.

O6o3naunm  uepe3  Jo([0, 7], ; B)  mOEMHOKECTBO  MHOXKeCTBA
LP([0,T], 1;B), cocrosimee 13 p—H3MepUMbIX B—3HauHbBIX (QYHKLHI
paBHBIX HyJO mouTH Beiopy Ha [0, T]. Y paceMOTpUM (pakTopripocTpaHCTBO

LP(10,T], 4:B)/30([0, T, p1: B). (1.1)

D70 (paKTOPIPOCTPAHCTBO SBJSETCS JHHEHHBIM MPOCTPAHCTBOM, MOCKOJIBKY
MBIl OTOXIAECTBUJIH BCe (PYHKIMH, OTJIHYAIONIHECS JIHIIb HAa MHOXECTBe
HyseBo# p1—Mepbl JleGera. 3HauUUT, OTOXKAECTBJIEHBl U BCe (PYHKL MU PABHbIE
HYJI0 To4YTH Bciony no pu—mepe Jlebera. Kak u Bcsikoe dakToprnpocTpaH-
CTBO, BBelEHHOE (haKTOPIPOCTPAHCTBO COCTOUT W3 AHU3BIOHKTHBIX KJACCOB
9KBHBAJEHTHOCTH. Mbl GyleM HCMO/ib30BaTh 3TOT (aKT B AajbHEHIIEM.

Hannm ciepyroliee onpeneseHue.

Onpenenenune 2. Yepes LP([0,T], u;B) obosnauum paxkmopnpo-
cmpancmso LP([0,T7], 1;B)/30([0, T, s B) npu p € [1, +00).

OTzesibHO HYXKHO PACCMOTPETD Clyuad p = +00.

Onpenenenue 3. Yepes L°([0,T], u;B) obosnauum mHoxecmso
[—UBMEPUMBLY PYHKUULL, KOomopble noumu 8ctody no Hopme npocmpar-
cmea B oeparnuuenoL.

U aHa/JIOrHUHO OmpeesieHdo 2 NafiuM Cleaylolee:

Onpenenenune 4. Yepes L*°([0,T], u;B) o6osnauum paxkmopnpo-
cmparncmeo L2([0,T], u; B)/do([0, TY, u; B).

Tak BBenenusie mMHoxectBa LP([0,T], u;B) mpu p € [1,+00) U {oo}
SIBJISIIOTCS JIMHEHHBIMK [POCTpaHCTBAaMH. EcTecTBEHHO, BO3HHKAET BOMPOC:
SIBJISIIOTCS JIH OHH GaHAXOBBIMH MPOCTPAHCTBAMH OTHOCHTENBHO HEKOTOPHIX
HOpM?
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CrpaBe/ivBa ciefyioLas Teopema.
Teopewma 1. lIpocmparcmeo LP([0, T, u; B) sersemcs 6anaxosvim npu
p € [1,+00) omuocumensvro caredyroujetl HopmoL:

T 1/p

fully < { [l )| (1.2
0

JlokaszatenbCcTBO.

Hlge 1. 3ameTnm, uto (1.2) — 3To neficTBUTENBHO HOpMa. DTO IMPOBe-
psieTCsl HEMOCPEACTBEHHO € HCIIOJIb30BAHMEM HEPABEHCTBA TPEYTOJbHUKA H
HepaBeHCTBa MMHKOBCKOTO.

Hlae 2. Tlyetb {uy,(t)} — 370 QyHAaMEHTaJIbHASE OTHOCHTEJIBHO HOPMBI

(1.2) nocnenoBarenbHOCTE HOpMUpoBaHHOTO mpoctpancTa LP ([0, T, u; B),

T.e€.
T

lim ﬁmwwmamwmw=o

n,m—-4oo

0

BriGepem Tenepb Takyio NOANOCEN0BATENbHOCTb {uy, (1)} C {un(t)}, uto-
6bl UMeJI0O MECTO HEPaBEHCTBO

T

[Ise10 =i @ty < 5w e, (1.3)
0

TIe Mbl BBeJU JJs yno6cTBa 0603HaUeHME
v () == un, (t).
lllae 3. Beepem cienyioliee MHOKECTBO:
M= {t € [0,T]: |luj41(t) —v(t)] > 277}
W3 (1.3) nonyuum, uto
p(M;) 277 <479 = (M) < 279,

N; =M.

j>i

OnpenenuM MHOXKeCTBO

[lTousiTHO, 4yTO
N; DNy D N3 e

1
u(Ni)gzg—m npu 1 — +00.
Jjzi
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HOSTOMY MHOXKeCTBO
+o00
NE AN
i=1
uMeet HyneBylo Mepy Jlebera p:
1 (N) =0.

