MartepuaJbl K 3K3aMeHY 10 KypCy
"HHTerpajbHble ypaBHeHusi. Bapuanuonnoe ucunciesue"

Ox3aMeH no kKypcy "HHTerpanbHble ypaBHeHUs. BapuannonHoe ucuucieHue" cOCTOMT U3 2-X
yacTeu.

1-1 4yacTh 3K3aMe€Ha - TECT Ha 3HaHUE OIpe/eTeHH, (OPMYIUPOBOK TEOPEM M YMEHHUE pellaTh
npoctele 3a1auu. Ha Beimonnenue padbotsl otBogutcsa 30 munyT. [IpaBunbHbie oTBeThl Ha BCE Bompocs!
Owera MepBoi 4acTH dK3aMeHa TapaHTUPYIOT MOJTYyUYEHUE OIEHKH "yIOBIETBOPUTEIIBHO" .

Bompockl nepBoii yacTu 3K3aMeHa COJEep)KaTcs B pasjenax 1 U 2 NpUBEIEHHOIO HMXKE CIMCKa.
OO6pa3ipl OUIETOB IEPBOM YaCTH SK3aMEHa MOXKHO HAWTH B KOHIIE pa3zena 2.

2-1 4acTb 9K3aMeHa - Teopernueckas. K HEHl JOIMycKaroTCs TOJIBKO CTYAEHTHI, YCIIELIHO
HaIMCaBIIUE TIEPBYIO YacTh dk3aMeHa. [l momydeHus oreHkd "xopomio" u "oTimuHo" HEeoOXOoauMO
YMETh JOKa3bIBATh TEOPEMBI U PEIIaTh 3aJa4H U3 Pa3esioB 3 U 4 CIUCKa.

Jlanee mepedrcieHbl BOMPOCH], BKIIFOYEHHBIE B 9K3aMEHAIMOHHbIe OmieThl. OOpariaeM BHUMaHUE,
YTO OJMH U TOT K€ BOMPOC B PA3IMYHBIX MOCTAHOBKAX MOXET MPUCYTCTBOBATH HECKOJIBKO pa3 Kak B
OJIHOM pa3sJienie, Tak U B IBYX, UJIU Cpa3y B HECKOJIBKHX pa3jenax CIUCKA.

B paznenax 1 u 2 comeprkarcsi BOMpOCHI JIJIsl IEPBOM YacTh SK3aMeHa, B 3 U 4 - 1711 BTOPOU YacTH.

Bormpockl MOTHOCTBIO COOTBETCTBYIOT Kypcy Jiekuuid "VHTerpansHble ypaBHeHUs. BapuarmonHoe
ucurcieHue", onmyOIuKOBaHHOMY Ha caiiTe kKadeapbl MaTeMaTHKH (PU3UIecKoro (akyibTera.

Paznesn 1. Omnpenenenus u popMyJHMPOBKH TeopeM

1. 3anucaTs ypaBHeHue @pearonasma 2-ro posa. Kakoe ypaBHeHue Ha3bIBaeTCss OJHOPOAHBIM?

2. 3anucaTs ypaBHeHHe BonbTeppa 2-ro pona. Kakoe ypaBHeHue Ha3bIBaeTCs OJHOPOAHBIM?

3. 3ammcats ypaBHeHne @penronema 1-ro pomga. Kakoe ypaBHeHHe Ha3pIBaeTCS OTHOPOIHBIM?

4. 3ammcaTh ypaBHeHHE BombTeppa 1-ro pona. Kakoe ypaBHeHHE Ha3bIBaeTCs OJHOPOIHBIM?

