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HECOBCTBEHHBIE HHTEI'PAJIbBI

[Ipn BBeneHUM MOHATHS ONPEAEIEHHOIO MHTETpaja IMPEAINoaracTcs, 4To MPOMEXYTOK
MHTETPUPOBAHUSL — CETMEHT, a MOAbIHTErpaibHasi PYHKIMS OTpaHUYEeHA Ha MPOMEXKYTKE MHTE-
rpupoBanus. Pa3nuuHble 3a1aun B MaTeMaTUKe U €€ MPHIOKEHHUSIX MTPUBOAAT K HEOOXOIUMOCTH
00001IUTh TOHATHE OMPEEIEHHOT0 MHTErpaja Ha cllydyad, Korjaa Ju0o MpoMeXKyTOK MHTETPH-
pOBaHUsI HEOTPAHWYCHHBINA, JTUOO MOJBIHTErpaibHasi (YHKIMS SBISIETCS HEOTpaHWYEeHHOW. B
Ka)KIOM U3 3TUX CIy4yaeB MHTETpasl Ha3bIBaeTCsl HECOOCTBEHHBIM. B 3aBHCHMMOCTH OT TOTO, SIBJISI-
€TCs JIM HEOTPaHUYEHHON 00JIaCTh MHTETPUPOBAHUS WJIHM MOJBIHTErpaibHas (QyHKIHS, HECOO-
CTBEHHBIE UHTETPAJIbI OTHOCAT JMOO0 K IEPBOMY, MO0 KO BTOPOMY POJIY.

Omnpenenenus.

Jamum onpezienieHre HeCOOCTBEHHOTO MHTETpaia IePBOTO Poja.

[Tycte pynKumS f(x) ofpeniesieHa Ha MOJynpsiMoil @ < & < +00 U MHTerpupyeMa Ha
A
mobom cermente @ < x < A, To ecTh cymecTByeT onpeeneHHbIi HHTErpat I f(z)dz.

a

PaccmoTpum nipenen

A

/}im f(z)dz. (1)

DTOT npeaen MOXKeT CyIIeCTBOBaTh, a MOXKET U HE CYIIecTBOBaTh. B nr060M citydae Oynem

+00
0003HaYaTh €ro '[ f(IL') d.T 1 Ha3BIBaTh HECOOCHGCHHBIM uHmezpaiom nepeozo poOa om

dynxkyuu f(x) no ROJAYRPAMON [a;-l—OO).

Ecnu npenen (1) cymiecTByeT, TO HECOOCTBEHHBIN HHTErPaJ IEPBOTO POJia Ha3bIBACTCS
cxooawumca. Ecnu ykazaHHBIN nipeien He CYIIECTBYET, TO HECOOCTBEHHBIM MHTETPAJT TIEPBOTO
pO/a Ha3bIBAIOT PACXOOAUUMCA.

AHaJIOTHYHO OMPEENSAIOTCS HECOOCTBEHHBIN MHTETPAI 1O MOIYIPSIMOI (—OO; a] )

a

J f(z)dz = Blimwj.f(x)dx

¥ HECOOCTBEHHBIN MHTETPa 10 BCEH YHUCIOBOM MPSIMOi:

A—>+o0
B>-x B

+00 A
J f(z)dz = lim jf(a:)dx .
JlauM Tereps onpeielicHue HeCOOCTBEHHOTO HHTETpalia BTOporo poaa. Paccmorpum
dynxmuro f (:E) , 33JIAHHYIO Ha TI0JTyCETMEHTE (a; b:| ,Te a < b, HeOrpaHHYEHHYIO Ha 3TOM
TIOJTyCETMEHTE, HO OTPAaHUYEHHYI0 W MHTETPHPYEMYIO Ha JIF0OOM CerMeHTe |:a + 0; b:| , TIIe

0 < 0 < b—a. Touky a Ha30BeM B 3TOM cilydae ocodoil mouxoii pynkuun f (x)



Paccmorpum npenen

lim 5f<a:) dx . 2)

OTOT mpezien MOXKET CYIIECTBOBATh, & MOKET M HE CYILECTBOBATh. B moboM ciyuae Oynem
Ha3bIBaTh STOT MPEJIEN HECOOCMEEHHBIM UHMEZPATIOM 6MOpP020 poda om Gynkuuu | (1’) no

b
nosycezmennty (a;b} ¥ 0003HAYATh €rO TaK: j f(z)dx.

a

Ecnu npenen (2) cymiecTByer, TO HECOOCTBEHHBIN HHTETPaj BTOPOTO pojia Ha3bIBACTCS
cxooauwumca. Ecny yka3aHHBIH MpeJies He CYIECTBYET, TO HECOOCTBEHHBIN HHTErpasl BTOPOTO
poJia Ha3bIBAIOT PACXOOAUUMCA.

AHaJIOrMYHO onpeieNaeTcs HeCOOCTBEHHBINA HHTErpal BTOPOro pojia ot GyHkuun [ (:L’)
IO ITOJIYCETMEHTY |:a; b) , rae b — oco6as Touxa pynkuun f (:L’) :

b

H@x—gﬁﬁf)

¥ HeCOOCTBEHHBIH HHTErpall BTOPOro poa oT QyHKIuH f (:L‘) 110 MHTEPBAITY (a; b) ,Taeaunb—
0co0ble Toukn pyHKIuu [ (x) , @ IPYTUX 0COOBIX TOUEK y (YHKIHMU Ha UHTEpBaie (a; b) HET:

b

J f(w)dz = h%ff()

Eciu oco6oii Toukoii Gpynkuun f (ZL')}IBJIHGTCH BHYTPEHHSA TOYKA C CErMEHTa |:a; b:| , TO
HECOOCTBEHHBIN MHTETPAN OMPEACIACTCS CISAYIOITUM 00pa3oM:

b

s b
:[f(x) dx = 5111_130 :[ f(a:)dx + 51215100;':;2 f(:z:)dx

Ecnu 06a npenena CymecTByIOT, TO HHTETPajl Ha3bIBAIOT CXOJISIIMMCS, €CJIA XOTsI ObI OJTUH
U3 MPEJEIOB HE CYIIECTBYET, TO €r0 Ha3bIBAIOT PACXOASIINMCS.

Ipumep 1. ITycts uHTErpa I f(z)dz cxomurcs, a unterpan j g(z)dzx pacxonurcs.

a a

+00

Jlokasatrk, 4TO UHTErpal J ( flz)+ g(x)) dx pacxomurest.

a

I/ICHOHB3yeM MCTOI A0KA3aTCJIbCTBA OT MPOTHUBHOTO. HPGI[HOJIO)KI/IM, qTo

+00

j ( f(z)+ g(x))da: cxomurest. Jins mo6oro A > a cnipaBeanuBo paBeHCTBO:

a



D Gy

(f(a:) + g(x))d:c = If(:z:)d:z: + Ig(:r)dx,

U3 KOTOPOTO CJIETyeT, YTO

J 9(@)dz = [ (1) + g(w)) dw ~ [ f(2)d .

B nocieHeM paBeHCTBe nepeiifem k npeaeny npu A — +00. Cornacuo ycnosuio 3ana-
Y1 U CACIIaHHOMY HNPCAIIOJIOKCHUIO IMTPEACIT KaXKA0Ir0 CJIaracMoro B HpaBOﬁ JaCTu CylIieCTBYCT,
M03TOMY II0 TeOpeMe O TMpejiesie pa3HOCTH CYIIECTBYET Mpees B IpaBoi yacTu paBeHcTBa. Cre-
AO0BATCJIIbHO, NJOJDKCH CYHICCTBOBATH U ITPEACIT JIeBOU 4aCTH, 4YTO MPOTUBOPCUUT YCIIOBUIO.

+00

3anaua. a) Ecnu J (f(x) + g(x)) dx cXomuTcsi, MO>KHO JIH YTBEPKIATh, UTO CXOISTCS

a

00a uHTerpana J f(z)dz u I g(x)dx? 6) Eciu I f(z)dz pacxonurcs, I g(z)dzx pacxo-

+00

JIUTCS, YTO MOKHO CKa3aTh O CXOJUMOCTH I ( f (:L’) + g(m)) dzx ?
a
®opmyJibl AJ BHIYMCIEHHS HeCOOCTBEHHBIX MHHTETPAJIOB
Jyist BBIYHMCTIEHUS] HECOOCTBEHHBIX MHTETPaIOB MOKHO IPUMEHSTH 00001IEHNE HAa OTH HH-

terpaibl popmynsl HeroToHa-JIeiOuua.

Ecnu cymmectByeT nepooOpasnas  F (:B) gynkuun f (x) npu @ < T < 00 U CyIIECTBYET

lim F (x) , TO CIIpaBEAJINBO PaBEHCTBO (popmyna Hotomona-Jlennonuya 014 necodcmeennvlx
T—>+0

UHMEe2PAl08 nepeozo pooa).

o F(+0) - F(a), rae F(+0) = lim F(x).

a T—>+0

[ 1oya = £

Ecmu y pynkuun f (:E) ¢ 0c0o00# TOUKOM T = @ CYIIECTBYET nepBoobpasnas F (x) pu
a <z <b ucymectsyer lim F'(a + ), To cnpasennuso pasenctso (popmyna Horomona-
o—+0

Jleiionuya 013 HecOOCMEEHHBIX UHMEZPANI08 6MOPO20 POOQ).

= F(b) - F(a), rne F(a) = lim F(a + 0).

a 5—>+0

+00
dz
IIpumep 2. JlokazaTe 1O ONPEAEICHUIO, YTO HECOOCTBEHHBIM HMHTETpaj J. 5 CXo-
) 1+
JUTCSl, U BBIYUCIIUTD €TO0.
+ A A
¢ dz . dz T
Ilo omnpenenenuto J. ;= lim I ;> @ TaK Kak I > = arctg A u
) L+ e l+x o1+



T T
llm arCtg A = —,TO I/IHTeraH CXOJUTCA U paBeH -
A—>+0 2

33[{3‘[3. ﬂOKa}KI/ITC 10 ONPEACICHUIO, YTO MHTErpajIbl CXOOATCA, W BBIYHUCINUTC HUX:

Tod d
il Fove

—o0
IIpumep 3. Jloka3arh, 4TO HECOOCTBEHHBIH HHTETPa I \/7 CXOJIUTCS U BBIYUCIIUTD €TO.

Hckomblii MHTErpan sBiIsieTcss HECOOCTBEHHBIM HHTETpajioM BTOPOro pojaa OT (YHKIUU

1

\/7 [0 TIOJyCErMEHTY (0;1:|. Oco60ii TOYKON MOABIHTETPATBHON (YHKI[MH SBISETCS TOYKA
WA

x
2 = 0. CormacHo omnpeneneHuIo, J \/— = hm

1
lim \/7 a TaKk Kak !%:2—2 O u

lim (2 — 2\/5) = 2, TO UHTErpaj CXOAUTCH U PAaBEH 2.

o—+0

3agaua. I[OKaxcHTe (o onpe;[eneHmo), YTO UHTETPaJbl CXOAATCA, W BBIUUCIUTE UX:

dhmetlh e et

Ipumep 4. BelurcauTs HHTErpa J. e “sinbxdr,rne a >0, b#0.
0
VCKOMBIM HMHTerpan sBJIseTcs HECOOCTBEHHBIM MHTETpajioM IepBoro posaa. CoriacHo

A
Car -
onpezeNneH o, Tpedyercs BeraucauTh lim | e sin baxdx .
A—+0
A
PaccMoTpuM onpe/ieneHHbIH HHTeraHI " sin brdx . Bocnonb3yeMmcs TIpecTaBIeHuEM

0

: ibx o
sinbzr = Im e"" u nepenuiuem nocnaeHUI UHTErpai CIEAYIONUM 00pPa3oM:

A 4 A
—az - —ar bz 1 (ﬂzﬂb)m
_[e smbxdlem_[e e’dr=Im| ———e =
) i —a +1b
0
—a—ib (cavi)a @+ b b e .
=Im ﬁe( +it) t——— =55 2(asu’l(bA)+bcos(bA)).
a” +b a” +b a” +b a” +b
b
[Tpenen 3TOTO BBIPAXKEHUS npu A — 40 paBeH 2—[)2 , MO03TOMY
a” +
+00 o . b
j e " sinbxdr = -
) a +b

+00

3amaya. Beruuciaure uHTerpain j "coszdzx .
0



J111 HecOOCTBEHHBIX MHTETPAJTIOB IIEPBOTO U BTOPOTO PO/Ia MOXKHO MPUMEHSTH (HOPMYJIbI
3aMEHBI IEPEMEHHON U UHTETPUPOBAHUS 110 YACTSIM.

®opMy.1a HHTETPUPOBAHMA 1O YACTAM

dopmyna MHTETPUPOBAHUS MO YacTSIM JUIsi HECOOCTBEHHOIO HHTErpajia IEepBOro poja
UMeEET BUJT

[ f@)g'(@)dz = f@)g(@)| "~ [ f'(@)g(a)dz,
e f(z)g(z) = lim f(x)g(x) - f(a)g(a). Tpu >rom mpeanonaractes, wro dymkiun

f(x) 51 g(x) HETpepbIBHBL BMECT€ CO CBOMMH IPOM3BOJHBIMH Ha Bcell o0sacTu

UHTETPUPOBAHUS.

Jpyrumu cinoBamu, BEpHa ClIeAyrolias TeopeMa.
Teopema 1. Ilycts pynkuun f (33) u g(x) HMEIOT HENPEPBIBHBIE IIPOU3BOIHBIC HA

nonynpsMot @ < & < +00 U CyIIECTBYET lim f (x)g(:z:) Torma u3 cXOIUMOCTH OJTHOTO U3
T—>+0

+00 +0
MHTETPAJIOB J. f(z)g'(z)dzx u I f'(x)g(z)dz cnemyer cxomumocTs APYroro, u CIpaBeIUBO

PaBEHCTBO

Tf(x)g'(x)dx = f(z)g(x) :OO — Tf'(m)g(x)dx .

AHaJIOTHYHOE YTBEep:KJIeHHE (HOPMYTUPYETCS U ISl HECOOCTBEHHBIX HHTETPAJIOB BTOPOTO POJa.
Teopema 2. Ilycts pynkiuu [ (x) u g(a:) ONpeAesieHbl Ha TOJYyCEerMEHTE (a; b:| , TIe

@ < b ¥ MMET Ha TOM MOIYCETMEHTE HENMPEPHIBHBIE MPOU3BOAHBIE. IlycTh TOUKa T = @

sABIsETCA 0c060# Toukoit npomssenenus f(x)g'(x) n cymectsyer 5hmo fla+9)g(a+9).
—H

b b
Torga M3 CXOIMMOCTH OIHOTO W3 HHTErPANOB j f(x)g'(x)dx n j f(x)g(x)dx cnenyer

23 23

CXOJUMOCTh APYroro U CrpaBeAInBO PaBEHCTBO!

[ @) @)z = f@)g(a)| - [ f(@)gl)de,

te f(2)g(z)] = f()g(b) - lim f(a +8)g(a+ &),

d—>+0

+o0
Ipumep 5. BelunciuTs HHTErpa I (233 + 1) e "dx.
0

-z,

[Tpumenum Gopmyly HHTETPUPOBAHUS IO YACTSIM, MTOJIOKUB f(x) =2rx+1, g '(LU) =e

T(Qx + 1)e_l’da: = —(2:1: + 1)6_95

0

+00

= 3.

0

“ j 2% dr =1—2¢"
0 0



+00
2 o
3agaua. Beruuciure uHTErpan j e “dr.
0

1
IIpumep 6. J[oxaszaTh, 4TO UHTErPaI j In zdx cxomurcs, u BEMUCTUTE €rO.
0

Hckomblli MHTETpasT SIBISIETCS HECOOCTBEHHBIM HMHTETPAJIOM BTOpOro poja. IlombraTe-

rpaibHas QYHKIMsA HEOTPAHUYEHHO BO3PACTAET MO abcomoTHOlM Bennunne mpu © —> +0. Boc-
HOJIb3yeMcsl POPMYIION MHTETPUPOBAHUS IO YACTSIM.

j: In zdz = lim (a:ln a:)

6—>+0

1 1
— I dr = —1.
o
0
COFHaCHO OHpe[[e.HeHI/IIO, I/IHTeraH ABIISICTCA CXOOAIIINMCA U paBeH —1 .

1
Inz
3amaya. Beruuciaure nHTerpain I =
0 NT
3aMeHa nepeMeHHOI B HeCOOCTBEHHbIX HHTErpaJax.

Teopema 3. Ilycts  Qynkuus  f (:U) HeNpepblBHA Ha ModynpsMo a < & < +00, a
dyrkuust £ = ¢(t) cTpOro MOHOTOHHA M MMEET HEMPEPHIBHYIO MPOU3BOHYIO Ha MOMYIPAMOi

a<t<+oo,rme a=g(a)u g(t) —> +o0 npu t — 400 . Toraa u3 CXOAUMOCTH OJIHOTO U3

MHTETPAJIOB T f (:E)da: u T f ( g(t)) g'(t)dt CIELYET CXOAMMOCTL JPYroro, u

CHpaBe,Z[.HI/IBO paBeHCTBO
[ () ds = Tf(g(t))g’(t)dt.

Teopema 4. Ilycts dpynkuus f (st:) HEIIPEPBHIBHA HA IOJYCETMEHTE (a;b] TOYKa T = @
— ocobass Touka 3Toil ¢ynkumu. Ilycts dyHKIMS T = g(t) CTPOrO MOHOTOHHAa M HMEET

HETIPEPHIBHYIO MPOM3BOAHYIO HA TIOJYCETMEHTE (0{; ﬂ:|, rne b=g(f), n g(t) — a npu

t{ — o . Torna W3 CXOAMMOCTH OJIHOTO U3 MHTETPAIOB j.f(x)dm u Tf(g(t))g'(t)dt

CJeMyeT CXOUMOCTh JAPYTOro, U CIIPaBeTMBO PABEHCTBO

if("f)d-’lj = if(g(t))g'(t)dt.

3ameuanue. MHorma mpu 3aMeHe TMEPEMEHHOW yIOOHEEe HCIOJb30BaTh HE (PYHKITHIO

o -1 o
T = g(t), a obOpatHyl0 K Heil ¢pyHKIHIO ¢ = ¢ (:1:) B sToM cnydae BBINOJIHEHHE YCIIOBUM
TeopeM 3 WiIu 4 MOXKHO MPOBEPHUTH, ONUPAACHh HA TEOPEMY O MIPOU3BOIHON 00paTHOM (YHKIIUH.

IIpumep 7. BBIMUCIUTH ¢ TOMOIIBIO 3aMEHBI IEPEMEHHON HECOOCTBEHHBIN HHTETpal

T oeldx
IIEPBOTO pojia I —Y
L 1—e



3HaMeHaTesb B MOIBIHTErPAIbHOM BBIPQ)KEHUHU HE 00paIaeTcsl B HyJIb Ha MOIYNPSIMON
1 < 2 < 400, u, cienoBarenbHO, MOIBIHTErPATbHAS (YHKIHS HEMPEPHIBHA HA STOU TOIYIIPS-
MOM.

B paccmaTtpuBaemMoM npumepe yaoO0HO clienaTh 3aMeHy IMPEMEHHOI MPH MOMOIIN PaBEH-
crtBa t = e" (cM. 3ameuanue Kk TeopeMaM 3 u 4). Oynkuusa ¢ = €' HenpepbiBHO HudPepeHIH-
pyema 1 cTporo BospactaeT Ha nomynpsmoii 1 <z < 4+00; (1) = e, t — 40 npu  —> 40

2z 2 T o
¥ BBINOJIHEHEI paBeHcTBa € = t°, e'dx = dt . Ucxomublil HHTErpan npeodpasyercs ClIemayro-

M 00pazoM:
J‘ e d:z: _ J-

1
[Tocneauuii HHTErpall BBIYUCIUM MPHU TOMOIIHN Q)opMynLI Hrrotona-JleliOnuma:

+00

ot 1. |1+t 1, [1+e
| =~ln|—|| =-=In
P12 1-t] 2 |1-¢f

3agaya. Beruucinrte ¢ TOMOIIBIO 3aMEHBI IEPEMEHHON HECOOCTBEHHBIC HHTETPAIIBI TIEP-

+00 _IQ +00 3 —a:2
BOTO poja: a) .[0 xe " dx; 6) .[o x’e " dx .
IIpumep 8. BeraucianTh ¢ MOMOIIBIO0 3aMEHBI IEPEMEHHONW HECOOCTBEHHBIN MHTETPajl BTO-
2 (233 + 1) dz
poro pona j—
[ 2
N+ -2
[onpiHTerpansHas pyHKIUS ONpeaesieHa U HelpephIBHA Ha MOJIyCErMEHTE (1; 2:| , TOYKa
T =1 — e€ ocobast Touka, MOCKOJIBKY B OTON TOYKE 3HAMEHATENb IPOOH 00paIlaeTcs B HyJb.

CrenaeM 3aMeHy nepeMenHol ¢ = £° + 1 — 2 . Oynkuus t(x) = 2° + 2 — 2 HenpepbIBHO

nuddepeHnEpyema, CTpPOro MOHOTOHHA Ha MOIYCErMeHTe (1; 2] ; (2:13 + 1) dr = dt,

t(1) = 0, t(2) = 4. lpeobpasyeM HCXONHBINA MHTETPAT U BBIYUCIMM €10 10 hopMyJIe
Herorona-Jletiouuna:

(2$+1)dac !

IWI

3anava. Berauciure ¢ moMoIbio 3aMEeHbI TIEPEMEHHON HECOOCTBEHHBIN UHTETPall BTOPO-
1
dz

TO poaa }[(2_1‘)@
0.5 dm

Ipumep 9. VccnenoBaTh Ha CXOAUMOCTh HECOOCTBEHHBIN MHTETPal J.

rlnz

OTO HECOOCTBEHHBI HMHTErpajl BTOPOTO po;[a Oco6o0if TOYKOW MOABIHTETPATbHOMN

dz .
Gynxkiun  sasercs £ = (0. Tlo onpenenenuro I = lim I Hetpyauo
rlnz >0 zlnz
. 1
3aMETUTh, YTO MEPBOOOPA3HON (GYHKIMU f(:t) = l asnsercs F (:l:) = ln‘ln :I:‘ Tax
rlnz



05
dz
KaK I 1 =Inln2 - h’l‘ln o) ‘ v npezen In ‘ln o ‘ npu 0 — +0 He cymecTByerT, TO UHTe-
rny
5

Tpajt pacXoUTCA.

6)J‘lnx

3apavya. Beraucinure WHTErpasbl a) I
rln®

BOl'IpOCbI H 3aJa4Y4 1JI CaMOCTOATEC/IbHOIO PEIICHUSA.
0

1. ChopmynupyiitTe onpeneneHne HeCOOCTBEHHOTO HHTETpaja MepBoro poaa J f (x) dz.
—00
b
2. ChopmynupyiiTe ompeeneHne HeCOOCTBEHHOIO0 WHTErpajia BTOPOTO po;[aJ. f (x) dzx ¢ oco-
a
00i Toukol T = @ .
3. ChopmynupyiiTe TeopeMy O 3aMEHE NMEePEMEHHON JIsi HECOOCTBEHHOT'O WHTErpajia BTOPOTO
pona.
4. Chopmynupyiite Teopemy O (Gomysie HWHTETPHUPOBAHUS 1O YACTAM JUII HECOOCTBEHHOTO
WHTETpaJia BTOPOTO Poja.
5. ChopmynupyiiTe TeopeMy O 3aMEHE NEPEeMEHHOM JJIT HECOOCTBEHHOTO MHTErpajga IepBOTO

a
po/:[aj f(z)dx
6. Chopmynupyiite TeopeMy O 3aMeHE MEPEMEHHOM JIsl HeCOOCTBEHHOTO MHTETpajia BTOPOTO

poz[aff(x)dx, rje Touka T = b sBiseTCs eAMHCTBEHHOH 0c060i Toukoi Qynkuun f(x) Ha

a
CETrMEHTE |:a; b] :

7. ChopmynupyiiTe TeopeMy 00 WHTETPUPOBAHUU 1O YACTSAM JJIsi HECOOCTBEHHOTO MHTETpajia

TIEPBOTO ponaj f(z)g'(x)dx .