Hlae 4. Mycrs t € [0, T]\N, T.e. 310 03Hauaet, uto ¢ ¢ N; npu HEKOTO-
pom i € N, a 310 B CBOIO Ouepelb O3HA4aet, 4to ¢ ¢ M; nns Bcex j 2> 4,
T.€. JIs TAKUX ¢ HMeeT MeCTO HepaBeHCTBO

1 L
lvj+1(t) — v (t)|| < oj Ans Beex > i

CJienoBaTesbHO, B CUJly HEpaBeHCTBA TPEYroJbHUKA Npu [ > j

1—1 +o00

1 .
lon(®) = v (B < Y _llogsa () =B <Y 55 =0 mpn j — +oo.
pay k=)

Cunenosarespro, npu t € [0, T]\N nocnenoBarenpHocTs {v;(t)} dyHnamen-

taibHasi B B. 3Hauut, B cusiy nosHoTsl B 3Ta mocsenoBaTesNbHOCTL 15

kaxnoro t € [0, T]\N cxonutest cusibHo B B K HeKOTOPOH (DyHKUHH u(t).
Hlae 5. Noonpeneaum GyHKUHIO u(t) HyJeM Ha MHOXKecTBe N.

1.4
0, eciu t € N. (1.4)

o def {u(t) ecin ¢ € [0, T)\N;
u(t) =
Hoxaxem, uto B—3unaunas ¢ynxyus u(t) curvHo p—usmepuma.
O Heiicteurensto, {v;(t)} — 3To moc/ef0BaTebHOCTb CHJIBHO H3Me-
pumbix GyHKuni. CjenoBaTesibHO, AJ1s1 KaXK 101 Uj(t) HalzeTcsl MOCJeno-
BaTeJbHOCTh MPOCTHIX (DyHKUUH {hi ()} TakuMx, 4TO p—TOYTH BCIOAY Ha
otpeske [0, 7] uMeeT MeCTO CJeyiolLlee NPeIebHOe PABEHCTBO:

11&1 |v;(t) —h ()] =0 npu n — +oo.

Torna mas kaxporo € > 0 Haiinercs takoe j € N u n =n(j) € N, uro
MIMeeT MECTO HepaBeHCTBO
+

[a(t) = K, (O < [a(t) — v @)1 + [lv; (8) — PO < =e

DO ™

[TosTOMy MOXKHO BBIOPAaTh M3 [MOCJENO0BATEJBHOCTH MPOCTHIX (DYHKIHMIE
{hi ()} monmocaenoBatenbHocTb {hy, (t)} mpocThix QyHKuUME, KOTOpas Gy-
met p—modtH Beiony Ha otpeske [0,7] cuibHo B B cxomutes K (DyHKUHMH
u(t). CnenoBaresbHo, U(t) cuabHO uamepruma. X
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llae 6. B cuny neMmbr daty 1nosydydM HEpPaBEHCTBO
T T

[0 =017 ) < timing (o) = vy )17 st
0 0

[lpruem mnpaBasi 4acTb 3TOr0 HepaBeHCTBA MOXKET ObITb CeJiaHa CKOJIb
YroiHO MaJioi 3a cueT Be6opa j € N, nockoseky {v;(t)} — 370 no ycaosuio
(byHAaMeHTa/bHas [0C/eN0BaTe/IbHOCTb. [TosaToMy

T

i [I(e) = w0 w(ar) =
0

Hlae 7. CuipaBensiuBa cjelymollasi LeNoyKa HepaBeHCTB:

T T
jna(t) — un ()P pldt) < j (F(E) = ttn, ()] + 1, — n (B)]))”
0 0

T

< C(p)JHﬂ(t) =t (1)[|P p(dt) + c(p Jllun, n (D7 p(dt),
0

M3 KOTOPOTO MPefeJbHBIM TEPEXOIOM U MPUXOLUM K IOKa3aTeJbCTBY TOrO,
4TO (yHAAMEHTaJlbHAs MOCJAENOBATENbHOCTE {uy,(t)} cxomuTes no Hopme
(1.2) x nexkoropo# dyukunu u(t) € LP([0,T], u; B).

Teopema nokasaHa.

Janum onpenesnenue.

Onpenenenue 5. Cmynenuamou QyuKkuyuerl Hasosem npocmyro

pyukyuio ) suda:
ef
1)< bix(S:)
i=1

ede S; — amo Henepecekaoujuecs unmepsanst, a x(S;) — xapakmepu-
cmuyeckas QyHKyus mHoxecmsa S;.