5. CchopmynupoBath ornpe/iesieHie TMHEHHOTO IIPOCTPAHCTBA.

6. CdopmynupoBaTh onpeesieHne METPHYECKOTO MPOCTPAHCTBA.

7. CdopmynupoBath onpezeneHne HOPMHUPOBAHHOTO IPOCTPAHCTBA.

8. CdopmynupoBaTh onpeesieHne eBKINI0Ba IPOCTPAHCTBA.

9. CdopmynupoBaTh ONpeesieHue CX0IMMOCTH MT0CIIE0BATEIEHOCTH JIEMEHTOB METPHYECKOTO MPOCTPAHCTBA.

10. CdopmynupoBaTh ONpeesieHue CX0IMMOCTH MT0CIEJ0BATEIbHOCTH JIEMEHTOB HOPMHUPOBAHHOI'O IIPOCTPAHCTBA.

11. Cdopmynuposath onpeneneHne GyHIaMeHTAIBHO [TOCIEA0BATEIEHOCTH 3JIEMEHTOB HOPMUPOBAHHOT'O ITPOCTPAHCTBA.

12. CoopmynupoBath onpeseneHne 0aHaxoBa IPOCTPAHCTBA.

13. Cdopmymupoats onpenenenue npocrpanctsa C/a,b]. Kak Ha3bpIBaeTCS CXOAUMOCTH 10 HOPME 3TOTO MPOCTpaHCTBA?

14. Cdopmymupoats onpenenenne npocrparctsa C? [a,b]. Kak Ha3bIBaeTCA CXOAMMOCTD IO HOPME STOrO IIPOCTPAHCTBA?

15. Kak ompenensercs ckansgpHoe MpoW3BeACHHE B TpocTpaHcTBe hfa,b]? Tlouemy 3TO TpPOCTPAHCTBO SIBISETCS
0eCKOHEYHOMEPHBIM €BKJIMIOBBIM NMPOoCcTpaHcTBOM? Kak Ha3pIBaeTCsi CXOAUMOCTH IO HOPME 3TOTO MPOCTpaHCcTBa?

16. 3anncaTs HepaBeHCTBO Komu-byHsakoBckoro.

17. CdopmynupoBaTh onpeeseHue JUHEHHOTo oneparopa.

18. CodopmynupoBaTth [Ba ONIpeIelIeHHs HENPEephIBHOCTH B TOYKE OIepaTopa, NEHCTBYIOIIETO B HOPMHUPOBAaHHBIX
NPOCTPAHCTBAX.

19. CdopmynupoBaTh onpe/esieHue HOPMbI JIMHEWHOTO OTIepaTopa, IEHCTBYIOIEro B HOPMUPOBAHHBIX POCTPAHCTBAX.

20. CdopmynupoBaTh onpeeseHue OrpaHMueHHOT0 JIMHEHHOTo olepaTopa.

21. CdopmynupoBaTh onpe/esieHne OrpaHHYeHHOH 1T0CIIeJ0BAaTEIbHOCTH JIEMEHTOB HOPMUPOBAHHOTO IIPOCTPAHCTBA.

22. CdopmynupoBaTh onpe/esieHne KOMIIAaKTHOM MOCIIEI0BATEIbHOCTH 3JIEMEHTOB HOPMUPOBAHHOTO IPOCTPAHCTBA.

23. CdopmynupoBaTh ornpe/ieJieHUe BIIOJIHE HEIPEPHIBHOTO OIEpaTopa.

24. CchopmynupoBate HEOOXOIMMOE ¥ JOCTATOYHOE YCJIOBHE KOMITAKTHOCTH IIOCTIEIOBATEIHHOCTH BEKTOPOB

KOHCYHOMEPHOTO €BKIIHIOBOTO [IPOCTpaHCTBa R
25. CdopmynupoBats TeopeMy Apiiena.

26. CdopmynupoBaTh OnpeieieHre onepaTopa, COMPSHKEHHOTO K JIMHEWHOMY ONepaTopy, IeHCTBYIOIIEMY B €BKJIHIOBOM
MIPOCTPAHCTBE.

27. CdopmynupoBaTh OIpeAeieHre CaMOCONPSKEHHOT0 (CHMMETPUYECKOT0) ONeparopa, JIeHCTBYIOIIEr0 B €BKIHJOBOM
HPOCTPAHCTBE.

28. CdhopMymupoBath onpee/ieHue HHTErPaIbHOTO orepaTopa OpenroabmMa ¢ CHMMETPHUSCKUM SIIPOM.

29. CdopmymupoBath ornpeeieHiue COOCTBEHHOTO 3HAYCHUS JITHEWHOTO OIlepaTopa.
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CodopmynupoBath onpezeneHne COOCTBEHHOI0 BEKTOpa JMHEHHOro onepaTopa.