8. Cq)opMmepyﬁTe TeopeMy 00 MHTErPUPOBAHUU MO YACTSAM JJIsi HECOOCTBEHHOTO MHTETrpaja

BTOPOTO po;[aJ.f '(x)dx, tne Touxka x =b sBusETCS eTMHCTBEHHOH OcoBoif TOuKOif

npoussenenus f(2)g'(z) na cermente [a;b].

+00

9. Ecniu uHTErpan I (f(:l:) - g(:l:)) dT cxomuTcs, TO MOYKHO JIM YTBEPHKIATh, YTO CXOAATCS 00a

a

MHTErpana J. f(z)dz u I g(z)dz ? Otser obocnyiire.

a

10. Tycts pynkmun f (sl:) u g(a:) ONpeIEIeHbl U HEMPEPBIBHBI HA MTOJIyCErMEHTE [a;b) , TOUKa

10



b
xr=0 — ocobas Touka KaxnoW wu3z dtux GQynkoui. IlycTs j f(x)d:z: pacxoauTcs
a
b
I/IJ. g(z)dz pacxonutcs. UTo MOXKHO CKazaTh O CXOAMMOCTH MHTETpaja I( flz)— g(x))dx?
a Qa
OtBet o0ocHyiiTE.

11. Uccnenyiite HECOOCTBEHHBIE MHTETPAJIBI HA CXOJIUMOCTD C TIOMOIIBIO ONIPEICTICHUS CXOH-
MOCTH.

T dzx T dzx 42

a) | 50— 0) | 57— B) | ——dz; r)
i+ r+1 _J;Ox?—x—i-l _'[O:L‘2+4 lenm
+o0 /2 0,25

1) J e cosbxdr, a>0; e) _[ In(cos z)dz; x) I

; ; 3) | tgxdx;
0 0 05 Nz +1 '([

1 3 . In2 0
z”arcsindr [ dz 5 30 T cos zdx
K j ) I e’dr;m

0 N1-27 | Oez_l;ﬂ_wﬂf ’)'([\/sinaz.

HccnenoBanue cXoaMMOCTH HECOOCTBEHHBIX HHTEIPAJIOB OT 3HAKONMOCTOSAHHBIX
(pyHxnuii.

u)

Jlig nccnenoBaHus CXOAMMOCTH MHTETPAjIOB MOKHO BOCIIOJIb30BaThCS IPU3HAKAMU CpaB-
HEHMsI, KOTOPbIE JAIOT BO3MOKHOCTh CBECTHU MCCJIEI0OBAHNE MHTErpajla Ha CXOAUMOCTb K aHaJIU-
3y CXOJIMMOCTH 0oJiee MPOCTHIX HECOOCTBEHHBIX MHTETPAJIOB.

Teopema 5. (mpu3Hak cpaBHeHml JIJISI HeCOOCTBEHHBIX MHTErPAJIOB MEPBOro poaa).
Hycts 0 < f(z) < g(z) npu x > a u pynxuun f(x) u g(x) unrerpupyemsl Ha moGom

cerMeHTe |:a,; A] :

+00

Torma w3 cXOAMMOCTH HHTETpaia Jg(aj) dr cneayer CXOAMMOCTH MHTErpajia

a

+00 +00

x)dx, a U3 pacxoJaMMOCTH HHTErpayia r)dx craemyer pacXoaMMOCTh WHTErpaja
f(z) p p yer p p

a a

3ameuanne. Ecin nepasencteo 0 < f(x) < g(x) Bhmonusercs He Ha Beeill o6nactu

UHTETpUpOBaHus 4 < T < +00, a TOJbKO Npu T > A > a, To HecobcTBeHHBIH HHTEeTrpall
j f(z)dr moxHO mpencTaBuThL B BUJE CYMMbI J f(x)dx = I f(x)dx + I f(z)dx, rne

NEPBBIA WHTErpall SBISETCS COOCTBEHHBIM U, TakKUM oOOpa3oM, BONPOC O CXOJUMOCTHU

11



+00

HECOOCTBEHHOTO MHTErpayia If (m)daﬁ CBOAUTCA K HMCCIEOOBAHHUIO HA CXOIUMOCTH

a

+00

HECOOCTBEHHOT'O MHTETpaia j f(z)dz  x koTopomy npumenumMa Teopema 5.
A

CJieicTBHE U3 TEOPEMBI 3.

Ecnu ¢pynkuus g(x) IPUHKMMAET TONLKO MOJIOKUTEIbHBIE 3HaUeHus pyu & > A, rae

T ‘ +oo o
A > a u cymecrsyer npenen lim ‘f(—) = k > 0, To uaTErpaNHI J f(z)dx J g(x)dx
CXOIATCA UK pacXoadATCd OATHOBPEMCHHO.
+00 f(x) +00
Ecim j g(z)dx cxomures m lim “——= = 0, To unrerpan I f(z)dz cxomures.

Teopema 6. (mpuU3HAK CPABHEHUs AJIs1 HECOOCTBEHHBIX HHTErPaJjioB BTOPOro poaa).
[Tycts dyHKUIMN f(x) u g(m) orpesieNieHbl Ha MOJyCEerMEHTE (a;b], rae a — ocobas

TOUKA 3TUX (YHKIMHI, HHTErPUPYEMBI Ha JIIOOOM CETMEHTE [a +0 ;b:|, e 0<o<b—a,n
ynosnersopsitor nepasercteam 0 < f(x) < g(x) npu a < x < b.

b
Torga 3 cXoIMMOCTH HECOOCTBEHHOTO HMHTETpasa j g(x) dr cnemyer cXoaMMOCTh He-

a

b b
COOCTBEHHOT'0 MHTETpasia J- f (33) dz , a 3 pacXoMMOCTH UHTETpasa J. f (x) dz cnemyer pacxo-

a a

b
JTMIMOCTD I/IHTGI‘paJIaI g(:U) dzx .

a
3amewanne. Ecim  mepasencteo 0 < f(z) < g(x) Bbmonusercs He Ha BeeM

MOJTyCEeTMEHTE (a;b}, rae @ — ocobas Touka GyHKumi f (x) u g(a:), a TOJIBKO Ha €ro 4acTu

b
(a;c}, ¢ <b, TO cBA3b MEXIY CXOAUMOCTBIO (PACXOAMMOCTBHIO) MHTETPAIIOB If(x)dx u

a

C

b c
Ig(m)daz TakKasg XK€, KaKk M Y HHTCTPAIOB If(x)dx u J‘g(ﬂ?)dl', K KOTOPBIM TNIpUMCHHUMA

Teopema 6.

CJieicTBHE U3 TEOPEMbI 6.

12



Ecnu ¢pynkums g(:l:) IIPUHUMAET TOJIBKO IIOJIOKUTEIIBHBIC 3HAYCHUS IIPU T € (a; c:l , TIe

f()

a<c<b wu cymecrByer npegen lim —— =% >0, To HecoOCTBEHHbIC HMHTEIPAIIbI
z—a+0 g(gj)
b b
BTOPOI'O pojia j g(z)dz u I f(z)dx cxomsres unu pacxoasTest 0IHOBPEMEHHO.

a a

b
. i
Ecnu cxoauTest HecOOCTBEHHBIN HHTErPal BTOPOTo poaa J. g(z)dxr u lim M =0,
r—a+0 g(aj)

a

b
TO HECOOCTBEHHBIN UHTETPaJl BTOPOTO poz[aj f (:L’) dz cxomurcs.

a

TeopeMmsl 5 1 6 1 X cIeACTBUS HauOoee YA00HO MPUMEHSTH IS g(x) = z” (a - xaKoe-

100 BEIIECTBEHHOE YHUCJIO).

b
Cdr dz
Paccmotpum n1Ba amanonnsix unmezpana a) J —u 6)J.—a, rne b > 0.
T

b L 0
l-a A
40 L 1 - -
de .. fdv .. ya#l, —(A”—bl“), a#1,
a) J—a: lim | — = lim ¢{1-a ), =lim<{1-¢
) T A—>+oob$ A—+w A A—+w lnA—lnb, a =
(lnx)b, a =1,
l1-a

Ilpu a <1 npemena He

Ecmu o« > 1, to npenen cymectByer W paBeH
a fa—

o0
dx
cymectByetr. Takum o0pa3om, HHTETpa j—a cxomutes mpu & > 1 m pacxomures npu @ < 1.

I] x
l1-a b
b b —:E 1: 1 1-a 1-a
de .. de .. , a#F L —(b -0 ),a;tl,
6)I—=llmj—:llm l-«a =lim<{1-¢g
) xr% S—>+0 5 x% 5—>+0 b g 5—>+0 Inb—Ins a=1
(ln :L’) , a=1; ’ '
s
l1-a
Ecmn o <1, To mnpenen cymectByer W paBeH N Ilpu @ >1 npenena He
4

b
dz
cymectByeT. Takum 00pa3oM, HHTErpai j—aCXO,Z[I/ITCH npu @ < 1 u pacxomurcs ipu o > 1.
0T
Tt +1
Ipumep 10. UccrnenoBars Ha CXOAUMOCTb UHTETPAI ’
r +1
0

dx .

13



) = E.HonomHM g(:l:) =—-

O6o3nauum f | x
( ' +1 x

. f(x) z'+2”
IMockoneky lim =— = J. — cXoauTcs (ITAJOHHBIA WHTErpal ), To,

Tt 41

COTJIACHO CIICJICTBHIO TEOPEMEI 5, MHTErpan | ———
y T +1

d2 TOXe CXOTUTCH.

3auaqa. HccnenyiiTe Ha CXOIUMOCTh HECOOCTBEHHBIC HMHTETPAJIHI.

\/7dx

) ¢zt + 1 5) j OINT + T z! d ) I
a) | ——dz; Z, B '
ot +1 7’ +1 o A1+ 22
. dx
IIpumep 11. iccnenosats Ha CXOAMMOCTh HECOOCTBEHHBIN HHTErpal | —————.
0 sinz + %/;

1

OGoznauum f (ac) = —————=. Oco00i1 TOUKOI1 MOABIHTErPATBHON (DYHKIIMU SBIISET-
sInT + v

1
1
= —=. 3aMeTuM, 4TO UHTEerpal I g (:L‘) dzr cxomurcs (3TaNOH-

et & = 0. Tonoxum g(:l:) = %/>
x 0

HBIi1).

/ (17 ) Jz g
lim = lim =
z / 3/

x—>+0 g(:I?) z—>+0 SlIlLU + T—>+0 T+ O(ZL’) + T
CornacHo ClIeACTBUIO TEOPEMBI 6 HCXOIHBIA UHTErPal CXOAUTCH.
3auaqa. I/Iccnez[yﬁTe Ha CXOI[I/IMOCTB HECOOCTBEHHBIC HHTETPAJIBI

o o]t [

0ar:ln

\/;+\/7dx

IIpumep 12. MccnenoBars Ha CXOAMMOCTb HECOOCTBEHHBIN MHTErpall I

\/;+\/§_ 11

+

[IpeobpazyeM MOABIHTErpaldbHYI0  (DYHKIHIO: f(a:) = = .
R L7616

®ynxuus f (x) IIOJIOKUTENbHA BCIOJy HAa IIPOMEKYTKE MHTEIPUPOBAHUS U BBIIIOJHEHO HEpa-

1
BEHCTBO [ (x) > W > (. ITockonbKy HUHTErpal J‘% pacxoautcs (3TaJIOHHBIN), TO, CO-

TJIACHO CJIEJICTBHUIO TEOPEMBI 6, HICXOIHBIM MHTETPAI TAK)KE PACXOIUTCA.
h dx
3apaua. VccrnenyiiTe Ha CXOOUMOCTh HECOOCTBEHHBI HHTETPAJT j— .
3 4 9
o Nz + 8z

IIpumep 13. MccnenoBarh Ha CXOAMMOCTh HECOOCTBEHHBIN MHTETPajl BTOPOTO PoJia

14



0,5
1

—2d$
0 (mlnx)

Kak u3zBectHO U3 KypCca MaT€éMaTHYCCKOTI'O aHalIn3a ICCMCCTpa, hm T ‘ln l“ =0 , IIO3TO-
z—0

My Touka & = () sBisieTcst 0CO60M TOUKOW MOJBIHTErPATBbHON QYHKIMH. 3aMETHM, Y4TO Ha TO-

2
JycerMeHTe T € (O; 0, 5] BBIIIOJIHEHBl  HEPABEHCTBA x‘ln x‘ > (m In x) >0

1 1

< . Kak Oputo mokazano B mpuMepe 8,  HHTerpai

0<
x ‘ln :I:‘ (:z:lna:)Z

0,5

'[ :L"lnx‘ N _J. rlnzx

0

pacxoauTcs, MOITOMY, COTJIaCHO TeopeMe O, UCXOIHBIA HMHTerpai

TAKKC PACXOAUTCH.

0,3
’ dz
3apaua. Hccnenyiite Ha CXOJMMOCTh HECOOCTBEHHBIN HHTETPa BTOPOTO poja j s
oy 7 1In3x
dx

IIpumep 14. VccnenoBarh Ha CXOAMMOCTh HECOOCTBEHHBIN HHTETPAJ J‘ﬁ

Oco060# TOUKOH mogsIHTErpanbHoi Gynkiun spiasercs £ = 1. B touke £ = 0 moxsinTe-

1

rpanbHas QyHKuUs umeeT npenen: lim —— = 0, nosromy sTa Touka He ABISAETCS OCOOOIA.

11—z
‘ =1. O6o03HauUM

Kak W3BeCTHO W3 Kypca MAareMaTHYeCKOro aHammsa, lim

f(x) :L’ g(m):#_ Tak xak lim f(x) =1,u I/IHTeraJT.[ .

| pacxourcs,

TO, COI'JIACHO CJICIACTBUIO TeOpeMBI 6, I/ICXOI[HI:II\/'I I/IHTeI‘paJI TAaK¥XEC paCXOI[I/ITC}I.
3amauva. lccnenyiite Ha CXOI[I/IMOCTB HECOOCTBEHHBIC HHTETPAIBI

F (:B + - Q)dx
a)J. G)I B)j
(33—1) sin(z —2) “i( \/1+x+\/1+3;

JInst cpaBHEHMSI HCCIIEYEMOT0 HHTErpalla C OTHUM M3 STAJIOHHBIX WHTErPajioB MO/BIHTE-
IpabHYIO (PYHKIIUIO MOXKHO MPUOIU3UTH MHOTOWIEHOM C IIOMOIIbI0 popmyiibl Teitnopa.

IIpuBenemM HeKOTOpPBIE COOTHOLICHHUS, KOTOPbIe OyIyT HCIOJIB30BAThLCS Aajiee.
a) Pazno:keHust HeKOTOpPBIX QyHKI U o popmy.iie Makiiopena.

—1+;+%+ +Z—T;+o( )
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3 5 _1 x271,+1
* oz (-1)
1o (x2n+1 )

sing =0 ——+——...+ ;
31 5! (2n+1)!
b 2 z*! 2n+1).
S l’—$+§+a—...+m+0($ ),
cosle—x—2+$—4—...+(_1)—ﬂ+0(a:2");
21 41 (2n)!
chz :1+g23—2!+i—i+...+ (;U:)' +0(:1;2");
n+1 n
1n(1+1’):x—%2+%3—...+(_1)—x+0(x”);
n
(os) tvape 0, L olazteofamnet) ),
2! n!

tgx =z +o(z); the = a:+0(:1:); arcsinz = z + o(z); arctgz = x + o(x).

0) OueHku Jorapu(pMuyecKo U NOKa3aTeJbHON PyHKUMN
Kak wzBectHo ipu @ > 0 u @ > 1 BBINONHAIOTCS MPEETbHBIE PABEHCTBA

limz%lnz =0, lim (lj 1nl:0, lim 2% =0,

z—>+0 T>+o| T T—>+00

N3 KOTOPBIX CICAYIOT OLICHKHA

1
‘ln a:‘ <—mpu > 0 ¥ mocTaTOYHO MAJBIX X;
x

O<Inz < z” mpu a > 0 u gocraTouno GOMIHX X.

. 1
a =0 — npu T —> +o,tne @ >0wua>1.

+00
ITpumep 15. Vccnenosars Ha CXOAUMOCTL HHTEIPA J (\/ °+1 - \/ | ) dx .
1

IMonsaTerpanbhas GpyHkuus f (aj) = \/ t+1 - \/ 2> —1 unterpupyema Ha 1H060M OT-

pesKke [1;/1], A > 1 v nonoxurensHa Ha TIONYNPIMON T € [1; +oo). Jlnst Toro, 4To0BI OIle-

HUTH €€ MOBEJICHNE Ha OECKOHEYHOCTH, BOCIIOIB3yeMCsl PA3IOKEHHEM 10 Gopmyne MakiopeHa:

f(w)=Jw3+1—Jx3—1:x3/2,/1+i3—x3/2,/1—%:
T T
R N B L) e 1) 1 1
=z (1"‘2:63} T (1 21,3)+0[$3/2 —$3/2+0 T , T —> +00,
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+o0
. Tak kak lim fz) =1lm I g(z)dz cxonutes, To cornaco
x T—>+00 g(m) 1

CJIEICTBUIO U3 TEOPEMBI 5, HCXOIHBIM MHTErpal ABJISETCS CXOASIIINAMCS.
3agaua. Mccnenyiite Ha CXOJMMOCTh HECOOCTBEHHBIE MHTETPAIbI:

a)T(\/x+1 —\/x—l)dx; 6)T(\/x5 + 9z —\/:E5 +5:z:)d:1:.

~+00

[Tonmoxum g (a:) = 1/2

1
Ipumep 16. ViccrneoBaTh Ha CXOAUMOCTh HHTETPAIl J z’ In| cos — | |dx B 3aBucu-
T
1

MOCTH OT ITapamerpa p.

5 1
Paznoxum f(x) o popmyie Teitnopa npy — —> 0

x
, 1 1 1 1
f(a:):xpln cos| < ||=z"In|1-——+o| —||=2"| ——F+o| — ||
T 2z x 2z x
C) "
nosromy lim 0 = —. CoryacHo CIEJICTBUIO TEOPEMEI 6, I f(:z:) dx cxonuTes i pac-
T—>+00
1
g’
+00 d{L’

XOJIUTCS BMECTE C j . Tlocnennuii MHTErpas CXOAUTC IPU P < 3 U PaCXOJUTCA NIPH
1

P = 3, TO e BEPHO IS HCXOIHOTO MHTErpaIa.

4-p

i In 1+sinl3

X
3agaya. Mccrienyiite Ha CXOAUMOCTb UHTErPajl I dT B 3aBUCUMOCTH OT
1 "
napamerpa p.
(1 1
IIpumep 17. VccnenoBath Ha CXOAMMOCTbh MHTEIPA Ism — o dz .
X n T

e
[ToxpiaTerpanbHast pyHKIUSA CTPOTo MOJIOKUTENbHA Ha OIynpsiMoit € < o < +00. O6o-

3HauMM eé f (a?)

Bocnonezyemea  ciencteuem  teopeMbl 5. Ilycrs g(x) =—- ITockonbky
WA
2 ~+00
. x .. 1) =z ) -»[ 1 1 dx
hmmz lim sin — = lim xz(lnx) —+o|—||=0u | — cxo-
T—>+00 g(iﬁ) T—>+%0 22 1 1n? z T—>+0 T T X

JUTCA, TO HCXOI[HBIﬁ HWHTCIPaJI TAKKC CXOAUTCH.

1 1

o0
Wrax, uarerpan I sin —

I dx cxomuTcs 1pu M06OM 3HAYEHUH .
T n T

e

3anaua. lccnenyiite Ha CXOQUMOCTh HECOOCTBEHHBIC HHTETPAJIBI B 3aBUCUMOCTH OT T1a-

17



1

pmwmama)jaW mm—l——eig de)Ihﬁx-h11+ dx .
9 \/; 1

e}
T
”2

efl?
V1—=z

[onpiHTerpanpHas GyHKUUS SBISETCS MOJOXKHUTENBHON Ha MOJIYCerMEHTEe & € [0;1) 51

dx .

1
IIpumep 18. MccnenoBars Ha CXOAMMOCTb HECOOCTBEHHBIN MHTErpal I
0

HeorpanuyeHHo Bospacraer mpu T —> 1—0. Ilpu = € [O;l) ClpaBe/UIiBa  OIEHKa

x
€
<

\/l—x _\/1—:13

1
e
CXOJIMMOCTH HHTErpaia J.— dr = 2e. Takum 00pa3oM, UCXOTHBIN WHTErPal CXOUTCSI.
0V 1-2

T

1
e
. CornacHo teopeme 6, CXOIMMOCTb MHTETpalia J—dczz clenyeT u3
oV 1-2x

3anava. VccrnenyiiTe Ha CXOAUMOCTh HECOOCTBEHHBIE HHTETPAJTBI:

#QVcosx 0 1 tIn(l1+z)—sinz

Wuorga uccrnenoBath Ha CXOAMMOCTh HECOOCTBEHHBIM HHTErpaj MEpBOr0 poja MpoIIlE,
4eM HEeCOOCTBEHHBIM HMHTErpan BTOPOTO pojaa, KOTOPBIH MOXKHO CBECTH K MHTETPaly MEPBOTO
pola mpu MOMOIIH 3aMEHbI IEPEMEHHOM Ha OCHOBAHUU CIIEYIOIIEH TEOPEMBI.

Teopema 7. Ilycts pynkuus f (:U) OIIPE/EIICHA U HEIIPEPLIBHA HA IIOJIyCETMEHTE [a; b) , b
— eJMHCTBEHHas ocobast Touka f (J:) Ha 3TOM nomaycermenre. Ilycte o = g(t) - HENPEPBIBHO

nuddepeHEpyeMas MOHOTOHHO Bo3pacTaroiiasi (GpyHKIUs, OnpeielicHHas Ipu | € [0{;+OO>,

npuyeM g(a) =a,u tl_i)rﬂo g(t) = b. IlycTh cXOmUTCSA HECOOCTBEHHBIN HHTErPal IEPBOTO PO-

~+00

b
na J. f ( g(t)) g'(t)dt. Torna HecoGCTBEHHBIN MHTETPa BTOPOrO poja J.f (:1:) dx cxomutcs u

o a

b

CIPABEUIMBO PABEHCTBO If(:l:) dr = I f(g(t)) g'(t)dt.
9(4)
Jloka3aTeJbeTBO. PaccMOTpHM OTpeeNeHHbIil HHTerpal J. f(x)dz, rne A>a, a

a

sHaunt 0 < g(A) < b. Cnenaem 3ameny nepemennoit * = ¢(t), a <t < gil(A) . [omy4um

9(4) A
[ f@)dz = [ f(g(t)g'(t)dt. (3)

B otoM pasencTBe nepeiinem k npeneny npu A —> 400, npu stom lim g(A) = b Tlo-
A—+0

CKOJIbKY Tpeiien mpaBoii dacth paBeHcTBa (3) CylIecTBYeT MO YCIOBHIO W pPaBeH

18



+
8

f(g(t))g'(t)dt, TO CyIIECTBYeT Tpeiel JIeBOHl 4YacTH, M CHPABEJIMBO PABEHCTBO

D e > Qe

f (:I:) dr = Tf (g(t)) g'(t)dt, uro u TpeGoBanoch soKa3ath.