CnpaBensinBa cjefyomias JeMma.
Jlemma 1. Mrowecmeo cmynenuamorx yukyuii niomrno 8 baraxosom
npocmpancmee LP([0,T], p1; B) npu p € [1,4+00).

Jloka3aTenbCTBO.

[To camomy noctpoenuto ajs Jw6oi dynkuun u(t) € LP([0,T], p; B)
HafizleTcst Takasl Moc/el0BaTeNbHOCTb MPOCTHIX GYHKUME {h,(t)}, cuibHO
B B cxomsmasics u—moutd Beiony Ha otpeske [0,7] :

hn(t) = w(t) cuabHo B B npu n — 400

') Cmotpu onpenesense 1 mpoctoil hyHKIHMH.
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nast p—nouty Beex t € [0, 7. TlocTporM c/enyoLLyo N0C/Ie10BaTebHOCTD
MPOCTHIX (PYHKLHH:

el o RO < 2]
(0 {0, mpr en(0)]| > 2u(t)]]

[Tpexje BCEro OTMETHM, YTO MOCJIeA0BaTENbHOCTb {wy, (t)} cuibHO B B p—
mouT Beiony Ha otpeske [0, T] cxonutes K u(t). Kpome Toro,

[u(t) = wa ()] < 3[[u(®)]-
CnenoBatesibHO, N0 TeopeMe JleGera nMpUXonuM K BBEIBOAY, UTO

lim Jnu(t) — w(0)]]? pu(dt) = 0.

n—-+oo

0

Tem cameiM, J06yi0 dynxunio u3 LP([0,T], u; B) MOXKHO anmpoKCHMHpO-
BaTh MPOCTHIMU (PYHKUHUSAMH. COBCEM HECJIOKHO NOKa3bIBAETCsl, UTO JIHOOYIO
MPOCTYI0 (PYHKIMIO MOXKHO arlpOKCHMHUPOBATH CTYIMEHYATHIMK [0 HOpME
npoctpanctsa LP([0, T, u; B).

JleMma nokasaHa.

CrpaBeninBa cjefyioliasi TeopeMa, KOTOPYIO Mbl TpuUBeleM 6e3 HOKa-
3aTesbCTBA.
Teopewma 2. Bekmoproe npocmparcmeo L>([0,T], u;B) asasemcs 6a-
HAXO0BLIM OMHOCUMEALHO CACOYIOWeLl HOPMbL:

def .
lulloe = vraimax|u(t)]. (1.5)
CrpaBefivBO C/Iefyllee HEPABEHCTBO [esbaepa.
Jlemma 2. MMyemo u(t) € LP([0,T], u;B) npu p € [1,+00], a v(t) €
€ LI(]0, T, w; B*), ede

+o=1,

| =
Q| =

mo
(v(t), u(t)) € L'([0,T], u)
u cnpasediuso credyrouiee Hepasencmso lervdepa
T
[ ey wen ) < o (16)
0
20e

1/p 1/q

Julp jnu(t)npu(dt) el j|v<t>|:1u<dt>
0 0
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JlokasaTeabCTBO.

Ilycrs {u,(t)} — 910 NOC/EAOBATENBHOCTD IPOCTBIX DYHKLHH U3 OMpe-
nenenust 1 nexkuuu 10 gast pyukuuu u(t), a {v,(t)} — sto nocaenosaresn-
HOCTb MPOCTHIX (DYHKUMH mist pyHKunu v(t). Torna

(Un (t), un(t)) — (v(t),u(t)) p— nouru Bcrony Ha [0, T].

Ho rorna oyukuus (v(t), u(t)) ssasercs p—usmepumoit Ha orpeske [0, 7.
Kpome Toro, HMeeT MecTo HepaBeHCTBO

[{o(8), w(t)] < [lo@)]u®)]-

Tenepb ocTajoch BOCNOJb30BAThCS HepaBeHCTBOM lesbiepa ajs cKasasip-
HBIX (PYHKLHH.

Teopema nokasaHa.

Sameuanue 3. U3 nepaencrsa [esbnepa (1.6) BeiTekaer, uro dop-
MyJia

(@ ) défj<f*<t>,f<t>> u(dt) aasscex  f(t) € LP(0.T], i B) (1.7)
0

3alaeT CeMEeHCTBO JIMHEHHBIX W HeNpephiBHBIX (YHKIIMOHANOB Haj
npoctpancteom LP([0,T], u;B) npu kaxkmom duxcupoantoMm f*(t) €
€ L9([0, T, ju;B*) mpn p € [1,+o0] u g =p/(p—1).