+00
Ipumep 19. Vccnenosars Ha CXOIMMOCTh HECOOCTBEHHBIE MHTEIPAIIBL: a) j e Mxldx
0

1
1
npu p >0, ¢ > 0; 6)jxp_11nq—dx mpu 0<p<1 ¢g>0.
x
0

+00
a) MuTerpan J e "x'dr aBnsercs HecOOCTBEHHBIM MHTErPAIOM HEPBOTO PO/, TI0-
0

ckonbky & = (0 He sBIseTCs 0cO00M TOUKOMN MmoabIHTErpanbHol (yukuuu npu q > 0. Boc-

=z

nosb3yemcst ciiesicTBueM TeopeMbl 5. O6o3nauum f(x) = e Pz’ . Tlonoxum g(z) = e % . Tlo-

p
. T . -5t
CKOJIBKY ZILIEO % = ZILIEO e 2 x' =0 (upu mobbix 3nauennsx qu p > 0), a

+00 _E 2 +00
e 2dr =— — cxomurcampu p > 0,10 mHTErpan J e "x'dx Taxxe cxoautes npu
0 p 0
p>0, ¢>0.
dz
B cnysae 6) cnemaem 3ameHy nepemenHoii In— =1%. Torma di=—-— u
T T

1

+00

1
p-1 —pt
pr In’ —dx = I e ""t'dt . CxomuMocTh HECOOCTBEHHOTO MHTErpaja BTOPOro poja B Jie-

0 x 0

BOM YacTH PaBEHCTBA CIEAYET U3 CXOJUMOCTH HECOOCTBEHHOIO MHTErpaja B MpaBOW 4YacTHU U
TEOPEMBI 7.

+00
- . “PT4 ]
3agaua. Vccnenyiite Ha CXOAMMOCTh HECOOCTBEHHbBIE HHTETPAJIBL: @) | € © X" aX mpH

1
1/e

p>0, ¢<0;06) J-xp_llnqldx mpu 0<p<1l ¢<0.
x
0

Kaxaplit 13 paccMOTPEHHBIX BBIIIE HECOOCTBEHHBIX HHTETPAJIOB MTPEJCTABIAET cOO0W MH-
Terpai au0o nepBoro poaa, 1160 BToporo pojaa. Ilycts Teneps Tpedyercss uccieoBaTh Ha CXO-

+00

JUMOCTb MHTETpai J. f(:):)dx , TJIe TOUKa @ SBISETCA 0co00M Toukol QpyHkimu f (x) u J1py-

a

I'HX OCOOBIX TOYEK y (PYHKIUU f(x) Ha MOJIYIpSIMOMN |:a; +oo) HeT. Toraa MOXHO pa3OoHTh €ero

HA CYMMY JBYX HECOOCTBEHHBIX HHTETPAJIOB:
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[ ryde = [ oyt + | stayie, @

TJIe TIepBOE cllaraeMoe MpeCTaBIseT COO0 MHTErpal BTOPOTO pojia, BTOPOE CllIaraeMoe — MHTe-
+0o0
rpai nepBoro poga. MHTerpan j f(x)dx cxomurcs, ecnu cxonsTes 06a MHTErpana B MPaBoit

a

9yacTH paBeHcTBa (4). AHAJIOTHYHO CYMMO# JABYX HECOOCTBEHHBIX MHTETPAJIOB MPEICTABISCTCS

HECOOCTBEHHBI HMHTErpaj BTOPOTO pojaa jf(x)da:, ecmd @ U b —ocoOble Touku (QyHKIMU

a
b c b

f(z): j f(z)dz = I f(z)dz + I f(z)dz , n Taxxe HecOGCTBEHHBII HHTErPa IEPBOTO POJIA MO

23 a c

BCell IIpAMOi: J. f(z)dz = I f(x)dxj f(z)dz . Touxy ¢ B kaxOM CTydae MOXKHO BHIOPATH
—00 —00 C
TIPOM3BOJIBHO.
¢ arctg x
Ipumep 20. UccrnenoBars Ha CXOAUMOCTb UHTETPAI J —
x
0

d2 B 3aBUCUMOCTH OT

rmapaMmerpa 1 .
ITpu x — +0 cnpasemmuBo paBencreoarctgr =  + O(x) , IO3TOMY

arctger  z+o(z) 1+0(1)

n n n—1

()
X X X
Bripaxkenue B npaBoii yactu pasenctsa (5) umeer npegen mpu £ —> 0 Benywae n <1, a
npu 1 >1 Touka T = (0 sBasgercs 0coGOM TOYKOW MOABIHTErpadbHON (GyHKIMU. B ciayuae
n > 1 pa3o0beM MCXOIHBIA HHTErPAT HA CYMMY JBYX HECOOCTBEHHBIX MHTErPAJIOB IEPBOTO U

+j3° arctgr d = j arctgx do + T arctge

- - ——dz . (BmecTo mpesiena MHTErpHpo-
o T o T 1 L

BTOPOTO poja:

BaHUA T = 1 MOXKHO ObLIO ObI B3ATh JHOOOE MONOKUTEIBHOE YKCIIO).
. arctge
CoriacHo CIIEICTBUIO TEOPEMBI 6, HECOOCTBEHHBIN MHTErPaJl BTOPOTO poja —d
0

1
CXOZUTCSI WINA PACXOAUTCS OJHOBPEMEHHO C MHTETPaAJIOM J.?d:l:, (cM. (5)) TO ecTh cxomuTCs
0
npu 1 < n < 2 upacxomurcs npu n > 2.
. arctge
PaccmMoTpuM HECOOCTBEHHBIN MHTETPaj MEPBOro poja J. —d:}; dynkuus arctgx
1

. T
MOHOTOHHO Bo3pacTaeT u lim arctgz = 5, MO3TOMY Ha moJynpsiMoit © > 1 crpaBemuBel
Tr—>+0w0

1

—, CIICJIOBATEIILHO, 10 TEOPEME 5 HHTErpa j -
x T

arctgx < arctgr

—<

1
n n

Hh A

dx

7Z' 7Z'
OLIEHKH — —
4 2
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+001

CXOOUTCA HWJIHW PACXOAUTCA OJHOBPEMCHHO C HHTETpaioM .[ —da: TO €CTb CXOJUTCA IIpH

. z"
n > 1 u pacxogurcs mpu n < 1.
arctge
B wWrore momydaem, 4TO HHTErpa J —Idx cxomures npu 1 <n <2, a npu
0
OCTAJILHBIX 3HAYEHHAX MAPAMETPA 1) HHTErPaJ PACXOJUTCS.
¢ thz
3agaua. Mccnenyiite Ha CXOAMMOCTh MHTErPal I —— dT B 3aBUCHMOCTH OT HapameTpa 7 .
x"
0

(In(l+2°) )
Ipumep 21. UccnenoBats Ha CXOAMMOCTb UHTETPAI J \/7
z

0
[IpencraBuM UCXOAHBIN UHTETPAT KaK CYMMY JABYX UHTETPaJiOB

1
Tln(1+x3)d J‘ln(1+x3)d J fIn(l+2°) )
—_—QqQr = _— .T
3 3
0 T NI 0 TNT 1 513 NT
M UCCIICAYEM UX Ha CXOAMMOCTDH IO OTACIIBHOCTH. HauneMm ¢ HECOOCTBEHHOTO HHTCrpaia nmepBo-

¢ In(1+2°)

ro poxa I—dm. Bocnonb3yemcst  ciaeactBuemM  u3  teopembl 5. IlycTh
3|
1 X

In (1 + £L‘3) 1
f(z) = ———=—=, 9(x) = — . Tax xax mnrerpan I — dZ cxommTCs Kak STATOHHBIH, M
T \/7 X 0 I
BEpHA 1IeTI0YKa PABEHCTB
f(2) ln(1+ x3)x3 ln(1+ :1;3)
lim —= = lim = lim ———= =0,
T—>+0 g(l’) T—>+0 1'3\/; T—>+00 \/;

¢ In(1+2%)

TO HECOOCTBEHHBII HHTETpal MEPBOTO poia I dx cxomures.
1 € \/7
In(1+z°)
PaccmoTpumM Tenepb MHTErpal I—dm DTO0 HECOOCTBEHHBIM MHTETPAJI BTOPOTO
o x \/7
poia, MOCKOJIBKY MOABIHTErpaibHas (pyHKIUS HEOrpaHMYeHHo Bospacraer mpu T —> +0, Tak

3
ln(1+x ) .2 +o(z’) .. 1+0(1)
kak lim ———~ = lim —= lim — . = +00. Bocrione3yemes creacTBH-
z—>+0 T \/7 z—>+0 T z—>+0 T
1
eM u3 Teopemsl 6. [Tycts g(x) = ——.
Ja
f(z) ln(1+:1:3)\/; ln(1+x3)
[ockoneky lim ——+~ = lim =lim———= =1,
z—>+0 g(x) z—+0 3\/7 z—>+0 $3
In(1+z%)
a MHTErpa I g(x d:}: = I CXOJUTCS, TO MHTErPal I—dx TOE CXOIUTCH.
3Nz R

OKOH‘IaTeHBHO nojrydacm, 4To I/ICXO,Z[HBII/I HUHTCrpaJl CXOAUTCA.
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3agaua. VccrnenyiiTe Ha CXOAMMOCTh HECOOCTBEHHBIE HWHTETPAJIbI
+00 3 +00
In(1+z”) dz
2) j T ) drs 6) j .
4 3/2
0 ZI?\/; o(:l:+1)/ ln(1+\/;)

IIpumep 22. HaiiTu, npyu Kakux 3HAYECHHUSX [TapaMeTpa P CXOIAUTCS UHTErpas

o g —1n(1+x2)d

J

0 HA

Z.
p

[IpencTaBuM HMCXOMIHBIN UHTErpajl Kak CYMMY JIBYX UHTErpajioB:

+°°x2—1n(1+a:2)d 1x2—1n(1+a:2) +°°:L‘2—ln(1+x2)d
T =

it | o+ |

0 x 0 x

X .

p p

X
Cuauasa paccMoTpuM nepBbiil uuTerpai. [pu £ — +0 s noasiHTErpaibHON QYHKIMHA
xQ—ln(1+5I;2) 1 (2%

CTIpaBeIMBO Tpe/cTaBIeHue [ (x) = =—1|—+o0 (x4)
z? P\ 2

Oyukuus [ (JL‘) umeer npenen npu £ —> +0 mis p < 4, u B 9TOM Cilyuae UHTErpan
siBsieTcst co0cTBeHHBIM. [Ipu P > 4 touka x = () sBisieTcst 0c000# TOUKO# MOBIHTEIPATBHOM
Lz’ — ln(1+ 51;2)

d

B ciyqae p > 4, cOrnacHo CIEACTBUIO U3 TEOPEMBI 6, HHTErPaIl I
x
0

T
p

cxomurcsi ipu p — 4 < 1 (cm. BBImE npexacranenue GpyHkiuu f (:L’) npu = —> +0), To ecTh
npu 4 < p <9H.
o — ln(1+ 51;2)

PaccmoTpum uHTErpan j .
T
1

dz . Tlepenuiem MOABIHTErPAIbHYIO (yHK-

1—121n(1+5132)

umio B cnenyromenm suge: f(7) = —L—— . O6osnaumm g(r) = —— . Tockombky
z” z”
e T
lim ——= =1, To, cOrIacHO CIEACTBUIO U3 TEOPEMBI 5, MHTETPA I f(z)dz cxonutcs unm

L—>+00 g(:L’) 1
+00
PacxoauTCsl BMECTE C MHTETPAJIOM I g(m)dx . Tlocnenuuit unTerpan cxogurcs ipu p —2 > 1,
1
TO €CTh IpU P > 3 u pacxoxurcs mpu p < 3.
OKOHYATETHLHO, MCXOIHBIA HHTErPall CXOAUTCA TIpU 3 < P < 9.
+00 a}'p
3agayva. Halinure, npy Kakux 3HaUEHUSAX [TapaMeTpa P CXOAUTCS MHTETpall J. — dz .
0e’ —1
IIpumep 23. Haiitu, npu Kakux 3HaAUEHUSAX MAPAMETPOB P U (| CXOAUTCA HECOOCTBEHHBIH
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/2

dx

uHTErpan | ————————.
, sin” z cos’ z

1

3aMeTHM, 4TO MOABIHTErpaTbHas GyHKus [ (x) = ———————— NPHHHUMAET II0JI0XKH-
sin” z cos’ x

T
TEJIbHBIC 3HAYCHUS IPH T € 0;5 v m00bix 3HadeHusx pu . [pu p < 0, ¢ < 0 pynkuus

T
f (ZU) HCIIPCphIBHA HA CCTMCHTC 0, 5 , CJICAOBATCIIbHO, UHTCTPAJl ABJIACTCA COOCTBEHHBIM.

Ipu p >0 ¢yukuus f(:L’) HeorpaHuueHHo Bospactaer mpu T —> +(0, MocKoabKy

sin” x — 0 npu x — +0, a cos’ x — orpannyennas gpynkuus. [pu ¢ > 0 nobIHTErpaDL-

T
Has (DYHKIUS HEOTPAHWYEHHO BO3pAcTaeT Mpu T —> 2 — 0, nockomeky cos’x — 0 mpu

V4
z—>—-—0.
2
T V4 T 5
Pa300beM 0Tpe30K O;E , Ha e yactu: | 0;— | u Py ;— |, ¥ IpeCTaBUM MCXOJIHBIH

UHTETpal Kak CyMMY JIBYX HECOOCTBEHHBIX MHTETPAJIOB BTOPOTO POAA:
2 4 2
”j dzx ”J/~ dzx N ”j dzx

v, sin”zcos’z | sin”xcos’x 2l sin” z cos’ z
EnuHcTBEHHON 0CO000# TOUKOM MOIBIHTETPATHHOM (YHKIIUU B TIEPBOM CJIATa€MOM SIBJISICT-

ca toukax = (. B OKpecTHOCTM 5TOM TOUYKM BEPHBI paBeHCTBA SINT = T + 0(:1:),

1 1

cosr=1+o0 (:I?) H, CJIEJOBATENBHO, — = , TO3TOMY TIE€PBBIN MHTE-
sin” xcos’x  x” + o(x”)

rpai cxoautes ipu P < 1 coryacHo CIeacTBUIO U3 TEOPEMBI 6.

T
Bo BTOpOM HHTErpaic caciaaceM 3aMCHY MNEPEMEHHOU Yy = E — I
/2 /4
dz dy 5
J. ﬁ = J. ﬁ HOCJIG,Z[HI/II/I HHTCrpajl COBNAAACT € YK€ paCCMOTPCH-
”/4 SINn” T COS” T o COS” ysin' y
/4
dx
HBIM UHTErpaioMm ——————————,€CIIu P U ¢ TOMEHATHL MECTaMH, IIO3TOMY OH CXOOUTCA

, sin” zcos’ z
npu q < 1.
OkonuarenbHo, ucxomubiidi uuTerpan cxomures mpu 0 < p <1, 0<q<1, npu
p <0, ¢ £0 unrerpan sBiusieTcst COGCTBEHHBIM, TIPU OCTAIBHBIX 3HAYEHUSX MAPAMETPOB OH

pacxouTCs.
3agaya. HaiinuTte, mpu Kakux 3HAUEHUSAX MApaMETPOB ) U ( CXOAUTCA HECOOCTBEHHBIN
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r dx
) " (2 — )" a

IIpumep 24. Haiity, npyu Kakux 3Ha4EHUSAX MAPAMETPOB P U ¢ CXOIUTCS MHTETpal

MHTErpa

+00
J‘ dx
Lz’ In’ z
3anuiiemM I/ICXO,I[HI:Iﬁ MHTETpajl Kak CyMMY UHTETPaJIOB:

+00 +00 d;[;
j —_— = I I —— . B nepBoMm crnaraeMoMm cjiefiaéM 3aMeHy IepeMEHHOM
1xplnx 1acplnx A

2

x=1+t.TornaI
' In x

1
J .Tpu ¢ < 0 unrerpan sBisercs cob-
0

(1+t) (1+t)

CTBCHHBIM.
OueHuM TopIHTErpaIbuyro GyHkuio npu ¢ —> +0 ¢ momolsio pasnoxenus mo Gopmy-
ne Tenmnopa:

1 1 1
(L+ o) (1) (L+o)(t +o(rr)) ¢ +o(t)
CoryacHO CIeICTBHIO M3 TeopeMbl 6, uHrerpan cxomurcs npu 0 < ¢ <1 u pacxoaures

+00 dx

> 2" In’ x

npu ¢ > 1 ps mo6eIx 3Hadenuii p. Terneps OyaeM UcciIea0BaTh BTOPOi HHTErpal

Ha cxomumocth ipu ¢ < 1 m p € R.

ln—q+1
= dr lim ——— , ¢ #0;
Ecmu p =1, 10 Il—q: A0 —q+12
zln’x A
’ lim In x‘ , q=0.
A—>+0 2

B 060ux Cciydasx mpejies He CYLIECTBYET, ¥ MHTerpan pacxoaurcsnpu p =1, g < 1.
Benysaep <1, ¢ <1 msaseex T € [2; +oo) CIIpaBe/IBA OLCHKA

1 1 T dx

> . ITockonbKy, KaKk MOKa3aHO BBIIIE, HHTETrpall J ————— pacxoauTcs, TO
z’In'z  zln'x > rln’x

+00
dx
0 TeopeMe 5 WHTerpa J ————— TaKXKe PacXOIUTCs.

> o' In’

+00
dz
OcTanock uccienoBaTh HHTErpall j ——— Hacxomumocte ipu p > 1, ¢ < 1.

> 2 In’ x

Ilpu 0 < g <1 wHTErpan cXomuTCs COITACHO CIIEACTBUIO TeopeMbl 5. JIeHCTBUTENBHO,

0, > 0;
o6oznaunm, f(x) = # g(z) = = torma lim f@) b 1 ¥
2’ In’ z z? e g(z)  Infz |L  g=0,
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J — cxomurcs ipu p > 1. Tlpu ¢ < 0 monoxkum p =1+ 2a, rne @ > 0. Jlns gocratouso

a

q

GOJBIIINX MOJOKUTEFHBIX X BBIMOJIHEHO HepaBeHcTBO Nz < z ¢, otkyma In"?z < 2%, wm
2

" 1 x” 1
< . CimenoBaTelbHO, < — 52 = [, > ¥, COITIaCHO CIIEJICTBHIO TEOPEMBI 5,
In? x 2’In"x x x
+o0
dz
UHTErpajl I —————— CXOAMTCH.
> o' In'z
N
¢ dx
OKOHYATEIBHO, I ——, cxomutcsiipu ¢ < 1, p > 1.
L 2" In" x

3apava. Halinqure, npy Kakux 3HaYEHUSAX NAPAMETPOB P U ¢ CXOASATCS UHTErPAJIbI
2 1
a)J.x” In? zdx; G)pr In’ zdx .
1 0
3agaum 11 CAMOCTOSITEILHOTO PelIeHusl.

1. Uccnenyiite HeCOOCTBEHHBIE MHTETPAJIBI Ha CXOAMMOCTh C MOMOIIBI0 MPU3HAKOB CXOJIUMO-
CTH.

Tty - dz i dz ¢ arctgz
) —d:z; . 6) - 5) 1) dz
a'([z/”ﬁ z' +5 J‘\/1+:r + 2 B'!‘x\/1+335+$w r0(1+3:)2/3
< 1n (1 + 2:1:) 2 dz

dx ; %)

f dx . .
H)'([\/gln(a:+1)’e)'(‘: z Z[\/cosx-sinx'

Tsin’ * lnz =/ 0’5 dx
3) j dlL’;I/I)I
o

dz: %) ) _ar
Nz —1 : I\/SlﬂiBCOSJZ g len:z: L zln’

2. UccnenyiiTe HECOOCTBEHHBIE MHTETPAJIbI HA CXOAUMOCTh B 3aBUCUMOCTH OT 3HAYCHHI Tapa-
METpOB.

CF dr 11n(sm:13) .
a)!xnn ‘o(nnz) O Ty ’”f o n| o firin =5
T od i 2™ arct =In(l+x

) I e " z'dx npu p >0, ¢ <0.
0

AO0COJIIOTHAS U YCJIOBHASI CXO[UMOCTh HECOOCTBEHHBIX MHTErPAJIOB.
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+00

Onpenenenne. Murerpan j f(x)dz wasbiBaetcs cxodamumes aéconiomno, ecnu cxo-

a

+o0 400 —+00
JIATCS UHTETPAT I ‘f(x)‘dx Ecnu cxonutes uHTErpa I f(z)dx, a unrerpan J. ‘ f (:U)‘d:r

a

+00

PACXOIUTCS, TO UHTETPAT J f(z) dx nasviBactcs cxodamumesn yenosno.

a

+00 +o0
Teopema 8. Eciu cxommrest J. ‘ f(l’)‘ dx , o J f(z)dz Taxxe cxonures.

23 a

Tak ke (bOpMyJII/IPYIOTCH OIMPCACIICHUA aOCOJIIOTHO U YCJIOBHO  CXOAAIHNXCA
~+00

a
HGCO6CTBGHHBIX HWHTCIPpaJIOB J- f(.']f) dx u J. f(x) d.')j U TCOPCMBbI, aHAJIOTUYHBIC TCOPEMC 8,
—0 —0

AJId 3TUX UHTCTPAJIOB.

b
Onpenenenne. HecoOCTBeHHBI MHTErpan BTOPOro poja j f (:L’) dzr wasbiBaeTcs cxo00s-

a

b
wumca abcoarwmHuo, €Ciu CXOIUTCS WHTErpai ” f (x)‘dx Ecmm  cxomurcs wuHTETpan

a

b b b

I f(z)dz, a nnrerpan ” f(a?)‘da; PacxoMTCs, TO MHTErpa J. f(z)dx naswiBaetcs cxoos-
13 43 a

wuMmes ycnosto.

b
Teopema 9. Eciu cxoauTcst HECOOCTBEHHBIN HHTETPaj BTOPOTO Poja ”f(x)‘ dz, To

a

b
MHTErpa j f(x)dz Taxxe cxomures.
a

Teopema 10. (ITpu3nak abcomroTHOM cXOAUMOCTH HHTETpana | poaa).

+o0
Iycts ‘ f(:c)‘ < F(z) npu & > a. Torna eciu uuTerpan I F(z)dx cxomures, To

a

+00

MHTErpa I f(x)dz cxonures abeomotHo.

a

Teopema 11. Ilpuznak {upuxie. IIycTs BBIIOTHEHBI YCIOBHUS:
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1) dynkuus f (x) HEIpEPbIBHA HA MTOIYHIPSMON [a; +oo) Y UMEET Ha HTOU MOIYNPSMON
orpanuueHnyo neppoobpasuyo F(x), 1o ecte F'(x) = f(z);
2) pyHKIHS g(x) HE BO3pacTaeT Ha MOIyIpsIMON [a; +oo) , CTPEMHTCS K HYJIIO IIPU

T — +00 U UMeEET HENPEPLIBHYIO NPOU3BOIHYIO g'(aj).

Torna unTerpan I f(z)g(x)dx cxomures.

a

3ameuanue. TpeOoBaHMS TEOPEMbI MOYKHO OCIIA0UTh, HE TPeOysl HEMPEPHIBHOCTHU ITPOU3-
v !
BoaHoit ¢'(z).

~+00
3amevyanmne. CXxoauMOCTb HHTErpaa j f(z)g(x)dx umeer mecTo u B TOM ciryuae, eciu

a

yciioBue 2 TeopeMsl 11 BBIOIHSAETCS HE Ha BCE MOIYNPSMON [a; +OO) ,  Ha € 4acTu

|:A;+OO),r;[e A>a.

sinx
IIpumep 25. ViccnenoBarb UHTETpa I dx Ha cxomuMocTh (aOCONMIOTHYIO MU
l z
YCIIOBHYIO).
sinz sin 1 1
PaccmoTpum I dx . Tak kak < —, a uHTErpan j—dm CXOJHUTCSA, TO HC-
1 7 x 7’ L X

XOJIHBI MHTETPaJl CXOUTCST aOCOTIOTHO.

cos 3z
3anaua. lccrnenyiite unrerpan j dx na cxomuMocTh (aGCOTIOTHYIO UM YCIIOB-
INT

1
HYIO0).
o0 .
SIn T
IIpumep 26. MccnenoBaTe HHTETpai J‘ \/7 dr Ha cxoauMoCTh (a6CONIOTHYIO WK
1 X

YCIIOBHYIO).

T sinz
Hurerpan j

\/7 \/7
]. —3/2

TOHHO CTPEMHUTCS K HYJIIO IIpU T —> +00, UMEET HENPEPHIBHYIO IPOU3BOAHYIO — — X Ha

MOTYTIPSIMOI [1; +OO), a SIN T MMeeT OrpaHMYEHHYIO IepBooOpasuyo F (:17) = —COSZT.
Teneps m0KakeM, 4TO MHTETPAT HE CXOAUTCS a0comoTHO. OTIeHUM MOIYJb TIOIBIHTE-

. . 9
|s1nx| sin” x 1—c082:1: Ccos 2z

) : > =
rpanbHOi (GYHKIHU | \/;| \/; 5 \/; 5 \/7 5 \/;
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5 (1 cos2z
PaccMOTpUM HECOOCTBEHHBIH HHTErpall IEPBOroO Poa I — dx .
2Nz 2N

1

1 CcoS 2z
pacxoauTcsl, @ UHTETpaI OT (QYHKIIMH

Nz Nz

~+00
IMPU3HAKY I[Hpnxne (3TO AOKAa3bIBACTCA aHAJIOTUYHO OO0KA3aTCIbCTBY CXOAUMOCTHU J.

1 T
MMO3TOMY HMHTCrpal OT pasHOCTH (byHKI_[I/Iﬁ pPacxoguTcAa (CM. mpumep 1), a BMCCTC C HUM pPaCxo-

WuTerpan oT GyHKIMH CXOIUTCS 110

sin x

dz),

tlsinx
JITCSL ¥ HHTETPajl J \/7 dzr (mo npu3HaKy cpaBHEHHS).
x

1

sin x

0
Taxum o6pa3om, HHTErpal j dz cxomutes ycnoBHo.

1 T

o0
. COST

3anaua. lccnenyiite uarerpan I
3

dx Ha cxomuMocTh (aOCOTIOTHYIO UITH YCIIOB-
Inz
HYIO).

+00 .
rsimdx
IIpumep 27. VccnenoBarb UHTETpa J ——————dx na cxoauMocTh (aOCOTIOTHYIO
1

2
20+ 2z  Inx
WJIU YCIIOBHYIO).
HccnenyeM nHTErpal Ha CXOAMMOCTD 0 pu3HaKky Jupuxiie. yHKIus Sin T umeer

x
OrPaHUYEHHYIO IEPBOOOPA3HYI0, a QYHKIHS § (:E) = CTPEMUTCS K HYJIIO IIPH

20+ 2’ Inz
T —> +00. HaiineM npou3BoiHYI0 (QyHKIIHH g(x) :

_20+2’Inz—2(2z-lnz+xz)  20—(2° lnz+ 2%

!
9'(z) — —
(20+:L° lnx) (20+x 1n$)
®ynkus ¢'(T) HenpepblBHA M NPUHMMAET OTPUIATENbHBIE 3HAYCHUS TIPH JOCTATOYHO
T
OOJIBIINX 3HAYEHUSX T, HAPUMeED, npu T > 9. CienoBaTenbHo, GyHKIHA —————— Mo-
20+ 2" Inzx

HOTOHHO YOBIBaeT, 10 KpalHell Mepe, Ha MONYNpsIMON T € |:5; +oo) .

+ .
¢ xsinz
TakxuM oOpa3om, HHTETpal I —————— dx cxomurcs 1o npusHaky Jupuxie (cM. 3a-

20+ 2 Inx

MeyaHue nociie Teopemsl 11).
JlokakeM Tenepb OTCYTCTBHUE a0COIIOTHON cX0oauMOCTH. OLIEHHM MOJTYJIb ITOIIHTETPaTh-
HOU (YHKIIHH.
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1
220+ 2°Ilnz 20+ 2’ lnz 2

| rsinx |_ x‘smx‘ S rsin®x T T Ccos 2z
|20+:1:21nac| 20+2°lnz 20+ 2°Inz

PaccMoTpuM HECOOCTBEHHBIN HHTETPAII IEPBOTO POJA

+j30 1 T T cos2z | ,

— — Z.

220+ 2°Inz 20+ 2°Inz 2
+00 T

HecoGcTBeHHbIN MHTErpal I — dr pacxomuTcs BMECTE C HHTETPAIOM

1 20+ 2" Inz

©odr ¢ T cos 2z

j , & MHTErpai I 5 dzr cxomutcs Mo nMpu3HAKy JIMPHXIIE, TOITOMY

> rlnzx 1 20+2"Inz 2

WHTETpaJl OT Pa3HOCTH QYHKIMKA pacxoauTcs (cM. mpumep 1), a BMeCTe ¢ HUM PacXOJUTCS U UH-

+ .
(| zsinz 5

Terpain J ————— | dx . VItak, CXOHBIM MHTErPAl CXOIUTCS YCIOBHO.
1

20+ 2° Inz

+00
: Inz
3anaua. Vccnenyiite maTerpan J Sin & ———=dz Ha cxoauMOoCTh (aGCOMIOTHYIO MU
2
1 Vo +1

YCIIOBHYIO).

+00
P . 2
Ipumep 28. HccnenoBarh Ha CXOAUMOCTh HHTETpa I x” SlIl(:L' )dx B 3aBUCUMOCTH OT
0

3HAYEHHs [apamerpa P € (—00;1).

IIpencraBuM MHTErpal B BUAE CYMMBI IByX UHTEIPAJIOB:

+00 1 +00
j z? sin(z*)dz = J.a:p sin(z”)dz + j z? sin(z*)dz .
0 0 1

PaccmotpuM nepBbiid uaTerpan. [pu £ —> 0 a1 mogsiHTErpaabHON QYHKIUH CHpaBej-

miaBo mpexcrapienne 1z’ sin(r’) = 27 (:E2 + 0(3}2)), npuYeM 0OpH P > —2  HUHTErpai

1

. 2 - o
J.xp SlIl(:U )d(lf siBsieTcst co0CTBeHHBIM. [Ipu P < —2 Touka & = () sBisieTcst 0c060# TOUKOI
0

1
. p o 2
MOJBIHTETpabHON QyHKIMH. B 3TOM cinyuyae mHTErpai Im” Sln(x )da: CXOIMTCS OJTHOBpE-
0

1
p+2
MEHHO C I/IHTel"paJ'IOMJ..T dT 1o cenCTBUIO M3 TEOPEMBI 6, TO €cTh pH —3 < P < —2.
0
~+00
p 2
Hccnenyem unTerpai J. T SlIl(:E )dx Ha CXOOUMMOCTbH 110 NpU3HaKy /upuxie.
1
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+00 +o p-
CrienaeM 3aMeHy TIepEMEHHON & = \/2 . Torma I T Sln( = l I 2 sintdt.
1 2 1
p-1
®ynkuus f(t) = sint umeer orpanuyenHyio nepsoodpasnyto, a bynkuus g(t) =t > MoHo-

TOHHO YOBIBa€T M CTPEMHUTCS K HYJIIO IpU § —> +00, 1, KpOME TOTr0, UMEET HENPEPBIBHYIO MTPO-
M3BOJIHYIO Ha TOIYIIPSIMOi [1;+OO), ecmn p < 1.
Takum 00pa3oM, HCXOAHBIN UHTErpa cxoauTes ipu —3 < p < 1.

+0 COST

3agaya. Haiinure, npy Kakux 3HaUEHUSAX [TapaMeTpa P HHTErpaj J- . dz cxomurt-
x
cs1 (aOCOTIOTHO WITH YCIIOBHO).
Trsinz —cosz
Ipumep 29. HccnenoBarh Ha CXOAUMOCTh HHTETpa j 5 coszdr .

Xz
1
ITepBooOpa3Has GyHKIMKU COS T OrpaHuueHa Ha mojynpsmoi T > 1. Kaszanock Obl, 4TO

cieyeT pazOUTh TMOABIHTETPATbHYIO (YHKIHMIO Ha COMHOXXUTEIN f(:lj) =COST H

TSINT — COST
9(z) =

2

U npuMeHuTh npusHak Jupuxiue. s ynkumun g(l‘) BEPHO COOT-
T

|xsin:1:—cosx| 1 1
HOLICHHE glz) = 5 S—+—
| Tz

, u, ciuenosarensho, ¢(x) > 0 mpm
i

T —> +00. OIHAKO 3TO CTPEMJIEHHE HE MOHOTOHHO, TaK KakK

. . . 2
(smx +xcosT + sma:)a:2 —2z(zsinz — cosz) (J: + 2)0081:

g'(:z;) - e - e

SBJISIETCS 3HAKOMEPEMEHHOW Ha MOIYNPAMOM [1;+oo). CnenoBaTenbHO, ONpEaETICHHAsT TaKUM

o6pasom dyHkms ¢(T) He yHOBIETBOPSET YCIOBHIO TEOPEMBI O IpU3HAaKe upuxie.

Jliist vccnenoBaHus MHTETpajia Ha CXOUMOCTD MIPEICTABUM TOIBIHTETPATBHYIO ()YHKITHIO
B BUJE

: 2 : 2
TCOSTSIMT —COS T sin2x cos’x

.CUQ 21, xQ

WuTerpain ot nepBoro ciaraeéMoro CXOoAUTCs Mo Mpu3Haky Jupuxie, a uHTerpai oT BTOpo-
T'O CJIaraeMoro cxoauTcsi abcomoTHO. Cie10BaTeIbHO, HCXOIHBIM HHTErPaT CXOIUTCS.

tsinz —zcosz
3agaua. JIoKaxuTe, 4TO HHTETPa J . cos T dxr pacxoauTcs.

1 X

Ipumep 30. Haiitu, mpu Kakux 3HAYEHHSX TapaMeTpa P W3 UHTEpBAa P € (—1; 2) He-

0 . 2
. sin(z + z°)
COOCTBEHHBII HHTETPa I -

T
0

. dzr cxomuTcs aGCOMOTHO M NPH KaKMX — YCJIOBHO.

[TpencraBuM MHTETpal B BUIE CYMMBI:

dx = dx + dzx .

+j50 sin(z + z°)
) z” ) z” 1 T

j-sin(x+a:2) Tsin(w+x2)

p
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B okpectHocTn Toukn & = O 1y1st HOABIHTErpABHON (DYHKIMHU CIIPaBETMBO NPE/CTaBIIe-

sin(z + z°) _z+o(z) _1+0()

HHUE , IODTOMY TOYKA T = 0 sBaseTcs 0co00il TOUKOH
p P p-1
X T X

MOJABIHTErPAITHHON (byHKuI/H/I npu p > 1.

el
[lepBblii MHTETpaA CXOOUTCS OAHOBPEMEHHO C HHTErPAIIOM J.?dx COIJIaCHO CJIEI-
T

0

CTBHIO U3 TEOPEMBI 6, TO ecTh 1ipu 1 < P < 2. OTMETUM, YTO Ha OTPE3KE T € |:0;1:| HOJIbIHTE-
rpajgbHas QyHKIHS HE MEHSET 3HaK, O3TOMY CXOJUMOCTh HECOOCTBEHHOTO MHTErpajia BTOPOro

1 . 2
sin(z +
pona J.de ABNISIETCS  aOCOJIOTHOW TIpU P € (1;2). Ilpu p <1 wunrerpan

p
0 T

1
J- i - dx sBRsETCA ONpPENENEHHBIM HHTErPATIOM.
oL
Hccnenyem Tenepp Ha CXOAMMOCTb HECOOCTBEHHBIN MHTETrpall IEPBOro poja
Usin(x + 2%)
jonGre),,
1 g
CHauana uccienyeM ero Ha aOCOJTIOTHYIO CXOAMMOCTb IPU MOMOIIM ITPU3HAKA CPAaBHEHMS
(reopema  5). Jns  Moayns  NOABIHTETpadbHOM  (QYHKIMM  CIpaBeijMBa  OLIEHKA
sin(z +2%)| 1 .
— < —» TO9TOMY, COIIACHO TeOpeMe 5, npu p > 1 HecoOCTBEHHBINH MHTETpa

P T

x

+00 . 2
sin(z + x°)
j — dr abcoMmOTHO CXOAUTCA.
1 T
Tenepp uccieayeM 3TOT HHTErPall Ha CXOJUMOCTh € MOMOIIbIO pu3Haka Jupuxie. s
ATOTO Mpeodpa3yeM ero CIeAyIOIIIM 00pa3oM:
+00 +00

. 2 . 2
J sin(z + x )da: _ J- (1+2z)sin(x + z )da:
1 z’ 1 (1+2x)x”

. 2 . 1
Monoxum f(z) = (1+ 2z)sin(z + z7), g(x) = —(1 2

®ymxums  f(z) = (1+27)sin(z +2?)  wumeer orpamumueHHyio  1nepBOOGpasHYIO

F(J,’) = —COS(ZU + 332). OyHKIUSA g(m) = ———— yOBIBaer, eciu p > —1,u CTPEMUTCS
(1+2x)x”

D+ Qx(p + 1)
K Hymo ipu T —> +00.. Tak kax 9'(37) == (1+2 )2 71 > TO 1P I0CTaTOHO OO0JIBIINX X U
+22)x

p > —1 dynkuus g(a:) yOBIBa€T MOHOTOHHO, MPUYEM g'(:l:) HEIPEPbIBHA HA IOIYHIPSMOU

[1; +oo). CortacHO npu3HaKy JIMpuxJie, MHTErpal cXoauTes npu p > —1.
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. 2
. ¢ sin(z + %)
Ha mosycermenre p € (—1;1:| HECOOCTBEHHBINM HHTErpal I e

x
1

- dx He cxomuT-

cs1 aOCOJTIOTHO. DTO MOXKHO JIOKA3aTh TaK ke, Kak B mpuMepe 25.

WTax, MCXOIHBII HHTETPa CXOIUTCS A0CONIIOTHO NIPU P € (1; 2) U YCIIOBHO IIpH

= (—1;1].

3anauva. VccnenyiiTe Ha CXOIUMOCTh B 3aBHCHUMOCTH OT ITapaMeTpPOB HECOOCTBEHHBIHN HH-

~+00
Terpain J. x’ sin(mq)dx B ciaydae ¢ > 0.
0

BOIIpOCbI H 3aa4Y4 JJId CaMOCOTOATEC/ILHOIO PCIICHUSA.

1. ChopmynupyiiTe ompeaencHuss aOCOMIOTHO U YCJIOBHO CXOJMSIIUXCS HECOOCTBEHHBIX

MHTErpajioB HePBOTo poaa J. f(z)dx wu I f(z)dx
—0 —o0

2. ChopmynupyiiTe ompeaeneHuss aO0COMIOTHO ¥ YCIOBHO CXOJSIIMXCS HECOOCTBEHHBIX
b

MHTETPaoB BTOPOTO POJia I f(z)dz.

a

3. Chopmynupyiite mnpusHak Jlupuxne naias HECOOCTBEHHOTO WHTErpajia IEepBOTO pojaa

4. MOXHO 7M1 YTBEpXKIaTh, YTO W3 CXOAWMOCTH HECOOCTBEHHOTO HHTErpayia CIEAYET €ro
abcomroTHas cx0AUMOCTh? BepHo i oOpatHoe yrBepxkaeHue? OTBEThl 000CHYIHTE.

+00 0
5. IlycTh CXOAATCS UHTETPAIbI J. f (:L’) dr u I ‘f (:L’)‘ dx . YT0 MOKHO CKa3aTh O CXOAUMOCTH

MHTETPAJIOB Tf (:1:) dzu T‘f(:l:)‘ dz?

6. MOXXHO 1 TpUMEHSTh Tpu3HaK Jlupuxiie IUisi WCCIeA0BaHUs CXOJIMMOCTH HHTETPajoB OT
3HAKOTIOCTOSTHHBIX ()YHKITUNA?
7. Uccnenyiite HHTErpaibl Ha CXOIUMOCTH (20COTIOTHYIO UITH YCIIOBHYIO):

S

T; B) j0+wxsin(x3)dx; r)j—da:;
2

a)T\/;COSJ;dZE; )J‘ CUCOS$

z + 100 40+$ Inzx

0
" 2 T
1) !x cos(e )dx.

8. Haiinure, nmpy Kakux 3HAUEHUSX MapaMeTPOB MHTETPall CXOTUTCS aOCOMIOTHO M MPU KaKUX —
YCIIOBHO:

a)J.OMSix# dz; 6)J-1+w% dzr, g > 0; B)J.a: sm(a:q)dx, qg<0;
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—dx, ¢>0; H)J'cosax n > 0.

' sinz
[ £
1+ 2"

y 1+2f

+00
. (02
9. lokaxure, 4TO HECOOCTBEHHBIN MHTErpall J. x’ sm(x )d:U pacxoauTcs pu P € |:1; +oo).
0

10. ITycTh uHTETpAT If(x)da: cxomures. CrieyeT JiM OTCIOJA, YTO f(:z:) — 0 npu

+00 7:2
T —> +00? PaccMoTpuTe mpuMepsl a) j SiIl(ZL‘Q)dl’ , 0) J (—1)[ }dx , T |:$2:| —1enas
0

2
4yacTh yuciaa T .

11. Mycts f (:L’) — MOHOTOHHAsI QYHKIUS IPH T € (a; +oo), I/IHTel"paJ'IJ. f (x) dx cxomurcs.

a

1
JlokaxuTe, 4To f(:l:) =o0|— |upu T — +0.
X

12. Ilycte mHTETpan J. f (a:)dx cXonuTes B QYHKIUS go(:lj) OTpaHHWYEHA Ha TMOJIYNPSIMON

+00

[a; +oo)_ IIpuBeaute npuMep, MOKA3bIBAIOLIUMN, YTO UHTETPAl J. f(:l:) (p(:L’) dzr moxer GbITh
a

PaCXOISIIUMCH.
13. IlycTth mHTETpaN J. f(x)d:z: CXOOUTCSI a0COMOTHO M (PYHKITUS (p(:l:) orpaHuyeHa Ha Io-

+00

JTYTIPAMOM [a; +oo) . JIOKa)KuTe, 4TO MHTErpa J f (:1:) @ (:2:) dzr cxomurcs aGCOIOTHO.

a

I'naBHoOe 3HaYeHHE HECOOCTBEHHOI0 HHTErpaJia.

Omnpenenenne. Eciu cymecTByer npenen
A

jim f(z)dx,

+00

TO OH HA3BIBACTCS 2/1ABHbIM 3HAUCHUEM HECOOCMEECHHO20 unmezpaia J f(ﬂ?)dl’ u 0003Hava-

—0

eTcst creyrommm odpasom: V. p. I f(z)dx

+00
Ecan HGCO6CTB€HHBIﬁ HUHTCrpall J. f(x)dx CXOOUTCA, TO €0 3HAYCHHUEC PABHO I'IABHOMY

—00
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+00

3HAYEHHIO 3TOro uHrerpaiga. Ho Moxxker ObITh Tak, YTO HECOOCTBEHHBINH MHTErpaj j f (:L')d:L‘

—00
PaCXOogUTCA, HO UMECT KOHCYHOC I''TaBHOC 3HAYCHHUC.

+00

3
Hanpumep, uarerpan I 2°dx pacxomurcs, IOCKOIBKY HE CYIECTBYET IIPeIe

—00

+A A4 B4 +00 +A
lim | 2’°dz = lim | ——-—|, o V.p.j 2’dr = lim | 2°dz = 0.
A+ A-+o| 4 4 A—+o0
B—-w—B B——x -

+00

x
Mpumep 31. Haiitu V.p. | ——dz.

° chex
+00 T +00 2.7;
Unrerpan | ——dz = I ——dz cxomurcs.
' chz e +e
+A T +A T
[To ompenenenunto V.p. J. P _dz = lim ——dx, a Tak Kak ——dx =0 (unre-
chzx Ao+ Y chao “.chzx
~+00 T
rpaj OT HeYeTHON (PYHKIMU B CHMMETPUYHBIX Tpesesax), TO —dx =0.
chz
+o0
3apaua. Haiigure V.p. I sin xdz.
1+2
IMpumep 32. Haiitu V.p. I dz .
P +1
1+2
3aMeTuM, 9TO HECOOCTBEHHBIN MHTETPA I N dx pacxomuTcs, MOCKOIBKY CIIELYIO-
LU +
LM MPEJIE HE CYIIECTBYET:
: 1, A+1
lim L dz = lim arctg A —arctg B+ —1In
A—+o0 .T +1 A—+o0 2 B2 +1
B—-w B B——o0
1+x . M l+sz
Cornacno onpenenenuto, V.p. j dr = lim J > dz , a Tak KaK
2 +1 Aot J 2" +1
+A
Yt 1 )
J dxr =| arctgz + —ln(:z: + 1) =2arctg A, u hm 2arctg A = 7, 1o
2 2 A+
L +1 A
+00
1+z
V.p. J . de =1
Sxt+1
72
3ampaua. Haiimure V.p. J. dx

x+1
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b
PaccMmoTpum Tenepbh HECOOCTBEHHBIN MHTETPAJl BTOPOTO poja j f (a:)dx, pUYeM 0Co00M
a

Toukoit pynkuun f(x) sBnsercs BHyTpeHHsis Touka & = & cerMeHTa |:a;b:|.