CrpaBe/iMBa Cjefyiolllee Ba)KHOe YTBEPXKAEHHE, J0Ka3aTeJbCTBO KO-

TOPOro Mbl He OyIeM MPHBOAHTb, MOCKOJbKY OHO HOCTaTOYHO MJHHHOE H
TpyroeMKoe. Jloka3aTesbCTBO MOKHO Ha#TH B pabote [4].
Teopema 3. [lycmo 6arnaxoso npocmparncmso B sasasemcs aubo pe-
prexcusHoim aubo cenapabervrvim, moeda ¢opmyrot (1.7) 3zadarom-
CA 8Ce AUHellHble U HenpepvleHble (QYHKUYUOHAALL HAO NPOCMPAHCMEOM
LP([0,T], u; B) npu p € (1,400). Boree mozo, moxHo omoxcdecmsumo
npoCmMparcmao

(LP([0,T], :B))"

C npocmpancmeom

LY[0,T), i; B*)  npu +-=1

1
q

==

CnencrtBue 1. [lpu ycarosuu pedrexcusHocmu 6arnaxosa npo-
cmparcmsea B u3 amoii meopemol svimexaem peprekcusHOCMb NpPo-
cmpancmea LP([0,T], 11;B) npu p € (1, 4+00).

Kpome Toro, cnpaBensiuB Takxke CJAeYIOLIMH pe3y/bTaT, 10Ka3aTesb-
CTBO KOTOPOTrO TpuBeneHo B [38].
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Teopewma 4. [lycmo B — smo pegprexcusroe 6anaxoso npocmpar-
cmeo. Toecda KaxcOwili AuHelHblll U Henpepoi8Hbll QYHKYUOHAA HAO
LY([0, T], u; B) npedcmasum & caedyrousem eude:

@.0) & [ @, 00) ) onn acer 1) € L'(0.T) s B), (19
0

20e
fr(t) € L=([0, T, i BY).

bosee moeo, mooxcro omoacdecmsums npocmparcmeo

(L'([0,T),:B))" ¢ npocmpancmeom  L>=([0, T}, u;B*).

§ 2. CuubHag, cnabas u *x—cjaadasi CXOOIMMOCTH

Tenepb Mbl mepeiiieM K PacCMOTPEHHIO PA3JIUYHBIX THIIOB CXOAHMOCTEH
nocsenoBatesbHocTed B mpoctpancteax LP([0, T, u; B) mpu p € [1, 4+o0].
[Ipu sTom Gynmem cjenoBaTh OOLIKMM pe3y/nbTaTaM, MOJYyUEHHBIM paHee /s
ckassipHbix npoctpancts JleGera LP(0, T, p). Hagnm onpeneseHus.

Onpenenenue 6. Cusvroi cxodumocmovro nocaredosamespHocmu
{fn(t)} 6 npocmparncmse LP([0,T), u;B) npu p € [1,+00] k pynkyuu
f(t) € LP([0,T], u;B) nasvieaemcs cxodumocmv no Hopme 3moco npo-
CMPancmeaq:

1fn(®) = FBllp = O npu 1 — +o0 (2.1)

U 0603HAUAEMCS CUALHAS CXOOUMOCMb KaK

fo— f cuavno 6 LP([0,T), 1; B).

Onpepnenenue 7. Craboii cxodumocmvio nocredo8amesbHOCMU
{fn(t)} 6 npocmparncmee LP([0,T], ;B) npu p € [1,+00) k Qynkyuu
f(t) € LP([0,T), u;B) Hasvieaemcs cxodumocme caedyroujeil 4ucao80L
nocred08amesbHOCMU:

(I In(@))p — (5 FO)))p npu 1 — 400 (2.2)

ons ecex
f7(t) € (L7([0, 71, 1 B))" (2.3)
ede ((-,-))p — amo ckobku Osolicmsernrocmu mexoy 6AHAXOBbLMI NPO-
cmpancmeamuy LP([0,T), u;B) u L4([0,T], u; B*) npu g =p/(p —1).
[Tpruem u3 (2.2) BbITEKAET, YTO MPH yCJIOBHH Pe(IEKCHBHOCTH B Cayyae
p =1 u pediekCHBHOCTH HJH cemapaGenbHOCTH B ciydae p € (1,+o0)
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6aHaxoBa mpocTpaHcTBa B csabasi cXOOMMOCTh ONpefesieTcs CJefyLUM
o6pazom:

T T
j<f*<t>,fn<t>> u(dt)—>J<f*(t),f(t)> u(dt) mpr n— oo (2.4)
0 0

nast Beex f*(t) € LI([0,T], pi; B*) mput ¢ = p/(p — 1).
OGosHauaetcsi ciabasi CXOOIUMOCTb CJIEAYIOLMM 00Pa3OM:

fon—f cnabos LP([0,T], u; B)quadnpu n — +oo.