Onpeneaenne. Ecnu cyniectByer

s b
lim jf($)d.’13+ j f(z)dz |,

5—>+0
E+0

b
TO OH HA3bIBACTCS IJIaBHBIM 3HAUYCHHEM HECOOCTBECHHOIO HHTCIr'pajia BTOPOro poaa If(x)dx u

a

b
o6osnauaercs tak: V.p. I f(z)dz.

b
Ecnu HecoOcTBEeHHBIN MHTErpall BTOPOTo pojia If(x)d:l: CXOJUTCS, TO €ro 3HaYCHUe paB-
a

HO TJIaBHOMY 3HAYEHHUIO ATOTO MHTerpana. Ho MoxeT ObITh Tak, 4TO HECOOCTBEHHBIH MHTErpa
b

.‘-f(l')dl’ pPacCXoauTCA, HO MMECT KOHCUYHOC INNTaBHOC 3HAYCHHUC.

a

2
dx
Mpumep 33. Haiitu V. p. I —

X
-1
Oco060ii Toukoi noasiHTerpanbHoil Gpyukuuu seiasercs £ = 0. [To onpenenenuto
tde . [Fdr tdx
V.p. I—?):hm —3+I—3 , @ TaK KaK
] €T d—>+0 ] €T 'S €T
-5 2 ad 2 2
dz dz 1 1 1 1 1 1 3 dr 3
—3+ —3:——2 ——2 = - 2+———+ 2:—,TOV.p.J.—3:—.
e AR 2x7| | 227 260 2 8 200 8 xt 8

2
dz
Ipumep 34. Tlokazars, 4to He cymecTByer V.p. j —
537
Oco6oii TouKoit oasIHTerpaabHol pyrkuuu siasercs £ = (. ITo onpenenenuto

2 -0 2
d : d d
V.p. J‘—fzhm j—f+ —f , @ TaK KaK

7137 5_”'07.% 53;
-5 2 -0 2
dx dx 1 1 1 1 1 3 2 3
—+| 5= —— ==-1-= —=——+—u lim| —— + — | me cyme-
xS T, =z, O 2 0 2 6 o0 2

2
dz
ctByer, 10 V.p. | — He cymectsyer.
37
3amava. Haiijure riaBHble 3HaYEHNS HECOOCTBEHHBIX MHTETPAJIOB, ECIIM OHU CYIIECTBY-
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a)j’-azg—4x+5
P —dx+4

Ecnu Ha mpomexyTKe WHTETPUPOBAHUSI MMEETCSI KOHEYHOE YUCIIO OCOOBIX TOYEK TOJIBIH-
TerpaJbHONW (YHKIHH, TO MPOMEXYTOK MHTETPUPOBAHMS pa30MBAIOT HEOCOOBIMH TOYKAMHU Ha
YacTH, TaKUM 00pa3oM, 4TOOBI KaXaasl U3 HUX coJiepikalia OJJHy 0coOyio TouKy. [ TaBHOe 3Haye-
HHUE MHTErpajia BBIYUCISETCA KaK CyMMa TJIaBHBIX 3HAUEHUH WHTETPAjoB IO KaKAOMY M3 IMOJTY-
YEHHBIX TIPOMEKYTKOB.

dz
Mpumep 35. Haiitu V. p. I—
o LT — 3T +2

OcoObIME TOYKAMH MOABIHTErPATBHOM QYHKIMH ABISIOTCS £ = 1 U & = 2. Paznoxum
3HaMEHaTelb HA MHOKHUTEIIN U IIPEICTaBUM UHTETPal Kak CYMMY ABYX CIaracMblX:

j‘ dx _1’5 dx +j dx
2 2° — 31 +2 - 0 (m—l)(m—2) 175(30—1)(:1;—2)'

Haiinem riaBHble 3HaAUCHUS KaXKA0T0O U3 HHTETPAJIOB.

1,5 d:l: 1-6
V.p. = li =
e e e
1-6 15
= lim lnx_2 + lnx_2 =—In2;
540 r—1 z—1
0 140
‘ dx . v dx f dx B
JRE P e ey e A N ey e
2-0 5
= lim || In 2 1 t-2 =—In2.
540 T — T —
15 246
OKoHYATeNbHO noyuaem V. p. i% =—-2In2.
3amaua. Haiigure a) V.p. J; . +d5:1; y; ;6) V.p. I %

3agaum 11l CAMOCTOSITEILHOTO pPeleHusl.
Hccnenyiite HecoOCTBEHHBIE HHTETPAJIbl HA CXOJAUMOCTh M HAWUTE UX TJIaBHBIC 3HAYC-
HUS, €CJTM OHU CYIIECTBYIOT:

a) jz JJ:ldx 0) Jarctgxdm 13):!:0 - :1) dx; r)_([ $_12’H)Lix
T da ‘ dx y
oSl e s
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HecoOcTBeHHBIE HHTErPAJIbI, 3aBUCALLME OT IapamMeTpa.
Heco0cTBeHHBII HHTErpas NepBoro poaa, 3aBUCAIIMI OT mapamMeTpa.

Onpenenenne. [Tycts pynxnus f (:1:, y) onpezeneHa npu VT > a u VY u3 3a1aHHO-

ro mpomexytka Y, M MycTh IS KaXIOTO 3HAYeHHs I € ¥ CXOMMTCA HECOOCTBEHHbIH MHTe-
rpan j f (x y) dx . Torna na npomexytke Y onpenenena dynxuus 1 (y I f (:L‘ y) dz,
Ha3bIBAEMAS HECOOCMEEHHBIM UHMEZPATIOM NEPEOZ0 POOQ, 3ACUCAWUM OM napamempa y.

IIpn kaxaoM QUKCHPOBAHHOM 3HAYCHHUH ¥, [TapaMeTpa § HHTerpan j f (x, yo)dm SIB-

JsieTCsl HeCOOCTBEHHBIM MHTETPAIIOM TIEPBOTO poja 0e3 mapamerpa. MIHTepec BbI3bIBaET MOBEIE-
nue Gynxumn () cpasy na Bcem npomexyTke Y.

Omnpenenenne. bynem TroBOpUTh, YTO HECOOCTBEHHBIH WHTErpajl TEPBOTO pojaa
I f (:L’, y) dx cxooumeca pasnomepno na npovexytke Y k Gynkuuu (y), €cinu BBIONHSIOT-

Csl YCIIOBHUSL:

1) st 1E06OT0 PUKCUPOBAHHOTO 3HAYEHHS { € Y HHTErpai

= jf(x, y)daj CXO/IUTCS;
2) Ve >03dA = A(é‘) (A>a): VR >AuVyeY cupasenmso

I(y)—ff(x,y)daz - Zf(x,y)dm <e.

Hcxons u3 3TOrO ompeaeneHus, cHopMyaupyeM KpPUTEpPH paBHOMEPHOH CXOAMMOCTH
(Tak Ha3BIBACMBII NpAKMuUYecKuii Kpumepuit).

+00

Ecnu necobetaennbrit uuterpan I (y I f (:I: y)dx cxomures s modoro Y € Y, u
a
~+00
}lzim sup j f(x, y) dz| ¢t = 0, T0 5TOT UHTErpaNl CXOAUTCS PABHOMEPHO IO TIAPAMETPY ¥ HA
—>00 yEY
R

+00
MHOXecTBe Y , a ecim lim < sup j f(a:,y)da: # (0 win He cymecTByeT (B YaCTHOCTH, €C-
R—w yeY 7
+00
JIM UMEIOTCS CKOJIb YrOAHO Gonbiuue R, 1i1s KOTophix SUP j f (:U, y) dz| = +00), To uHTETpaN
yeY R

CXOJUTCSI HEpaBHOMEPHO Ha MHOKecCTBe Y.
Joka3aTe/ibCTBO NPAKTHYECKOT0 KPUTEPHUSI.
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+00

Brimonnenue paserctsa lim < sup J f (:U,y)dx = () ozuauvaer, 4to
R—®© yet >

Ve >0 ElA(é‘) (A>a): VR > A sepHo HepaBeHCTBO SUP j f(:c y)da: < &, KpoMme

yeY

+00

toro, V4 € Y BBINOIHEHO HEPABEHCTBO j f (m,y)d < sup J f (:L’ y)dx II03TOMY HH-

R yeY

TCrpajl CXOAUTCA paBHOMCPHO IO OIIPCACICHUTO.

[lyctb Temeps }zlm sup J. f (:E,y)dx # (0 wim STOT Tpenen He CymeCTBYeT. DTO
—»0 yEY

03HAYaeT, YTO CYIIECTBYET TAaKOe YHMCIO &, > 0, uro ana moboro A > a HaiizeTcs umcio

+00

R > A, uro BBINONHSETCS HEPABEHCTBO SUP I f (:L’, y)dx > &,
yeY R

&
[lo onpeneneHHIO TOYHON BEpXHEH IpaHM IS 4MCAA O = ?0 CYILIECTBYET TaKoe

&
_ %0
y, €Y, uro I f(:r, yﬁ)dx >g,—0 = 5 YTO MO ONPENECICHUI0 03HAYAET OTCYTCTBUE

PaBHOMEPHOUN CXOAUMOCTH.

+o0
dz
Ipumep 36. UccienoBats MHTErpal — Ha PaBHOMEPHYIO CXOAUMOCTb Ha MOIYNps-

T
Moit p € [a,+), a > 1.

+00
dx
1. Uaterpan | — cxonutcs 1is 1000ro (pUKCHpOBaHHOTO 3HAUEHUS IMapaMeTpa P H3
P

1 L
YKa3aHHOTO ITPOMEKYTKA.
2. Bocrionb3yemcs mpakTHuecKuM KputeprueM. Paccmorpum

+0 dl' R—p+1 R—a+1 Rfa+1
sup I —| = sup = . TTockonbKy — 0 mpu R — +0, ecm
pe[a.&oo) R z? pe‘:a,+oo) D — 1 a—1 a —

a > 1, To uHTErpaN CXOAMTCS PABHOMEPHO Ha MONYIPAMON [a;+00), a>1.

.
wdx
-1

3apaya. Hccrnenyiite nHTerpan Ha PaBHOMEPHYIO CXOJMMOCTh Ha MOJYHpPsIMOM

p € [4;40).

¢ In? x

IIpumep 37. VccnenoBarh uHTErpal J. dT Wa paBHOMEPHYIO CXOIMMOCTH Ha OT-

3 x"
peskep € [0;2] mpu m > 1.
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B npumepe 24 6bu10 mokaszaHo, 4To npu M>1 uHTerpan cxoaurcs it Mo0bx P. [ToasiH-

TerpanbHasi GYHKIUS MOJOXKUTENbHA NPU L € [3; +OO), npuueM Inx > 1. Ilpumenum npax-

. In" z
THUecKuit KpuTepuit: lim sup j dr = lim — dr =0.
R—o0 pe 02 R .CIZ' R R T

Hrak, HCXOMHBIN UHTErpall CXOAUTCS PABHOMEPHO Ha OTPE3KE P € |:0;2:| npu m > 1.

3amaya. VMccnenyiite MHTErpajl Ha PaBHOMEPHYIO CXOJIMMOCTh Ha 3aJJaHHOM MHO>KECTBE
3HAYEHU Mmapamerpa p:

a)J.h[1 Y dz, p € [-1;0]; 6)I L dx,pe[l;?)}.

3/ > 2’ In’z
+o0
Ipumep 38. Vccnenosars MHTETpa I e "dx na paBHOMEpHYIO CXOIMMOCTh Ha YKa3aH-
0
HOM IIPOMEXKYTKE U3MEHEHM ITapamMeTpa p: a) p € (0;+OO); 0) p e [a;+00), a>0.

+0
o 1

Jlnist moGoro ¢pukcuposanHoro 3nadenus p > () unTerpan j e "dx cxonutcs u paBeH —.
0 p

Jlng uccrnenoBanusi Ha paBHOMEPHYIO CXOJAMMOCTh BOCIIOJIb3yeMCSl PAKTUYECKUM KpPUTEPH-

+00

eM: CHayaja BBIYMCIUM  HHTErpan Je_p “dxr  nmna QUKCUPOBAHHOrO  3HAYEHHUS

R
-pz 1 -pR o 1 -pR
p>0: J. e "dxr = —e . Jlanee naiinem sup| —e
p » \ P
1 _r
B cnyuae a) dynxmus F ( p) = —e " HeorpanunuenHo Bospacrtaer npu p —> 0 s
p
I
K@XI0r0 (PMKCUPOBAHHOTO 3HaueHus R, mostomy Sup —e ' = 400, cieqoBaTenbHo, cXo-
pe(0;+oo) D

JMMOCTb UHTETpajia HEpaBHOMEpHasl.
Jloka)keM, 4TO UHTETPaJl CXOUTCS PAaBHOMEPHO B citydae 0).

o1 1 R

[lockonbky —| —e€ =—| 3 +—le™ <0 opu p € [a;+oo) , To (yHKIHUA
op\ p p- P
-pR .
—e — yObIBaromass Ha MPOMEXYTKE P € [a,+00) nas moboro R > 0, mosromy
p
1 -pR 1 -aR : —aR
sup —e =—e u lim —e™" = 0. Orcrona cnexyer, 4T0 CXOAUMOCTH HUCXOIHOTO
pe[O;Jroo) p a R+ g

WHTErpajia Ha MPOMEXKYTKE P € [a;+oo) ,tie a > 0, paBHOMepHasl.
+00
3amaua. Mccnenyiite uHTErpan J. pe ""dr ua paBHOMEPHYIO CXOAMMOCTh HA YKa3aHHOM
0
MpOMEKyTKe U3MeHeHus mapametpa p: a) p € [a;0], 0 < a < b,6) p €[0;0], b > 0.
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+0
2.2
y 2 v
3anaua. VccnenyiitTe uHTerpan j p'rze " dr ma paBHOMEpHYIO CXOIMMOCTh Ha yKa-
0

3aHHOM MPOMEXYTKE U3MEHEHUs Mmapamerpa p: a)p € (—oo;+oo), 0) p>¢ >0, & —3anan-

HOC 4YHUCJIO.

+
¢ dz

IIpumep 39. Vccnenosats nHTErpan J. Ha PABHOMEPHYIO CXOAUMOCTb Ha
0

1+ (z - p)

YKa3aHHOM NPOMEKYTKe n3MeHeHus napamerpa p:a)p > 0;6) p < 0.
st mro6oro GUKCUPOBAHHOTO 3HAYEHUS ) MHTETPal CXOIUTCS:
+00
I dx
2
o 1+(z—p)

Jlna ncenenoBaHus MHTErpajla HA PaBHOMEPHYIO CXOAMMOCTB BOCIIOJIB3YEMCS ITPAKTHYE-
CKMM Kputepuem. Paccmorpum

= £+ arctg p
9 :

T dx © 7
f(R,p) = [ ———— =arctg(z - p)| =+ —arctg(R - p).
x 1+(z—p) f 2
T T
B o6nactu p > 0 cnpaBenuBa Henovka paBeHCTB: Sup‘ f(R, p)‘ =3 (- 5) =7,
p>0
OTKyJIa CIIEyeT, uTo QYHKIUA SUP ‘ f(R, p)‘ HE CTpEMUTCS K HyJ 0 ipu R — 400, 10 ecTh

p>0
HHTETPAI CXOOUTCA HEPAaBHOMECPHO.

T
B o6nactu p < 0 cnpaBeminBbl paBeHCTBA Sup‘f(R, p)‘ = 5 —arctgR u
p<0

lim sup ‘f(R, p)‘ = (0, oTkyza ciexyer, 4To HHTErpal CXOAUTCS PABHOMEPHO.
R—w
p<0

+
¢ dz

3agaua. Vccnenyiite nnTerpan J. Ha paBHOMEPHYIO CXOAUMOCTh Ha yKa-
2

1+(:U+p)2

3aHHOM NPOMEXKYTKE M3MeHeHus napamerpa p:a)p > 0;  6) p < 0.

—+00
Ipumep 40. Vccnenoats MHTETpa J e " sin xdxr , Ha paBHOMEpHYIO CXOIMMOCTH Ha
0
YKa3aHHOM NPOMEXYTKE U3MEHEHUs IapaMeTpa pP: a) p € (0; +oo) ,0) p e [a; +oo) ,a>0.
CXOIMMOCTh MHTETpaa MpHU JIF0OOM 3HaueHn P>0 ObLia yCTAaHOBJEHA B XOJE PEIIEHHUS

~+00
npumepa 4. Bbraucnum Ie_p “sinxdr, tme R > 0. Tleppoobpasuyro QyHKIUHK
R

e " sin £ MoXHO HalTH MO0 JBYKPATHBIM HHTETPUPOBAHKEM IO 9aCTsIM, JIM00, MPeoOpa3oBaB
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dynxmuio kak e ' sing = Im(e_p v 6"), a 3aTeM B3SIB MHTErPal OT IKCIIOHEHTHL JIH0OBIM

+00 -pR
Coco6oM MoTydaeM I e " sinxdr =
R

2

7 (cosR+psinR).

-»R

BBeneM 0603Ha4ECHHUS: f(p,R) = 16 > (COSR + psin R), S(R) = sup f(p,R)‘.

+ D pe(0;+oo)

[Tokaxkem, uTo B ciaydae a) y QyHKIHH S (R) HE CYIIECTBYET PaBHOI'0 HYIIIO IIpeJea IIpy
R — +00. Jlna storo ucnoms3yeM onpenenenue npeaena Gpynakuuu mo Ieline. Beibepem mo-
cnenosatenshocts R =27n (n € N). Torma R — +o00 npu n — 0. Jlna mo6oro Ho-

—p-27n

Mepa N BeIM4YKrHaA S(Rn) [NPUHUMAET 3HAYEHHE S(Rn) = sup |—|=1 n, snauur, no-
pe(0;+oo) 1+ D

CJI€I0BATEIBHOCTD S (Rn) He sBisieTcs OeckoHeuHo Maioil. CoracHO MpakTUYECKOMY KpHUTe-
U0, UCXOAHBIN UHTETPAT CXOAUTCS HEPABHOMEPHO HA IIPOMEXKYTKE P € (0; +oo) .

B ciyuae 6) npu kaxoM pukcupoBanHoM R jis Gpyrkuun [ ( D, R) MMEIOT MECTO COOT-

HOIICHUA:

‘f(p,R)‘ = e—pR2 (cosR+psinR) = isin R+a

o 7R R
1+p 1+ p? ( )S\/1+p2S\/1+a2,

1
rme o = arctg—.
p

-pR
ep

Jlis pyHKIMA S (R) = sup (cos R+ psin R) TIOJIy4aeM OLIEHKH

pel:a;+oo) 1+ y4

2

—aR
(&
0<s (R) < ﬁ Ipenen npu KR — +00 ¢QyHkuuu B npaBoii 4acTu MOCIEIHETO

1+a?

HEPaBEHCTBA paBeH Hymo. [1o TeopeMe 0 AByX MONULEHCKHX Monydaem lim s (R) = 0. 3na-
R—+w

YUT, UHTErpajl CXOJUTCSI paBHOMEPHO.

+0
3anaua. Hccnenyiite uaTerpan j e " cos xdr , nHa paBHOMEPHYIO CXOJUMOCTh B 00JIa-
0
cru: a) p € (0;40),6) p € [a;+%), a > 0.

Heco0cTBeHHBII HHTErpaj BTOPOro poaa, 3aBUCAIINH OT MapaMeTpa.

OnpenesieHnsi ¥ IPUMepPbI.

Onpenenenne. Ilycts pynxuus f (CE, y) onpezieNieHa i BceX T € [a,b) uyeyY,

rae Y —3anaunbiii npomexytok, b — ocobast Touka s1oii Gpyrkimu npu kaxmgom Y € Y . [lycrts
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f (x, y) MHTETpUpyeMa B HECOOCTBEHHOM CMBICIE HA MPOMEXYTKE T € [a,b) IS J1E000T0

b
y € Y . Torna na Mmuoxectse y € Y onpenenena Gpyuxuus [ (y) = j f (x, y)dx, Ha3bIBae-

Masi HeCOOCIMEEHHBIM UHIMEZPATIOM 6MOPO20 POOA, 3AGUCAULUM O NAPAMEMPA Y.
Onpenesenne. bynem roBoputb, 4T0 HECOOCTBEHHBIH HHTErPAJl BTOPOTO PO
b
I f (m, y)dx CXOJIUTCSI PABHOMEPHO Ha MHOKeCTBE Y € Y K Qpynkuun [ (y), eciu
a
b
1) uarerpan [ (y) = j f (x, y)dx CXOJIUTCS TIPH K&XKIOM 3HAUEHuH Y € Y ;

a

2) Ve > 0 30 rakoe, uroVa € (0;5 ) u Vy € Y Boimonnsercs HepaBeHCTBO
b-a b
I(y)— I f(:c,y)dm = I f(:c,y)dq: <E.
P b-a

AHaornyHo GopmynupyeTcs onpeieaeHue paBHOMEPHON CXOIUMOCTH Il HECOOCTBEH-
HOT'O MHTETrpajia BTOPOro poja B cliydyae, eciid 0co00i TOUKOH MOAbIHTErpaibHON (DYHKIIUU SIB-

JEICTCA TOYKa ' = (I — HWJKHJAI IpaHuna obnactu HHTCIPUPOBaHUAA.

Hcxons u3 sToro onpenenenusi, chopMynupyeM KpuTepuil paBHOMEPHON CXOAMMOCTHU He-
COOCTBEHHOTO MHTETpaja BTOPOro pojia (MPaKTUYECKUI KPUTEPUA ).

Mycts Qpynkuus f(z,y) onpenenena npu & € [a;b),y €Y, x =b - ocobas Touka

a—>+0 yeY

b
dynkuun f(z,y) npu kaxaomy € Y . Torma, ecnim lim q sup I f (:L’,y)d:r =0, 10 He-
b—a

COOCTBEHHBI HWHTErpajl BTOPOTO pOAa CXOAWTCS PABHOMEPHO IO TapamMeTrpy Y, a eciu

a—+0

b
lim < sup I f (x,y)dx # (0 wnm He cymiecTByeT, TO pPaBHOMEPHAs CXOJUMOCTH HECOO-
yeY b

CTBEHHOI'0 MHTETpaJia BTOPOro poja HE UMEET MECTA.
AHaornyHo (HopMyIHpYyeTcsl MPAKTUYECKHH KPUTEPUN PAaBHOMEPHOW CXOIUMOCTH IS
HECOOCTBEHHOTO MHTErpaja BTOPOTO POJa B CiIydae, €Cii 0COOON TOUYKOM IMOIBIHTETPAITBHON
(GyHKUINU SABIAETCS TOUKA £ = (I — HIDKHSASA TPaHULA 00JIaCTH UHTETPUPOBAHMUSL.
Jloka3aTenbCcTBO MPAKTHUECKOTO KPUTEPHUS JIJIsl HECOOCTBEHHBIX MHTETPajOB BTOPOTO pojia
¢ HEeOOJIBIIIMMHU U3MEHEHHUSIMU TTOBTOPSIET JOKA3aTeIbCTBO MPAKTUYECKOTO KPUTEPHs IS HECOO-
CTBEHHBIX MHTETPAJIOB MEPBOrO poaa.

IIpumep 41. VccnenoBarh Ha paBHOMEPHYIO CXOJMMOCTh HECOOCTBEHHBIN WHTErpajl BTO-

1
dz
poro posia | —- Ha MHOXECTBE ] € (O; 0, 5:|.
X
0

Oco00ii TOUKON MoAbIHTErpabHOl QyHkuuu sBasercs T = (. MHrerpan sBisercs cxo-
nsmuMcest (3TamoHHBIN uHTErpan). s Toro, 94To0bl BRISICHUTH, OyIET JIM CXOAMMOCTH PaBHO-
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MEpHOM Ha MHOXECTBE P € (O; 0,5], BOCIIOJIb3yeMCSl TIPAKTHYECKMM Kputepuem. [lpu

a a—p+1
0 <a <1 somonstorcs paBeHCTBA — SUP I = 2V a . Tlockonbky
pe(0:05] |5 T (00 5] 1-p
lim 2+ = 0, To uHTErpan cxoauTcs PaBHOMEPHO.
a—>+0
¢ dz
Mpumep 42. Jlokasats, uto unTerpan | — He cxomures papromepro npu p € (0;1).
x?
0

Jns xaxgoro p € (O; 1) WHTETpaJl CXOAUTCS KaK dTaJOHHBIN. [|y1st TOro, 4TOOKI OKA3aTh,

YTO CXOAMMOCTb HE SBIJISICTCS PABHOMEPHOM Ha UHTEpBAlEC P € (0; 1) BOCIIOJIB3YEMCS ITPAKTH-
YECKUM KPUTEPUEM.

-p+1

Ipu 0 < @ <1 nomyuaem sup

= 400, IMOTOMY HHTETpPal CXO-
pe(O;l) 0 zt pe(O;l) 1- y4

]’-daz a

JTUTCS] HEPAaBHOMEPHO.

IIpumep 43. Jlokazatb, 4TO HHTErpal dT cXomuTcs HEPABHOMEPHO IPH

0<p<l.
1 11_1

Cnemaem 3ameny mnepemenno ' =t. Torma x=t", dr=—t" dt =

D

sint

0 L pO t

. 1 .
. sint 1 ¢sint
HuM, uTo lim = 1), a Bolpaxkenne —

t 0
-+ ¢ py 1
1 s1n(a: )
I[yeT qTo I/IHTera.H I—
. T
MEpHYIO CXOAMMOCTb BOCHOHBSyeMCH npaktudeckuM kputepueM. Ilpu 0 < o <1 momydaem
3 p

“ sm(x ) 1 sin t
sup J.—da: = sup |— I
0<p<1 0 T 0<p<1|P

0 sin(xp) 1 psint
I—dm = dt . Unrerpan J. dt wme sBnsgeTCH HECOOCTBEHHBIM (HAIIOM-

dt umeer empicn ipu p # 0. Orcrona cre-

dx cxomures mpu 0 < p < 1. Jlns uccnenosanus Ha PaBHO-

——dt|=+00, Tak kak npu p > +0 w O<a <1
0

NEPBbI COMHOKUTEINb CTPEMUTCSI K OECKOHEYHOCTH, @ BTOPOH OTJIMYEH OT HYJIA.
CrnenoBarenbHO, UCXOAHBIN UHTErPajl CXOAUTCS HEPAaBHOMEPHO.

2
dx
3agava. lccnenyiite wuHTerpan l—p Ha paBHOMEPHYIO CXOJUMOCTb a) IIpH
rimn r
1

p € (0,5;1); 6) mpu p € (0;0,5).
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JocraroyHble NPU3HAKY PABHOMEPHOH CXOAUMOCTH HeCOOCTBEHHBIX HHTErPAJIOB.

Teopema 12. (ITpusnak Beliepiirpacca iss HeCOOCTBEHHBIX WHTETPAJIOB IEPBOTO POJIA).

Iycts dynxuus f(x,y) onpenenena B obnactu G = {(aj,y) rx2>a, Yy < Y} , re Y — HeKo-

TOPBIHA TTPOMEXYTOK; s Joboro i € Y dynkuus f (:L‘,y) WHTErpUpyeMa 1Mo X Ha JII0OOM

f(x,y)‘ < g(:z;) rae

CEerMeHTe |:CL;A:|, (A > a); B o0nactu G BBIMONHSETCS HEPABEHCTBO

+00
g(aj) Takass (YyHKIHSA, YTO HECOOCTBEHHBIM WHTETPAJ j g(a:)da: cxonurcs. Torma HecoO-

a

+00 +00

CTBEHHBIE UHTETPAIIBI I f(:E, y)d:): | J.

f (x, y)‘ dT cxomaTcs paBHOMEPHO TI0 MApaMeT-

py Y Ha npoMexxyTKe Y.

3ameuanne. Ecnu HepaBeHCTBO ‘f(x,y)‘ < g(:L’) BBIMIOJIHAETCSI HE Ha BCcel obmacTu

UHTETPUpOBaHusT @ < & < +00, a TONBKO Tpu T > A>a, 10 BOIIPOC O PAaBHOMEPHOU

+00
CXOJIMMOCTH HECOOCTBEHHOTO HHTETpaja J f (x, y)dzL‘ CBOAUTCA K WCCIENOBAHHUIO Ha

a

~+00
PAaBHOMCPHYIO CXOAUMOCTH HECOOCTBEHHOT'O HHTCrpajia J f(:L’, y)dx' K KOTOpOMY HOpUMCHHMA

A
TeopeMa 12 o npusHake Beliepmtpacca.

Teopema 13. (ITpusnak Beiiepmtpacca ais HECOOCTBEHHBIX WHTEIPAJIOB BTOPOTO POa)

Mycts Gpynxuus f(x,7y) onpenenena B obnactn G = {(:L’,y) C T E (a;b], Y € Y} ,roe Y —
HEKOTOpBI MPOMEXYTOK, T = @ — ocobas Touka Gynkuuu f(x,y) npu kammomy € Y .

Hyctes Vy € Y dynxius f (:13, y) UHTErpUpyeMa mo X Ha J000M CerMeHTe BUaa [a + &; b:| ,

f(x,y)‘ < g(z), rme g(x) —

byHKLUMS, OonpeAeTeHHas IpU T € (a;b:|, T = a — ocobas Touka (QyHKIHH g(:L’) Ilycts He-

re 0 < & <b—a; B obnactu G BBHINOMHAETCA HEPABEHCTBO

b
COOCTBEHHBI  MHTETrpal Ig(m)daz cxonutcs. Torma  HECOOCTBEHHBIE — HMHTETPaIbl

a

b b
J.f (:L“, y) dz n ”f (:E, y)‘ dz cxonsrcs paBHOMEPHO IO TTAPAMETPY Y Ha IIPOMEKYTKE Y.

+00

sin(z
Ipumep 44. VccnenoBarh Ha paBHOMEPHYIO CXOJIMMOCTh MHTETpajl J #dm TUIst
3
0 NVT© +2

p e (—oo;+oo).

Bocnone3zyemces npusnakom Beliepmrpacca.
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‘ sin(zp) 1
HepaBeHCTBO : < — CIIPAaBEUTMBO JUIS JTI000r0 3HAYEHHUS TIapaMeTpa P,
‘\/x" +2| z* +2

+00

1
a MHTerpai j ———dx cxoautcs (10 MPU3HAKY cpaBHEHHUs). 3HAYMUT, O NpH3HAKY Beiiep-
3
o VT +2

HITpacca UHTErpai CXOAUTCS PaBHOMEPHO NIPU P € (—OO; +OO) .

+00
COS px
3anaua. VccaenyiiTe Ha paBHOMEPHYIO CXOJAMMOCTb UHTETpall J _]92 dx npu

1+2x

p e (—oo;+oo), E

[Ipexne uem chopmMyarpoBaTh emé OJUH JOCTATOUHBIA MPU3HAK PABHOMEPHOM CXOJIUMO-
CTH HECOOCTBEHHOIO MHTErpajia MepBOr0 POAa, ONPEAEIMM IOHATHE PABHOMEPHOIO OTHOCH-

TEJILHO MapaMeTpa y cTpeMieHus: QyHKIHUU ( (:1:, y) K HYJIIO IIpU & —> +00.
[Tycts pyHKIMSA g(a:,y) onpeneneHanpu T > a u Yy € Y .

Onpenenenne. ['oBopsT, uro GyHKUUA ¢ (:1:, y) PaBHOMEPHO OTHOCHUTENIBHO NIEPEMEHHOM

y € Y crpemutcs k Hymo npu & —> 400, eciu Ve > 0 A > a, takoe, uto Vo > A u

Vy € Y BoimonusieTcs HEpaBeHCTBO:

g(:r,y)‘ <Eg.

Teopema 14. (ITpusnak Jlupuxie-AGens).

1) Mycrs dynxuus f(z,y) nenpepoisa B o6nactu G = {(:E,y) cxrxr2>a, Y€ Y} , T
Y — HEKOTOpHI MPOMEXKYTOK, ¢ HMEeT B 3TOH 00JacTH OTrpaHUYEHHYIO TEPBOOOPA3HYIO

F (:L’, y) 110 TIEPEMEHHOM X.

2) OyHKIUsA g(x, y) IpU KaXJIOM 3HAUEHUHU Y U3 MPOMEXYTKa Y SBISETCS HEBO3pacTa-
IoIIeH PyHKIMeH apryMeHTa X Ha MOXYyIpsIMOi [a;+oo); g(x,y) — 0 mpu x — +00 pas-

HOMepHO OTHOCHUTECIIBHO HepeMeHHOﬁ y e Y, g(l’, y) HUMEECT HerepBIBHYIO B O6J'IaCTI/I G
g +00

I-Ia.CTHyIO HpOI/IBBOI[HYIO a— TOFI[a HGCO6CTBGHHBII>'I I/IHTera.H I f(:):,y)g(flj, y)dx CXOOgUTCA
xz

a

pPaBHOMEPHO I10 TapaMeTpy Y Ha MPOMEKYyTKe Y.
3ameuanue 1. TpeGoBaHUs TeOPEMBI MOKHO OCIAOUTH, HE TPEOYsT HENIPEPHIBHOCTH YaCT-
. . 09
HOW TIPOM3BOTHOW ——.
X

3ameuanme 2. Ecnu ycnoBue 2) Teopembl 14  BbINONHAETCS HE Ha Bced 00yacTu
UHTErpupoBanHus @ < & < +00, a TOJIBKO Hpu T > A>a, 1o BOIIPOC O PAaBHOMEPHOU
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+00
CXOJIMMOCTH HECOOCTBEHHOTO HHTETpaja J f (x, y)d:L‘ CBOAUTCA K WCCIENOBAHHUIO Ha

a

+00
paBHOMepHyIO CXOAUMOCTDb HeC06CTBeHHOFO I/IHTeraJ'Ia J. f(:L’, y)dx' K KOTOpOMy HpI/IMeHI/IMa

A
teopema 14 o npusnake upuxie-Adens.

z cos(zp)
IIpumep 45. NccnenoBarh Ha paBHOMEPHYIO CXOJIMMOCTh UHTETpal j \/7 dr B
+1

obmactu 0,01 < p < 100.
[TonpoGyem npumeHuTh Npu3HaK Beliepirpacca. YUuThIBas, 4To ‘Cos(a:p)‘ <1, nonyusaem

T cos(xp)‘ ‘5’3 COS(W)‘ T
‘ < ‘ < .Ipu £ —> 400 moasIHTErpaNbHas QYHKINS yObIBACT
\/; +1 ‘ \/; +1 \/;3 +1

KaK —, ¥, COTJIACHO NIPU3HAKY CPABHCHMS, OCIE/IHNI HHTErpan pacxoautcst. ClieoBaTesbHoO,

2
npu3Hak Beliepiirpacca NnpUMEHUTh HE yIa€TCsl.
[TonpoGyem Bocmonb30BaThes MpU3HakoM Jlupuxiie-Adens.

1 .
[lepBooGpasHas 1o nepeMeHHoM X Gpynkunn f (x, p) = cos(xp) , paBHas — SIn (a:p) ,

OrpaHuyeHa B 001acTH {(:I?,p) 2z 20; 0,0l<p< 100}.

X
Oynkuus g(z, p) = g(x) = \/7— MOHOTOHHO CTPEMUTCS K HYJIIO IpU T —> +00,
|

HadynHas ¢ HCKOTOPOro &I . OTO NETrKO IMPOBCPHUTD, Haﬁﬂﬂ MPOU3BOAHYIO U UCCJICAOBAB €C 3HAK:

Vot s 1-Saa 7

g'(z) = (\/:73 - 1)2 < 0 npn

MEPHOT'0 OTHOCHUTEINILHO MapameTpa P cTpeMiieHUs! GYHKIIMH § K HYJIIO BBITIOJHEHO aBTOMaTHye-
CKH, TIOCKOJIbKY 9Ta )YHKIUS HE 3aBUCHUT OT TapameTpa.

WuTerpan cxoauTcsi paBHOMEPHO B pacCMaTprUBaeMoil 00J1acTH U3MEHEHUS TapaMeTpa 1o
npusHaky Jupuxie - Abems.

3amauya. VMccnenyiite nHTErpaji HA paBHOMEPHYIO CXOAUMOCTh B YKa3aHHOM ITPOMEKYTKE
W3MEHEHUs IapameTpa p:

> 1, 10 ecth, npH T > %/Z . TpeGoBanue paBHO-

ISInxdx, p € la;4+o), a >0,

p
1 T
00
COST _,,
IIpumep 46. Vccnenosars nHTErpal j \/7 e "'dxr na paBHOMEPHYIO CXOIMMOCTD NIPH
X

1

p € [0;+0).
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Bocnonsszyemes IIPU3HAKOM Hupuxie-Adens. ITonoxum f (x, p) = Cos T,

efpm

o(o0) = F

OyHKIMSA f(x, p) MMEEeT OrpaHMYEHHYIO MEPBOOOpa3HYI0 IO IMEPEMEHHON X, paBHYIO

sin z, a yHkus ¢ (33,]?) =e T npu p = () MOHOTOHHO M PABHOMEPHO OTHOCHTEIBHO
x

p e (0; +oo) CTPEMUTCS K HYJTIO pu T —> +00. JlelicTBUTENBHO,
0 _ 1 1
99 _ | 7 —% <0, u ana moboro & > 0 Bo3bMeM A(é‘) = —, Tor;a 11
oz 2x x &
BCEX x> A u KaXkJ10ro p e [0;+oo) CIIpaBeITNBa OIICHKA

_ 1 _ 1 1
e . —<e?M. —<—=¢. Orcrioma CIIEYEeT, YTO CTPEMJICHHE K HYII0 (QYHKIUU
VT vA VA

g(m, p) Ipu T —> +00 ABJISIETCS PABHOMEPHBIM OTHOCUTEIBHO P € |:O;+OO). CnenoBarenb-

HO, MHTErpaj CXOAMUTCS PAaBHOMEPHO OTHOCUTEIBHO P € [0;+oo)n0 npusHaky Jupuxie-

Alens.

HecoOcTBeHHBIE MHTErpaibl BTOPOTO poja, KOTOPHIE pacCMaTpUBAIOTCS HIKE, YacTo
y1I00HO HCCIIe0BaTh, CBOJIA UX K HECOOCTBEHHBIM MHTErpajiaM IEepBOro poja.
1 1

14 =1
Ipumep 47. ViccnenoBath WHTErpa I:L’p "In® —dz Ha paBHOMEpHYIO CXOIUMOCTB:
T
0

a)mnpu p € (po;l), 0<p,<1;6)mpu p € (0;1).

WuTerpasn cXomauTes mpu p € (0;1:| (cm. mpumep 19).

1 1

-1 po—1
B cnyuae a) Bemmonsensl Hepasenctsa ) < 7 In3 x?

8|~
IA

In? — u, cnenosarensHo,
T
1 1

-1
y -1
HecOOCTBEHHBIH MHTErpa J.a:p In® —dx cxomurcs paBHOMEpHO Ipu P € ( po;l) COIJIACHO
xz
0

npusHaky BeliepmTpacca.

B ciyyae 0) BOCIIOJIB3YEMCS [IPAaKTUYECKUM KPUTEPUEM.
a 1 a 1 4 |
P11y 2 SR 3 18
sup jx In?® —dzx| = I:E In3 —dz|=|—In?% x| | = +oo. WuTerpan cxoaurcs Hepas-
pe(O;l) 0 T 0 T 0
HOMEPHO.

1 p
X
3agaua. Mccnenyiite uHTErpan I—d:}j Ha paBHOMEPHYIO CXOAUMOCTb IIPU
0 V]_—'I

p € [0;+0).
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Teopema 15. (Kputepuit Komm ans HecOOCTBEHHBIX MHTErpajioB MepBoro posa). Ilycts

GyHkms f(x,y) OnpesieieHa TpH T € [a;+oo), y € Y, wu unrerpan If(:c,y)dx cXxo-

o]
JUTCS IS KaK10r0 3Hayenus i € Y . Torma uHTErpan I f (:C, y) dx cxomutcs paBHOMEPHO I10
a

napameTpy Yy Ha MHOXecTBe Y B TOM M TOJBKO ToM ciydae, ecmu VE > 0 A > a, taxoe,

aro VR, > A, VR, > AuVy € Y Bomonnsercs HepaBeHCTBO

Rff(m,y)da: <ég.

Kputepuit Komm mmeer cMbIcn MpUMEHSATh B Cilydae, KOIrJa HEBO3MOXHO OOOCHOBAThH
PaBHOMEPHYIO CXOAMMOCTb C MOMOILBIO JOCTaTOYHBIX MPHU3HAKOB, WM A1 0OOCHOBAaHUS He-
PaBHOMEPHOHN CXOJUMOCTH.

sin x

[o¢)
Ipumep 48. C nomomipio kputepus Komm gokaszaTk, 4TO HHTErpal J- dx na npo-
1

P
MEXYTKE P € (O; +oo) CXOAUTCSI HEPAaBHOMEPHO.

sin x

0
I[JISI Ha4ajla 3aMCTHUM, 4YTO HHTCIrpall j dﬂf CXOOUTCA TPH KaAXIOM 3HAYCHUU

p
1 L

JRS (0; +oo) no npusHaky Jlupuxie. J[eWCTBUTENLHO QYHKIMS SIN T HWMEET OrPaHHUYCHHYIO

nepBOOOpa3HyI0, a PyHKIHUS — MMEET HENPEPLIBHYIO NPOU3BONHYIO — Ha MOJIYNPsMON

+1
€T p

T € [1;+oo) U MOHOTOHHO CTPEMHTCA K HYJIO IpU & —> +00 mpu J1000M (PUKCHPOBAHHOM

noyIokuTENBHOM P. OgHAKO 3TO CTpeMIIeHHe He paBHOMEpHO 110 P. [Tokaxkem 3To0.
HamoMHuM onpeseneHre paBHOMEPHOTO OTHOCUTENBHO mapamerpa p € P crpemienus

GyHKIUH f(x,p) k Hymo npu T —> +00: Ve >0 3A >0, rakoe, uto Vr > A =u

f(ac,p)‘<g.

B nannom npumepe P — 310 nonynpsimas (O; +oo) . CocTaBUM OTpHIIAHHUE K 3TOMY OIIpe-

‘v’p € P BBIITOJIHACTCA HCPABCHCTBO!

1
NeneHuo 1t GyHKIUM f(x,p) =§: g, >0 , Takoe, wro VA >0 Jz,>A u

dp, > 0, a5 KOTOPBIX BEPHO HEPABEHCTBO: > & .

Ty
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In2

Bosemem £ =—wu VA > 0 nonoxum p = ——,
’ ’ 1n(A+1)
Py
1 In(A+1) 1 1 1 1
7, =20 =2 b2 =" 4 A To — =| — | =Z>-=gn
z 7 = 2 4
0 21)0

CJIEZIOBATENIbHO, IPU L —> +00 (YHKIUS —— CTPEMHTCS K HYJII0 HEPAaBHOMEPHO OTHOCHTEIHHO
P
X

p e (0; +OO) . IToaTomy B paccMaTpuBaeMoOM MpUMepe HE BBIITOJIHEHBI YCIOBUS MpU3Haka Jlu-

puxie-Abens.

Bocnons3yemcs kpurepuem Koiiu, cornacHo KOTOpoMy HHTETpall CXOJUTCsl HEpaBHOMEp-
HO, €CIn

de > 0,raxoe,uroVA>1 IR > A, 3R >A udpe (0;+OO), JUIS KOTOPBIX

R2 .

sin
j dx| > €.
R T

Bosbmem & = 5 u s mo6oro A > 1 BeiGepem HatypanbHoe uncio K, ynosnersopsio-

V4 1
mee HepaseHcTBy k > A, m nonoxum R, = 27 k- 57R2 =2rnk;p = P
. Ry
SN T COS T " COST 1 " COST
Tor/:[aJ. dr = — —pj dr = ———— J. dx
P P xp+1 1 xml
WA (k)
1
[Mockomeky lim (27Z'k’)’C = 1, to nmpu mocrarouno GosbIoM 3HaUeHUH K CripaBeinBa
k—>+0
= 1 1
OLIEHKA (27Z'k’) < 2, oTKyna — >
(27zk)’“
T
Janee, npu x € |27k —5; 2tk i  p>0 BHNONHSAETCS  HEPABEHCTBO
% cos 5
I dz > 0. osromy as BeIOpaHHbIX 3Hadennii [, B w p cnpasemmmsa ciemyromas
p+1 Y
B T
OIIEHKa!
. Ry
2 sinz cos T 2 cosx 1 2 cosx 1
j dz| = |- —pj dx=—+pj de|>—=¢.
z? P p+l 1 p+l 2
B Ry Iy (2 ﬂk)k Iy
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CornacHo kputepuro Komm nHTerpan cxoaurcs HEpaBHOMEPHO Ha MIPOMEXKYTKE P € (O; +oo) .

1
. T
3agaua. J[OKaxuTe, YTO WHTETPAI Jlsm—— mpu 0 < p<2—-¢g, € >0 cxomurcs
) Tt
PAaBHOMEPHO, CBEIs HECOOCTBEHHBIM HMHTErpaj BTOPOrO poaa K HECOOCTBEHHOMY HWHTErPAy
nepBoro poza. JIoKaKuTe OTCYTCTBHE PABHOMEPHOI cxoaumocTty Ha uatepsane 0 < p < 2.

Bomnpocsl 1 3a1a4u AJ151 CAMOCTOATEIBHOI0 PellIeHHS .
1. JlokaxxuTe MpaKTUYECKH KpUTEpUH PaBHOMEPHOH CXOAMMOCTH Ul HECOOCTBEHHOTO WHTE-
rpajia BTOpPOTO pojJia B Ciy4yae, €Clid 0CO00N TOYKOW MOJBIHTErPaJbHON (DYHKIIUU SIBIISACTCS
BEPXHSISI TPaHUIIA 00IaCTH UHTETPUPOBAHUSI.
2. ChopmynupyilTe U JOKOKHUTE MPAKTUUECKUN KPUTEPUN PABHOMEPHOW CXOIUMOCTH ISl HE-
COOCTBEHHOT0 HMHTErpajia BTOPOTO pojia B Ciy4ae, eciau 0co00il TOYKOW MOJBIHTErpaibHON
(GYHKIUY SIBISIETCA HUXKHSS TPaHHUIa 00J1aCTH UHTETPUPOBAHHUSL.
3. Chopmynupyiite kputepuii Komu paBHOMEpHOW CXOIUMOCTH HECOOCTBEHHBIX HWHTErPAOB
IIEPBOTO POJA.
4. Chopmynupyiite kputepuii Komu paBHOMEpPHON CXOIMMOCTH HECOOCTBEHHBIX HWHTErPAOB
BTOPOTO poja.
5. Chopmynupyiite npusHak Beiiepmrpacca paBHOMEPHOW CXOIUMOCTH HECOOCTBEHHOT'O MHTE-

b

rpajga BTOpOro poja If (.7:, y) dz B cnyuae, Kora 0co00M TOUKOM TTOABIHTErPATBHON QYHKIHH
a

SIBIIICTCSI TOUKa D.

6. Jloxaxxute mpuszHak BeiepmTpacca paBHOMEpPHOW CXOJUMOCTH HECOOCTBEHHOTO WHTErpaja

b
BTOPOTO poja I f (x, y) dx , ucrione3ys kputepuii Ko,

a
7. Chopmynupyiite npusHak Jupuxie-AOens paBHOMEPHOW CXOJUMOCTH HECOOCTBEHHBIX WH-
TErpajgoB MEPBOTO Poja.

1/6
dx
8. UccnenyiiTe nnrterpain I 5’ Ha PABHOMEPHYIO CXOIMMOCTb TIpH P € |:O; +oo),
0 ( p—Inz

9. Uccnenyiite nHTErpaibl Ha paBHOMEPHYIO CXOAMMOCTh B YKa3aHHBIX MPOMEXKYTKaX
+00

a) | e chadz, pe (1; —|—oo); pe (2;+oo);

0
e

0) e P oh md% p e (—oo;—l); pe (—oo;—2);

B) | e 2*dx, p e (1;+oo); pe (O; +OO);

1 » 2
dr, pe [0;+OO); Il)j

e Jo-1(e-2)

x%dx

11
s ac| ——i;— |,
2 2

50



+00 +00 .
SINT g,

€) j z%e"dx, a e [a;b] (a,b € R); ) j

1 0

3) Tlo? L d dz, pe[O;lO};H)T\/;e_“xde, ae[0;+oo);
0

Lz

K)I d:z: ae(a;b) (a,beR); ae(—oo;+oo).