Onpenenenue 8. x—Caaboti cxodumocmvio nociedo8amessb-
nocmu  yukyuti  {fr(t)} C L*([0,T], 1;B*) & ynxyuu [*(t) €
€ L>=([0,T], u; B*) npu ycarosuu peprexcusrocmu 6araxosa npocmpar-
cmea B nasvieaemcs cxodumocmo caedyroweti 4uca080Li nociedosamens-

Hocmu:
({(fas [Noo = ((f" [))oo npu n — +o00, (2.5)

oan scex f(t) € L' ([0,T], u; B).
CX0OMMOCTb UHCJIOBOH MMOCJeN0BaTeIbHOCTH (2.5) SKBHBaJIeHTHa CXO-
JIHUMOCTH CJIe[YIOIeH YHCIOBOH MOC/Ie[0BATEIbHOCTH:

T T
J<f;<t>,f<t>> u(dt)ﬂﬁf"‘(t),f(t)) j(dt) mpr n— oo (26)
0 0

ans seex f(t) € LY([0,T], u; B). O6osnauaercs 3Ta CXOAMMOCTb CJeayIO-
muM o6pasom:

fr 5 x—cmabos L>([0,T],1;B*) mpu n — +oc.

3ameuaHnue 2. 3amMeTHM, 4YTO Mbl He CJydyalHO OINpenesH-
JH *—cnabylo CXOIHMOCTb TosMbKO muisi mpoctpaHctBa L°([0, T, p; B*)
(mpu ycsioBuu pediiekcuBHOCTH B), MOCKOJBKY B Cilydae MPOCTPAHCTBA
LP([0,T], u;B*) mpu p € (1,400) x—cnabasi CXOLMMOCTb COBMAiaeT Cco
cs1aboil CXoOMMOCTbIO, Tak Kak mpoctpanctBo LP([0,T], pu;B*) sBasercs
pedIeKCUBHBIM.

Jlsisi BBEIEHHBIX TPEX CXOAMMOCTEH CIpaBeNJIMBEI CJEyIOLIHe 00LIue
pe3yJIbTaThL:
Teopema 5. Cnpasedauss: credyrouiue 08a ymeepicoenus:

(I) Beskas caabo cxodawascs nocaedosamensvrocms { f,(t)} us 6ana-
xosa npocmpancmsa LP([0,T], u;B) npu p € [1,400) oepanuuena,
npuiem

ecau  fn — foo npu n — +o00,

mo | focllp < liminf|
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(II) Beakas x—caabo cxodawasca nociedosamesvrocme {fi} us 6a-
naxosa npocmparcmea L ([0, T), u; B*) oepanuuena, npuuem

ecau  fr S5 nmpu m— +oo,
mo || f5II% < liminf[f7II5,.
n—-+00
20e mor o6osnauuiu uepes ||-||%, Hopmy e Gamaxosom npocmpar-
cmee L>([0, T}, u; B*) :

% def . %
e ).
£ 5% Vgg%(g%tXIIf ()]«

Teopema 6. [lycmo {f,(t)} — oepanuuennas no Hopme nocre-
0osamenbHOCMb INEMEHMO8 pedreKcU8HO20 OAHAX08A NPOCMPAHCMEA
LP([0,T), 1;B) 1) npu p € [1,+00). Tozda us {f,(t)} moxro sveiderumo
caabo cxodawyroca 6 LP([0, T, u; B) noonocaedosamenvrocmo { fr, (t)} :

fn, = f caabos LP([0,T],1;B) npu n — +oc.

Teopema 7. Ilycmo {f}(t)} — oepanuuennas no Hopme nocaredosamens-
Hocme aremenmos 6anaxosa npocmpancmea L°([0,T), u; B*). Toeda us
{fk()} moamro soideaums x—caabo cxodauyroca 8 L>°([0, T, p; B*) noo-
nocaedosamenvrocmo { fy }:

fro 5 s —caabos L¥([0,T],;B*) npu n — +oo.

MNn

') Mt takxe Tpebyem, uToGhl B 6bII0 pedpeKCUBHBIM GaHAXOBBIM MPOCTpPAH-
CTBOM.
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