" dr, a e [O;+oo);

HenpepbIBHOCTh, HHTEITPUPOBaHKE M0 MaAPaAMeTPy MHTErpaJa,
3aBUCALLEro OT mapamMeTrpa.

Teopema 16. ITycts byHKuMs f(:l:, y) HEIpEPbIBHA B IIOJIYII0JIOCE

a <z <+, c<y<d,aunnrerpan I(y) = I f(:L’, y)da: CXOZIUTCS PAaBHOMEPHO 10 Ta-

a

pameTpy Y Ha CerMeHTe |:c, d :| . Torna ¢pynxus [ (y) HENpepbIBHA HAa TOM CETMEHTE.

IIpumep 49. Haiitu, npu kakux 3HaUEHUSAX MMapameTpa p omnpeaencHa (QyHKUIUS

Clnz
I ——dx , v McceI0BaTh ee Ha HENPEPBIBHOCTD.

Clnz
Bo-niepBbIX, Ha0 HaliTH, IPU KaKUX 3HAYEHMSIX IapaMeTpa ) HHTErpain J- —da: cXo-

1 x?
mures. Tak kak Inz < 2%, V& > 0 npu 1ocTaTodHo GONBIINX TONOKUTENLHBIX 3HAYEHHAX T,

Inz 1
<
p

TO , U, B CUJIy TIPOM3BOJILHOCTH &, UHTErpan cxomurcs npu p > 1. Cremosa-

T xhe

TenbHO, Gpynkmus F (p) onpenenena nipu p > 1. Mpu p < 1 unrerpan pacxomurcs (1o mpu-
3HAaKy CpaBHEHHM), MIOCKOJBKY B ITOH OOJIACTH INPH BCEX & > € CIpPaBEAJUBHI HEPAaBEHCTBA:

Inx _ 1
> — > —, uHTerpaji or GYHKIMU — DPACXOIUTCS, CIEI0BATENbHO, F' (p) HE ompeJerne-
x? z? X T
Ha.

Jlist uccnenoBanust Gynkiuu F' ( p) Ha HEINPEPBIBHOCTH 3aMETUM, YTO MOABIHTErPAJIbHAS

(GyHKIMS HEMpepbIBHA HA MHOXKECTBE {(:r, p) x>l p> 1} . s Toro, yToOBI BOCIIOJNB30-

BaThCsI TEOpEeMOil 16, mokaskeM, 4TO MCXOAHBIM MHTErpall CXOIUTCS PABHOMEPHO OTHOCUTEIHHO

D Ha OTpe3Ke P € |:1 + 28;A:| , TIe & — mob0e MONOKUTENbHOE YUCII0, A — H060e YnCIo,

oonpiee 1 + 2¢&.
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Inz  Inz il 1

HpI/I JA0CTAaTOYHO OOJIBIINX X BCPHBI COOTHOIICHUA > < = , H,
CUp x1+25 $1+2£ ZIJ’HE

Codx J- ¢ Inx

TIOCKOJIbKY j —  CXOWTCA,  TO ——dxcxoouTcs pPaBHOMEPHO Ha  OTPE3KE
1 T

[ |:1 + 2¢; A:l corsacHo npusHaky Beltepiurpacca. 3naunT, mo teopeme 15 gpynxmus F ( p)

HETIPEPHIBHA HA OTOM OTpE3Ke. B CHIly IPOU3BOJILHOCTH BEJUUKH € U A OTCIOZIA CIIEAYET HEpe-

poiBHOCTL F' ( p) Ha HHTEpBAIE P € (1;+OO).

3apava. Haiiaute, mpu Kakux 3HAYCHUAX TMapaMmeTrpa Y omnpeaeieHa  QyHKIUS

COST
F (y) = I ; dx , wuccnenyiTe ee Ha HEMPEPHIBHOCT.
T
1

+o0
2
Mpumep 50. Jlokazats, uro Gpynkuus f(p) = j e " dr mempepwiBHa A Beex 3Ha-
0
yenuii napamerpa p € (0;+00).
PaccmoTpum oTpe3ok p € [O; po] Y HUCIIOJIb3YEM MPAKTHUYECKUN KPUTEPUN PAaBHOMEPHOM

CXOOUMOCTHU UHTCTpAJIa:

+00

lim sup I @’ g = lim sup I “dt = lim edt = 0.
R—+40 pe 0 - R—+40 E 0 R—>+o
o p Po R-p R-pj

3HAUUT, UHTErpaj CXOAUTCA PAaBHOMEPHO NpU P € |:0; p0:|, a (QyHKIUSA f( p) HEIpEPbIBHA

pH 9THX 3Ha4YeHUsX P. B cuiry mponsBonsHOCTH D) GyHKIHS f ( p) HenpepbIBHA Ha MOTYIps-

moii p € (0;+00).

+00
X
3agaua. Jlokaxwure, uto Qynkmus f ( p) = I 1—p dx wenpepslBHA U1 BCEX 3HAYEHUIM
+x
0

napametpa p € (2;40).
NuTerpupoBanne HeCOOCTBEHHOI0 HHTErpaJia nmo napaMmeTpy.

Teopema 17. Ilycts byHKIUA f (1:, y) HEIpephIBHA B IIOJIYTI0JI0CE

+00
a <z <+0o,¢c<y<d,amunterpan (y) = I f (:U, y)dx CXOJIUTCSI PABHOMEPHO 110 Ta-

pameTpy Y Ha CerMeHTe |:C,d:|. Torna ¢ynkuus [ (y) MHTErpUpyeMa Ha CErMEHTE [C;d], u

CTPaBEIINBO PABEHCTBO
d

ff (y)dy = jdyT f(z,y)dz =T dfrf f(z,y)dy

c

WNubiMu cioBamMu, pU BBIMOIHEHUU YCIOBUN TEOPEMBI MOKHO U3MEHSTh MOPSIIOK UHTE-
TPUPOBAHHSL.
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—az ~bx b
€ —€ o
Ipumep 51. Vicxons us paBeHcTBa ———————— = je "“dy , BeraMCIUTE MHTETPAT
T

a

+0  —azx —bz
(& —€
€ 7% dr, 0<a<b.

Hh
+0  —qr - +o (b
o € - -2y
3anuIneM UCKOMBIM MHTErpall B CIIEAYIONIEM BUJIE: dr = e dy |dx .
z
0 0 \a

Moasmrerpanbhas GpyHkims € nenpepsisHa B nonynonoce {0 < z < +00, a <y < b}, a

+00

MHTErpa I e "dx cxomuTcs paBHOMEPHO Ha OTpE3KE I € [a;b] B CHJIy Ipu3HaKa Beiiep-
0

b [ +o +oo [ b

mrpacca. [To Teopeme 17 BepHO paBEHCTBO I I e Vdzx |dy = j J e dy |dx . llosTomy
a\ 0 0 \a
+0 —ax —bx b [ +o T=+0 b
e —e . 1 _, d b
J—da:zj jeyda: dy:J‘——ey dy:.[—y:ln—.
x a 0 a y =0 a y a

sin Ty d COS ax — cos bx

2
i

3anaua. lcnone3yst popmymny I , BBIYMCJIUTE UHTETpal

+00 .
Sin T VA

dx , ecii N3BECTHO, UYTO J —yd:L‘ = By npu y > 0.

i

0

2

+j3° cosTx —cos 3z
i x

Hurerpau Ilyaccona.

+0o0
2
HecoOcTBeHHBII HHTETpa MEPBOTO poJia I e " dr maspBaercs uHTerpanom Ilyaccona:
0

Te‘xzd:c = g; TB_IQdLU = \/;
0 —0

AJITOPUTM €ro BBIYMCIICHUS MPUBEIEH, HapUMep, B [S].

azr” +bx+c
Ipumep 52. BeluucauTh HHTErpa J € ( J dr,a > 0.
—00
[TpeoOpa3syeM MoKa3aTelb SKCIIOHEHTHI, BBIIEIUB TOIHBIHA KBaJIPar:
b2
+c——
Ma 4a

ax’ +br +c¢ =

Torna
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o o Nt 2['2]
J e—(az2+bx+6jd$ B J. . [ Q\QJ da dr =

+00

2
—22°+5z+1
3amaua. Berunciure nHTErpan j e " T

—0

+o0
2
Ipumep 53. BbMuCIUTL UHTETpA I e’ Cos(qa:)dx , e ¢ € (—00;+00).

—00

2 .
PaccmorpuM dynkmmo F (q) = | e ""dx, rae i — MHuMas eauHULIA. BBIYUCIIAS HHTErpal,

2 2
o0 iq iq 2
—| x| | = T _q
2) |2 1
nonyuaem: F(q) = | e dr = —e * (cnpaBeaTMBOCTB MOCIIEHETO PABEHCTBA

b 2

000CHOBaHA B Kypce TeOpuH (PYHKIIUH KOMIUIEKCHOM niepeMeHHo). C Ipyroi CTOpOHBI,

§ =%

S
Il

F(q) = Te“”Q (COS gr +1sin qa:)dx =

—00

+00 oo -
= j i Cos(qa;)d:z: + ZI — sin(qaz)dm = %64'

[IpupaBHUBas BELICCTBEHHBIE YACTH B JIEBOU U IIPABOM YaCTAX IIOCIIEIHETO PABEHCTBA,

2

+00 2 r -
T0JTy4aem je cos(qx)da: = Te 4,

—00

3amaya. Berauciaure uHTErpaibl:

a)tiioe_“2 cos(qx)da: ,q € (—o0;400); 6)+jioe_’”2 sin(pa:)dx, p € (—o0;+00);
0

—00

+00
—w2+2w .
B) | e sin 2xdx .
—o0

AudpepeHurpoBaHue HHTErpajia mno napamMmerpy

of

Teopema 18. [1ycts dyHKIHS f(x,y) M €€ 4YacTHas MpPOU3BOJHAS 8_ HEMPEPHIBHBI B

Y

+00
nonynonoce @ < T < +00, ¢ <y < d. Mycrs unrerpan  [(y) = I f (x, y)dx CXOMHUTCS

+ooaf

TS K&KJI0T0 Y € |:c, d:| , @ HECOOCTBEHHBIN HHTErPAJI j —(:E, y) dx cxoamTcs PaBHOMEPHO

a
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10 MapamMeTpy Y Ha CETMEHTE |:c,d:|. Torna dpynkuus [ (y) muddepeHpyemMa Ha CerMEHTe

+00ﬁ(

[C,d] u cripaBeuBo pasenctso ['(y) = I p
. oY

WHpIMH c10BaMHU, IPU 3TUX YCIOBUSX HECOOCTBEHHBIN MHTErpaj MOXKHO Au(depeHnpo-
BaTh 110 MapaMeTpy Mo 3HAKOM WHTErpaa.

x,y)daz.

J- arctg pxr px

TN d:)? Ha quddepeHuupye-

Mpumep 54. Vccnenosars Gpynxuuio F(p
0

MOCTb Np P € (—00;40).

¢ arctg px
3aMeTUM, 4TO MHTErpal I —_—
( 3/2 + 1)

3HaKy CpaBHEHHs s HeCO6CTBeHHBIX uHTErpaioB nepsoro poga (npu T —> +0 mnomeiaTe-
rpaibHas (QYHKIHMsS MMeEeT KOHEUHbIH mnpenen, mostomy Touka T = (0 He sBisercs ocoboii).

dr cxomuTcs mpH MOOBIX 3HAYEHHAX P MO MpH-

arctg px of (z, p) 1
Oyuknu  f(x, p) = u = HENPEPBIBHBL  TIPH
f@.p) :B(:I:3/2 +1) op (1+ x2p2)(x3/2 +1)
€ [O;+oo), p e (—oo; +oo) . MaTerpan J @dw CXOJIUTCSI PABHOMEPHO 10 MPU3HAKY
p
0
|af P 1

Beiiepmrpacca, Tak kak | | . CnenoBarenbHO, coriacHo TeopeMe 18 ¢yHk-

uus F' (p) aBisieTcs qudGepeHIupyeMoi Ut T000r0 3HaYeHUsT P U3 MPOMEKYTKa |: D) p2:|,

rae p,, P, — MPOU3BOJIBHBIC YUCIIA.

B cuny npoussonbHocT! P, P, QyHKUMS InddepeHuupyema npu Beex p € (—OO;+OO),

dF ¢ 1
npuyeM —— = j CIVIETD dz .
dp oy (1+2°p°)(z”" +1)
cos px
3anaua. lccnenyiite GyHKIHIO F I i dx Ha auddepeHInpyeMocTh

1
npu p € (0,1;+00).

3ameuanue. J711 HECOOCTBEHHBIX MHTETPAJIOB BTOPOTO POJIA CIIPABEIUBBI TEOPEMBI, aHa-

JoruyHbIe Teopemam 16—18.

1
Ipumep 55. Boraucaurs pr Inxdx opu p € (—1; 0] , tuddepeHIMpys 110 apaMeTpy

0
1

MHTErpan .[a:p dz . O60cHOBATH BO3MOKHOCTH IIPUMEHEHHUS STOTO METO/IA.
0
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1
BbluMCIMM HMHTETpal OT NMPOU3BOAHOM IOABIHTErpanbHOM (QyHKimMu F ( p) = I:L’p dx ,
0

nudepeHIUpys TOABIHTErPATBLHYIO (DYHKITHIO 110 TTapaMeTpy:
1 1

Ia— (JZP ) dr = jxp In xdx . Tlocneanuii nHTErpan ABIAETCS HCKOMBIM.
p 0
1
Wurerpan F ( p) = pr dxr cxomutcs npu Kakaom p € (—1;0), npu p = 0 unTerpan sBis-
0
1

eTcs coOcTBeHHBIM. MHTEerpan — = pr In zdx B cuny npusnaka Beliepmtpacca cxoaurcs

dp 3
pPaBHOMEPHO Ha OTpPE3Ke P € |:—1 + 8;0:', rne 0 < & <1, nockonbky s p € |:—1 + &; 0}

1
-1 y -1
BeIONHeHo HepaseHcTBo X' Inx < 27 ¥ Inx, a HecoGCTBEHHBIH MHTErpan Ix " In xdx
0

CXOIMTCS TIPH & € (0;1:| (cm. mpumep 19).

1

Tak kax F(p) = prdx =

, TO BBIIIOJIHAIOTCS YCJIOBUS TeopeMbl 17, 1 BepHa 1ie-

) p+1
1 1 8 xp F 1
I10YKA PABEHCTB: jxp Inzdr = j ( )d:r = d =— ~ Tpu P € [—1 + 28;1:|.
0 o Op dp (p + 1)
1 ; 1
B cHly NPOM3BOJIBHOCTH € MOXKHO CJIENATh BBIBOI, YTO ja: Inzdz = —————nano-
0 (p + 1)

JIyCerMeHTe P € (—1;0:'.

1
2
3agaua. Berunciaure uaTerpan j:L’p (ln :L’) dr, pe (—1; O] , tuddepeHupys 1o mna-
0
1

pameTpy UHTerpaji pr dz . O6ocHyiiTe BO3MOKHOCTh HPUMEHEHHS TOI0 METO/IA.
0

sin x

+0
Ipumep 56. Beruuciuts uHTErpa J e "dx ¢ momompio auddepeHIUpoBaHms MO Ma-

y X

pamerpy ipu p € (0;40).
+00 .
sinz _,,
Mycrs F(p) = I ——e "dx . Unrerpan cxoautcs npu Kaxaom 3Hauenun p > 0 co-
y T
IJIacHO TpU3HaKy J(MpuxJIe, Tak Kak GyHKIMS SiN T HeNmpephbIBHA U HMEET OTPAHUYEHHYIO MEp-
-

BOOOpa3Hyo, a PyHKIHUS , MOHOTOHHO yOBIBasi, CTPEMHTCS K HYJIIO IPH L —> +00 U UMEeT

Hh
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HEMPEPHIBHYIO TPOU3BOIHYIO Ha 000 monynpsMoil T € |:a;+00) npu a > 0. (3amerum, 4to

MOJBIHTErpalibHast PyHKIUs MMeeT KoHeuHbli nipeen npu T — 0).
BbIUKCIMM UHTErpal OT MPOU3BOJHOMN MOABIHTErPAIbHON QyHKIMU F' ( p) 10 IIapaMeTpy:

+00
—-px

(&

"0 (sing L
j dr = —J. sin ze "dx. Beime (cm. npumep 40) Obuia J0Ka3aHa paBHO-
0

L Op\ T
MEpHas CXOAMMOCTh MOCJEJAHEr0 HHTerpaja Mmpu p € [a;+00), Ya > 0, nosromy ycnosus

Teopemsbl 18 o muddepeHImpoBaHUN HECOOCTBEHHOTO MHTETPAIa MO MapaMeTpPy BHITIOTHEHBI HAa

oF i _
KaXIOM OTpe3ke P € [a;A:', 0O<a<A, nu rtorma £ = —J. sinz e "dr. A Tax
p 0
+00
) e 1 dF
KaK J sinz e "dr = 5 (cm. mpumep 4), TO — = — 5 - B cuity mpousBoibHOCTH
! 1+p dp 1+p

uncen @ U A 3T0 paBeHCTBO BEPHO NpU P € (0; +OO).
WHTerpupys IOJTy4eHHOE PAaBEHCTBO 110 P, moiaydaem F' ( p) = —arctgp + C'. I

ompejeNeHus: Hen3BeCcTHOW moctosiHHOW C Haiinem lim F ( p). Bocnosnbzyemcst  o1ieHKoOM
p—>+0

sinx| _ - y
‘f(x,p)‘ = |——|e " < e, B cuy xoropoii
T

+00

0< ‘F(p)‘ < Hf(a:,p)‘dx < Te_”dx = l
0 0 p

. T
[lepexonss K mpemeny mpu p —> 400, momydaem lim F ( p) =0, torma 0 = —5 +Cn

p—>+o0

C= % 3naunt, F(p) = —arctg p +g.

2
+00 _z
—€
3agaya. Beruucnure unrerpan I — dz , maddepeHnupys 10 HapaMeTpy HHTErpa
0

+00 1 _ e_ag;Q
j —de .
0 WA

Ipumep 57. BelUucauTh ¢ MOMOIIbI0 Au(depeHIMpOBaHus 110 napamMeTpy b mHTerpan

F(b) = Te_”Q cosbzdr, b e (—o0;+o).

0

Bo-T1epBhIX, HCKOMBII HHTErpajl CXOAUTCS s moboro b € (—oo; +oo) COTJIACHO IpU3Ha-

_2 _2 .2
Ky Beliepmrpacca, nockonsky ¢ © cosbx| < e . Bo-Bropeix, pynkiuuu f =€ ° cosbx m
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of 2 T of 4 oo

—— = —ze " sinbxr HempepHIBHEL, a B-TPETHUX, HHTErPa j dr = I xe " sinbxdx
ob  Ob )

CXOJMTCS PAaBHOMEPHO I10 TapameTpy b Ha mo6om orpeske b € [ ] no npusHaxy Beiiep-

mrpacca. Mrak, Ha mo6om orpeske b € [—B B :| YCIOBHS T€OPEMBI 18 BBITIOJIHEHBI, Clle10Ba-

TEJILHO, MOKHO HAWTH MPOU3BOAHYIO MHTErpaja 1o mapamerpy b, muddepeHiupys ¢yHKIHO

dF +00

_/42 .
10]] 3HAKOM MHTErpana, To ecTh —— = — J xe " sinbxdx . Tposens uHTErpUpOBaHKE 110 Ya-
0
+00
.
dF 1 2 . b 2 b
cTaM, monyyaeM — = —e @ sinbxr| —— I e’ cosbxdr =——F . 3unauur, Qynkuus
db 2 . 2% 2

EF b
F (b) YIIOBJIETBOPSIET OOBIKHOBEHHOMY AH(GEepeHINaTbHOMY YpPaBHEHUIO d_ +—F=0.

2

2
Pemenuem ypasHenus spisercs Gpynxuus [ (b) = (Ce * (MOXHO HPOBEPUTH MOJACTAHOBKOI).
~+00
v *1‘2 72’-
Koncrauty (' MoxHO Halith m3 ycnosus F (0) = | €’ dr = —. OxoHYaTeNnbHO,
0

= - e 1,be |:—B ;B :| . B cuity mpou3sBosibHOCTH BeMYUHBI B, MOKHO yTBEpKIaTh,

YTO 3TO PABEHCTBO UMEET MECTO IpH b € (—OO; +OO) .

3anaua. Berancnure ¢ momompio auddepeHInpoBaHus o mapaMeTpy HHTETpal
+00
3.2 .
J e sin pxdr, p € (—o0;+00).
0

+00

_/-2 .
IIpumep 58. Boruncnuth nHTErpal j xe " sinqrdx , nuddpepenuupys no napameTpy
0
+00
22
MHTETpa j e’ cosqrdr.
0
+00 9
Uarerpan F (q ) = J e " cosqrdr cxommtcs s MOGOTO (. BeraucuM HHTErpa ot
0
NPOM3BOIHON MOJBIHTETPATIBLHON (PYHKIIMH 110 ITapaMeTpy:

+00

I(q) = j (%(e‘x2 cos qx)d:z: = —tf ze™ sin qrdx .

0

Unrerpan [ (q) cxonutcs pasHomepHo 1ipu ¢ € R B cuny npusnaka Belieprpacca, 1mo-

+00
_2 2
<ze" ,a I xe ' dx = 5 . 3HauuT, o Teopeme 18 o nuddepenmu-
0

—_ 2 .
CKONBKY [x€ * Sin qx
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POBaHMM HECOOCTBEHHOTO MHTErPaa Mo MapaMeTpy UCXOMHBIA MHTETPAJ paBEH IIPOU3BOIHOM
+
02 5 dF
Gynxun F (q) = I e " cosqrdx, B3aToii c 06paTHBIM 3HaKOM: [ (q) = 2
0 q

dF_ \r =

](Q) = —d—q = qTe 4 (CM. IIpuMEp 57)

400
a2
3anava. Boruncnure uHTErpan J. ze cos(pzx)dz, p e (—oo;+oo) , TuepeHmpys
0
+00 9
110 TIApaMeTPy HHTETPal j e sin prdz.
0

D®opmyasl Dpyianu

Teopema 19. Ilycts pynxuus f (x) HEIpepbIBHA HA ITOJIYNPSIMON |:O; +oo) Y UHTErpal

b
J. Mdm cxomurcs as moboro O > (. Torna unterpan [ = I f 7) dr ,rne
x

o

a>0, b>0,cxomurcs, mpusrom I = f(0)In—.
a

dx s moboro O > (0 cxomuTes Kak

T flaz) - f(bz)

Bo-niepsbix, unterpan [ (5 ) =
Pa3HOCTb CXOIAIIMXCS HHTEIPAIIOB.
+o0 +00
t t
Bo-sropeix, [(J) = I @dt — I &dt = J. dt B cuity HenpephIBHOCTH

bynkuun f (:L‘) K IOCJIETHEMY UHTErpaly MOXXHO IIPUMEHUTH TEOPEMY O CPETHEM 3HAUYCHUU:
bo
¢ b
j@ j dt = ln—rnea5<c<b5

Orciona [ =1im I(5) = f(0) lnﬁ.

0—>0 a

Teopema 20. Ilycts pynxuus f (a:) HEIpepbIBHA HA ITOJIYNPSIMON |:O; +oo) U CYILLECTBYET

ZT—>+00

lim f(z) = f(4+). Torna unterpan I = J. [ flaz)— f(bx )dx ,rne a >0, b >0, cxo-
T
0

nures, npu otom [ = (f(O) — f(+oo))ln2.

a
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dz . PaccMoTpum

dr = lim

+ff(aw)—f(b) Ifax f(bx)

ITo onpenenenuto [ =
T A—>+o0

4 _ b N
ifwwxﬂxu :l%gﬁ_i%lﬁ:

bo

t "Rt
aj&@dt—i%dt

1) bff)

0 OF t
:j%2ﬁ+jf jf _Légﬁ:

B cuny HenpepbisHocTH Gynkun f(x) k unTerpanam J f dt moxHO

ad
HPUMEHUTH TEOPEMY O CPEIHEM 3HAUCHHH:

bo

J@dt_ j dt = f lnﬁmea5<c <bS.
bA

J.@dt_ I dt = f lnﬁrneaA<C < bA.

Hepexons k npeneny npu 0 —> +0 u A — +00, nonyuaem [ = (f(O) — f(+oo))1n2.
a

®opmyiibl, noay4deHHble B TeopeMax 19 u 20, HazpiBatoTcst popmynamu Opysianu.

dx .

IMpumep 59. Beraucurs [ = T o8 (7x) — o8 (21:[5)

0 X

[pumenum popmyity Opysuianu. DTO MOXKHO C/IeIaTh, TaK Kak GpyHKuus f (a:) = COSZ

+00
COST

HETIPEPHIBHA Ha MONYTIPSAMOM [0; +oo) ¥ MHTETpa j dz cxomurcs nis moGoro O > 0

X

o npusHaky upuxie. Torna

I =

Tcos(?a:)—cos(ﬂx) e = COSO'IH% =1In3.

0 X

o sm(ax) —sin (bsc) de.a>0b >0

3agaua. Beraucnure: a)J
x
0

5) Tsm( )_Sm(eb )da;, a>0b>0.

+00 —ax2 _e—ﬂIQ
Ipumep 60. Beraucnuts I —dx, a>0, f>0.
X
0
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1) Brruucnenue uHTErpasia ¢ MOMOIIbI0 Gopmynsl OpyiiaHu.
2

+00 —

e o
3aMeTHM, 4YTO j ——dz cxomures s mo6oro wucna & > 0, a pynxuus f(z) = e
X
s

HEIpEepbIBHA HA MOIYNPSIMON [0; +oo) . Ucnionw3ys hopmyny Opymianu, monydaem

TM&U =T (\/Ex)—f(ﬁx) dz =f(0)ln\/§ = ln\/g.

0 X X

2) Beruucienne wHTErpaia npu nmoMou audgepeHnupoBanus Mo napameTpy.

+oo 6—0{1'2 _6—,81'2
O6Go3naunm F’ (0{, p ) = I ———dz . JudpepeHuupys MOIBIHTErPATHHYIO
T
0
+0

—qp
bynkmmio mo napameTpy a s Kaxkaoro 3nadenus > 0, momyuaem j xe “" dx . Tocnen-
0

HUI UHTETpajl CXOAUTCS PABHOMEPHO 110 NapaMeTpy (X Ha KaXJO0M OTpPE3Ke & € [8; A:|, rue

O<e<A.

2

2

TO MOXKHO J0Ka3aTh IIPU MMOMOIIM mpru3Haka Beitepmrpacca: [—xe “ | < ze * | a un-
b

+00

2
Terpai oT (yHKLIUHU B IPABON YaCTH HEPABEHCTBA CXOTUTCS: J xe " dxr = — .Tax kak ycio-
) 2¢
BUs TeopeMbl 17 o nuddepeHurpoBaHuE HECOOCTBEHHOTO HHTETpaja Mo MapaMeTpy o A7
Kaxnoro 3Hauenns [ > () BBINOIHEHBI, CIIPABEUIMBbI PABEHCTBA

%(0{,[)’) = —one_“”de = —% u F(Ol,ﬂ) = —ln\/;+C.
2

+0  —ax _e—ﬂxQ ﬂ

[TocKOMbKY F(ﬂ,ﬂ) =0,710 C =1n+/f . OkonuarensHo, J € 7 dr=In/2
0 x o

B cri1y mpou3BOJILHOCTH BEJMYMH € M A, 9TO PaBEHCTBO CIIPABEIINBO TpH Beex o > 0,

p>0.

o arctg(ax) - arctg(ba:)
3amaya. Beruncnure uHTErpa dz, a > 0,b > 0 nByms
x
0

cniocobamu: a) o gopmyie Opysanu, 6) mpu nomouy 1uphHepeHIUPOBaHNS M0 TApaAMETPY.

Hurerpan {upuxie.

Wuterpan lupuxie Ha3BaH B 4eCTh HEMELKOI'0 MaTeMmaTtuka J[upuxie (XOTs 3TOT MHTe-
rpajl BcTpevaiics u panee B paborax Jlexxanapa u [lyaccona):
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¢ sin Bz T
D(ﬂ) = I ————dxr =—sgnpf.
, T 2
B [5] moka3aHo, Kak MOXHO BBIYHCIHTH UHTETpal Jupuxie ¢ momonisio quddepeHnupo-
BaHUS 10 MapaMeTpy (CM. Takke nmpumep 56).
3Has 3HaueHWe WHTerpaiga J{Mpuxie, MOXXHO BBIYHCIHTH JAPYIHE HHTETPANbI, KOTOpPHIC

CBOJAITCS K HEMY B pe3ynbTare TuddepeHInpoBaHUs WIK HHTETPUPOBAHUS 10 TApAMETPY.

Sin z sin 2z

- dz , nuddepenuupys o napameTpy

+00
IIpumep 61. Beruncnuth nHTErpan J.
0

+ . .
¢ sinzsin ar
O vHTErpan J ———dz.
0 z
3ametum, uto Touka £ = () He sABIsIETCA 0CO0O0M TOUKOM MOABIHTErPATBLHON ()yHKIIUH

Sin  sin ax

2
T

HBI (¢ . VIHTerpan sBisieTcsi HECOOCTBEHHBIM HMHTErPajoM MEPBOro PoJa U CXOIUTCS MU JIIo-
O0M 3HaUEHUH (X TIO MPU3HAKY CPABHEHUSI.
PaccmoTpuM wHTErpasit OT MpOU3BOIHOM MOABIHTETPATbHON QYHKIIUU 110 TTapaMETPy:

+00 +0

0 sinzsinax SIn T cos A x
J do = [ ————
oa

2
T 0 X

, IOCKOJIbKY B HYJI€ TIOJBIHTErpajbHast (PYHKIIHS UMEET KOHEUHBII mpesen, paB-

dzx .

0
[TOCKOJIbKY HaM HY)KHO BBIYHCIUTHL 3Ha4YeHUe | (a) npu & = 2, 10 st 000CHOBAHUSI
BO3MOXHOCTH TU(PEpEeHIINPOBAHNS IO TApaMeTpy MOJ 3HAKOM HMHTerpaja JOCTaTOYHO HCCie-

" sinzcosax
JI0BaTh  UHTErpa I—da: Ha PaBHOMEPHYK) CXOJUMOCTh Ha OTpE3Ke

0 i
a e |:2 —-&2+ 8:| ,tie 0 < & < 0,5. 3amerum, uto B nocieasem unterpaie B touke T = ()

MOABIHTErpAJIbHAsE  (PYHKIMST WMEET TMpeaern, paBHBIM €IWHMIE, OTCIoJa HHTErpall

+ .
¢ sinz cos ax
j—dx ABJIAETCS HECOOCTBEHHBIM MHTErpaloM IIEpBOro poxa. Ha orpeske

0 X

a e |:2 - &2+ 8:| ,tne 0 < & < 0,5 unHTerpan cxoaurcs paBHOMEPHO MO MpPU3HAKY JIupux-

ne-AGens. JlefcTBUTENBHO, GYHKIUS SIN T COS AT MMEET OrpaHUYEHHYIO EPBOOOPA3HYIO 10
nepeMeHHoi X Ha modom npomexytke 0 < < B, tne 0 < B < 400,

B B
Isin zcos(ax)dr = %J‘(Sin(l +a)x +sin(l - a)x)d:z; =
0 0
B
__1{cos(l+a)r N cos(l—a)x
2 1+« l-«a .
1

pu & € [2 - &2+ 6‘:|, a QYHKIMS — CTPEMHTCS K HYJIIO IPU L —> +00 M HEeNpephIBHA
4h

BMECTE C MPOU3BOJHOM Ha 1000 MOTypsIMOi [A; +OO), rne A > 0. Cormacno Teopeme 18 o

nudepeHIpOBaHUH HECOOCTBEHHOTO HHTETpaJia Mo MmapaMeTpy
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dx

dl T 0 sinxsinaxd Tsinxcosax
- = T = -
da 3 da z’ q

[Tocnenunmii I/IHTeraJI MO>KHO BBIYUCIIUTD, CBE/ISI €70 K CyMME JIBYX MHTerpaioB Jupuxie:

X

— dz =
2

0 0

= %(Sgn(l +a)+sgn(l- a)).

HHuTterpupys nocienHee BIpaXKEHUE 110 o, I10JIy4aeM

dr =

_[ sin z cos ax lT sin(l+ a)z N sin(l - a)z
T T

I(a) = %(‘1 + 05‘ — ‘1 — a‘) + C'. Ucnons3sys ycnosue I(O) = 0, naiigem xKoHcTaHTY

T
unterpupoBanus: C' = (0. Oxonuarensro, [ (2) = by
1—-cosax
3agaua. Beruuciure uHTErpan J. — dx

0 Wi

Bonpoch! 1 32124 17151 CAMOCTOSITE/ILHOTO PellleHusl.
1. ChopmynupyiiTe TeOpeMy O HENPEPHIBHOCTH HECOOCTBEHHOT'O MHTETpasa MEpBOro poja, 3a-
BUCSAIIETO OT MapaMeTpa.
2. Chopmynupyiite TeopeMy 00 MHTETPUPOBAHMH HECOOCTBEHHOTO WHTErpajga MEepBOTO PO/a,
3aBHUCSINETO OT MapameTpa.
3. Chopmynupyiite Teopemy o auddepeHnrnpoBaHnr HECOOCTBEHHOTO MHTETpaja MepBOTro po-
11a, 3aBUCSIIIETO OT IMapameTpa.

+o0
4. Tlycts marerpan [ (y) = I f(a?,y)dx CXOJUTCSL PABHOMEPHO TIPU I € (0; +oo)_ MoxkHO
JIM yTBEPXKIATh, uT0 | (y) — nu¢pdepenuupyemas pynkuus? OTBeT o0OCHYTE.

5 Mycrs [ (y) = I f (a:, y)dx YIIOBJIETBOPSIET YCIOBHUSAM TEOPEMBI O HETPEPHIBHOCTU He-

COOCTBEHHOTO0 WHTErpajia MEpBOTO pPOJAA, 3aBHCAIICTO OT Mapamerpa, Ha JIOOOM OTpe3ke

Y <y<Y,,re 0<Y <Y,. Moxno mu yreepxmars, uro dpynkums [ (y) HETIpEPHIBHA Ha

TIOJIYTIPSAMON Y € (0; +oo) ? OTBeT 00OCHYHTE.

6. ITycts unTerpan | (y) = ] f (m,y)dm CXOJIUTCSI PABHOMEPHO TIpU Y € [c;d] 1 B 00na-

a

0
cru () 2{ (:L’,y) ca<r<+40; c<y< d} CYLIECTBYET IPOM3BOAHASL 8—‘; BepHo 1

yTBepKIeHue, 4To Gpynxmus [ (y) muddepeHIpyeMa Ha HHTEpBae (C;d)? OtBer 060CHYIH-

TC.

o am2+2/3m 2
( jdxz Zeﬂ—m‘[}[(l>0,ﬂ>0.

7. JIOKa)XuTe TOXKIECTBO: I e
a o

—0
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+0o0
24
8. BbIumcauTE UHTErpa j xe " dx,a #0.

0
1

1
9. Briuucnure unterpan F(p) = I P=In™ xdx, rme m —s3amaHHOe HaTypagbHOE YMCIIO, a
0

-1 y
p € (0;1:|, nuddepeHIEpys M0 mapaMeTpy HHTErpall pr dz . OGocHyiiTe BO3MOXHOCTh
0
IPUMEHEHHUS 3TOTO METOJIA.

+00 70('7;2

_ g h
10. JIokakuTe TOXKIECTBO j %dm = 2\/;6(\/2 — \/;) s a > 0,6 >0.
x

—0

1 S
e "sinx

11. Ucnonb3ys bopmymy J.e_m COS (:L”y) dy = ————, BBIYHCIIUTE UHTErpal
0 x
e lsing
[eising g,
0 z
arctgx .
12. Beruucnure WHTErpaj I—dw MOJIB3YSICh dbopmymoit

0 zV1 — 2 ,

arctgx j- dt

x> 0.
x * 1+ 2%t

* arctg (px) dz

13. Beruucnure uHTETpaI ; MeToaoM nuddepeHITIpOBaHMS TI0 TTapaMeTpy.
) T (1 +x )
e 2V 5in 24
14. Beiuucnure uHTErpan J. ———dx, mupdepeHmpys MO TApaMeTPy HHTETPA
x

0
+00

_[ e “"sin2x .

0 X

Coser. Jly1s onpenenieHNs KOHCTAHThl UHTETPUPOBAHUS UCTIOIB3YHTE HHTErpall upuxie.

2
1 7o,
15. Berunciure uHTErpas f I z'e 2 dx , nBaxapl nuddepeHupys o napamerpy HHTe-

1 +00 _72
rpan—je "dx.

2z =,

16. Beruucnure uHTErpasl
2 +0 . 3
sinax sin” ax
a)D(a:):—jsmlcos}th 6)I da:;s)j—

T T

dx ;
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T

400 . 2 2 +00 +00 - 2
SInT-Ccos” x cosar — cos fx sin” fx
o [SECOSE g [y o [BAE 0SB [ ST,
x , tgx 0 x 0 T (1+x )

0

HNuTerpans Jisiepa

WuTerpanamu Diinepa Ha3bIBAIOTCS ABE (PYHKIUU:

+00
F( p) = I ;cp_le_‘rdx, — «ramma-QpyHKIUS» H
0

B (p, q) = |z (1 — x)q_l dr — «6eta-QpyHKUUD.

S e

I'amma-gpynkuus

+00

1. Heco6crBennbiii uaterpan I ( p) = I z"'e™"dzx cxomures npu p > 0, paBHOMEpPHO CXO-
0

JIUTCS Ha JTFOOOM MPOMEKYTKE P € |:0!,+OO), a>0.

2.T(1) = Te—l’dx—l F(J j[ edr =x.

0

F'(p) = Tmp_l ‘Inz-edx, p>0.
0

4. ®opmyny nonmxenus [ ( D+ 1) = pl’ ( p) T0JIy4MM MHTEMPUPOBAHUEM I10 YaCTIM (IIpU

p>0): F(p + 1) = T:Epe_xdx = -z’ :o + pT:L’”_le_zda: = pF(p),
0 0

(ecru n € N, o F(n+1) =nl).

5.r{m%]:1'3""'(271_1)\/;,7162.

27L

6. ®opMyIta JTOMOTHEHHUS: F(p)r(l - p) = , 0 < p <1.(Cm. kypc TOKIT)

sinzp
2
Ipumep 62. BeipasuTs MHTErpa J e " dx yepes ramma-pyHKIHIO.

. 2
Caenaem 3ameny nepemenHoit ¢ = . Toraa nonyuum

+00 +oo 1
_ -1 1 1
j *dg;_—th dt ==T| =
i 2 2
3agauga. BLIIH/ICJII/ITe U yKaXUTEe 00J1aCTh CXOJIMMOCTH HHTETpaa:

a). Te_zpdas; 0) j(—ln x)p dx .
0 0
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+00
Ipumep 63. Ilpencrasuts unterpan | = I x’e " Inzdx, a > 0 ¢ nomompio ramma-
0
d —+00
(GyHKIMY, HCTONB3ys HOPMYITY d—F ( p) = I 2" Inx-edr. 3amumem I ( p) cIIeyro-
P 0
~+00

UM 00pa3oM: F(p) = T(ax)p_l e‘“‘”d(aaj) =a’ I "¢ dx . Torna
0 0

a M = Txpl ‘Inz-e*dx.Orcrona [ = Tilx’pe_m Inzdr = ir(p—tl)
i o 0 ) D a’"

+00

p

2
_1 [P
3agaya. Ykaxute 006J1acTh CXOAUMOCTH MHTErpajia j 2”7 e dr w BBIpasuTe ero yepes

0
ramma-( yHKIIHIO.

bera-gpynxkuus
1

_ ¢-1
1. Uurerpan B(p,q) = I:Ep ! (1 — x) dx cxomuresipu p > 0, ¢ > 0, paBHOMEpHO CcXO-
0

JUTCSL IpU P € |:p0,00), q € |:q0,00), p, >0, q, > 0.
2. B(p,q):B(q,p).

3. bera-QyHKIIMIO MOXKHO TpeNCTaBUTh KaK HECOOCTBEHHBIN UHTErpai | pona:
+00 q—l +00 p—l

x x
B(p,q):J.—d+ :1::J.—al+ x
o (L+ ) o (L+ )™
I[.HH TOro, qTO6BI J0OKa3aThb CHpaBellJII/IBOCTL IIOCJICOHUX paBeHCTB, caciiacm 3aMeHy Hepe-
1
t . g-1 1 dt
MEHHOH T = B UHTErpaJe J-mp 1(1—x) dr.Tormal—2z = ——,dx = —
1+1¢ 1+1¢
0 1+t

e 0 <t <oo,n B(p,q) = jxp_l(l—x)q_ldx =
0

_T’ 7! /A S 7/ A '

D1+t 1+ ) (1 . t)2 T W

(o Fl)
Blre) =TS

+o0 ZL’p—l
d.fl: Ha CXOOAUMOCTH B 3aBUCHUMOCTH OT IIad-

IIpumep 64. VccnenoBats MHTErpal
y L+’

pamertpa p, cuurtas uro q > 0.
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Bocnonb3yemcs npencraBieHuem Oera-QpyHkuuu yepes uHTerpan 1 poga. Cnemaem 3ame-

1 1,

ny nepemennslx £’ =¢, x = t? dr = —t? dt:
q
L B,
+00 _ 1 40 q 7_1 1 P D
j —j 0t = =-B| L 1-L |
o 1+ q % g1+t ¢ \¢ ¢
CnenoBarenbHo, uuTerpan cxoaures npu 0 < P 1.
q
+00 {L’p_l
3agaua. YKaxure 001acTh CXOAUMOCTH MHTETpaja J. den BBIPA3UTE €r0 Yepes
+x
0

MHTETpabl Jiepa.
G
Ipumep 65. Ykaxure 0671aCTh CXOAUMOCTH MHTErpaia j(l —x")"/dz, npu p >0 u
0
BBIpa3UTEe €ro uepe3 HHTEerpajsl Jilepa.
Jly1st Toro 4TOOBI IPEICTaBUTh MHTETPa B BUE OeTa-(DyHKINH, CIeTIaeM 3aMeHY Tepe-

1 1 1,
mernnoit 1 — 2 =t¢, z = (1—15)1’, dx = ——(1—15)1’ dt . Torna

p
1 -1 1 1 1
— - —1 1 11
Ja—an)yrde==]t 7 (1-t) dt =—B(1——,—]
0 Y2 p pp
CnepnoparensHo, uaTerpan cxomurca npu 0 < — < 1.
p
+00 xm—l
3agayva. Berpasure unrerpan [ = j —pdx, n > 0 gepes DitsiepoBbI HHTErPAIIBI
0 (1 + x”)
U OTIPEJICIIUTE €ro 00J1aCTh CYIIECTBOBAHHSL.
1
Coset: Crenaiite 3ameny ¢ = —.
1+2z"

Ipumep 66. Brruucnnte unterpan [ = IxQVGQ —2*dz,a >0
0

2
T a -

Cnenaem  3aMeHy TIepEMEHHOM [—} =t, x= atl/ ‘odo= Et Yy “dt:
a

4

I:j).a?’t( )/a“‘l/2 _%jtw(l t) dt = %B(%%}:

) L) e

2 r(3) 2!
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1 5
3anaua. Beruucnure unterpan I = ij 1—2*dz.
0
72'/2
Ipumep 67. Beipasute materpan | = I cos” z cos” xdx yepe3 MHTErpayibl Jujepa u
0
OTIpezieNIUTe ero 00JIaCTh CYyIIECTBOBAHMSL.

o 2 .
CrenaeM 3aMeHy nepeMeHHOH Sin” x = ¢, dt = 2sin x cos zdx,

dt
dr = — - Torna

241/ (1 - t) !

a 1

I= jtz (1- t)s b ljtz_; (1- t)f_; dt = %jtf?_l (1- t)§+;_1 dt =
0 0

=—B , . Nurerpan cymectsyer npu ¢ > —1, f > —1.

72'/2
3anaua. Beipasure unrerpan [ = j sin® x cos” xdx uepes nnrerpanst Diinepa u ompe-
0
JIEIATE €ro 00JIACTh CYIECTBOBAHUS.

72'/2
3anaua. Beipasute uHTErpa j tg" xdx yepes unTerpans Ditnepa u onpeneUTE €10
0
00J1aCTh CYyIIIECTBOBAHUS.

+00

-1
' Inzx

Ipumep 68. Borunciure unrerpan [ = I —dzx.
, 1tz
a +00 p_l
3ameTnm, uto [ = — dx . CornacHo npe/icTaBleHHIo 6eTa - QyHKIUH Yepes
opyl+zx
uHTerpai | posa, BEIIOIHIETCSA COOTHOLIEHHE
ot 7
j dx:B(p,l—p):F(p)F(l—p):—_ :
y L+ sinzp
o 7’
npuuem unrerpan cxomures npu 0 < p < 1.Torma [ = —— = —— COSTD.
Op sinzp sin” zp
ot n’x
3anpaua. Borauciure [ = I —————dx u onpenenuTe 061aCTh CyIECTBOBAHUSL.

) 1+2

BOHpOCbI H 3aJa4Y4 1JIl CaMOCTOATEJIbHOI0O PEIICHUSA.

1. Tokaxwure, 4to ramma-GyHkmus [ ( p) HenpepbiBHa B oOmactu p > 0.

2. Jlokaxute, 9to ramma-pyuxuus [ ( p) HMMeEET HENPEPBIBHBIC TIOU3BOIHBIE BCEX MOPSAIKOB B

obmactu p > 0.
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3. loxaxwure, 4to Geta-pynkuus ( P,q ) HenpepsiBHa B obmactu p > 0, ¢ > 0.

4. Jlokaxwure, uro Gera-pynkuus B ( D, q) UMEET HETIPEPbIBHBIE MOM3BOAHbBIE BCEX MOPSAIKOB B

obmactu p >0, ¢ > 0.

7
5. Beruncure I'(3), I'| = |, ['(p+n),ne N,p > 0.
wancre T(3) [QJ (psn)neN.p

6. Borumciure B(l,l), B(%,%), BL; ;j

7. BeruncnuTe ¢ NOMOLIBI0 MHTETPaIoB Diliepa:

v

+00 d:]: 9 +00 5
. 6 4 o -
a).[ 3;6)J‘sm X COS a:d:v;B)J‘:L‘”elda:,neN.
1+z 0
8. Onpenenute 00JaCTh CYIIECTBOBAHMS M BBIPA3UTE YE€PE3 MHTETPANIBI DUJiepa CIeAyIOIIIe HH-
Terpaibl:

m > 0; 6)J—d a>0,0>0,n>0;

dx
a)'([n\ll—xm 0(a+b1: )p,

pll +o
B)J 1+2$ !)-(:1: ) dx ;[)_[xe dz .
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