CdopmynupoBath onpezeneHne MaKCHMaIbHOTO BEKTOPa JIMHEHHOTO ollepaTopa.

CdopmynupoBath onpeeneHue HHBAPUAHTHOTO MOANPOCTPAHCTBA IMHEHHOrO OIepaTopa.

CdopmynupoBath onpezeneHue KpaTHOCTH COOCTBEHHOTO 3HAUESHUs JIMHEIHOTO onepaTopa.

CdopmynupoBats onpezeneHue cOOCTBEHHON (GyHKIMHU spa UHTErpalbHOTO oneparopa dpearonbma.
CdopmynupoBaTh onpe/eseHne BEIPOXKICHHOTO JINHEHHOTO OIlepaTopa.

CdopmynupoBaTh onpeeseHne 3aMKHYTOTO spa HHTErpajbHOro orepatopa dpearonpma.

CdopmynupoBaTh onpe/iesieHne BEIPOXKICHHOTO sIpa HHTErpaJIbHOTO orepatopa dpearonasma.
CchopmynupoBath ornpeeneHue CKaJsIpHOTO IPOU3BEACHUI B KOMIUIEKCHOM PaCIIMPEHUH IPOCTPaHCTBa hfa,b].
Cohopmynuposats onpezneneHne GyHKINH, HICTOKOIPEICTABUMOM C MOMOIIBIO S{pa HHTETPATBLHOTO OIIepaTopa.
Ccopmymuporats Teopemy ['mnsdepra-Imuara.

CodopmynupoBath onpeeneHne HHTETPAILHOTO OIepaTopa ¢ MOISAPHBIM AAPOM.

CdopmynupoBath onpezeneHne HHTErPAIbHOTO OIIepaTopa co ¢1ado HOJISPHBIM SIPOM.

CdopmynupoBath onpeaeneHne pe3oabBEeHTH HHTEIPAIBHOTO OIepaTopa.

Coopmynuposath anbrepHatuBy Openroibpma.

[Ipu xakoMm ycinoBuM HeonHOpOAHOE ypaBHeHue Dpenronbma 2-ro poja ¢ CHMMETPUYECKHM HEIPEPBIBHBIM SIPOM

MIMeeT U TIPUTOM eMHCTBEHHOE PellleHne /T MoOoii HenpepbiBHON yHkmun [ (X) - HEOAHOPOAHOCTH ypaBHeHH?

CdopmynmupoBaTh yCIOBHE pa3pelinMOCTH HEOJHOPOJHOTO ypaBHeHMs Ppearonbma 2-ro poja ¢ CHMMETPHUYECKHM
HENPEPBIBHBIM SPOM B ClIydae, KOrJa OZHOPOAHOE ypaBHEHHE MMEET HeTpHBHANIbHOE pemieHne. CKOJIBKO PEeLIeHUH
HMMEET HEOJJHOPOJHOE yPaBHEHHE, ECIIH OHO Pa3peIInMo?

CdopmynupoBath onpeneneHne CKUMAIOLIEro ornepaTopa.

CdopmynupoBaTh onpeesieHne HEToABIKHOI TOYKH OrepaTopa.

CdopmynupoBaTh TE€OpeMy O CyLIECTBOBAaHMM HEIOJIBM)KHOM TOYKH Yy CKMMaroulero oreparopa. Kak MoxHO HalTh
HETO/IBIXKHYIO TOUKY?

3amucarh METOJ IOCIEOBATEIbHBIX MPUOIMKEHUH pEeIIeHUs MHTETpalbHOro ypaBHeHus ®Openrosbsma 2-ro poja c
«MaJIBIM» A.

CdopmynupoBaTh onpe/esieHre TOBTOPHOTo (MTEpUPOBAHHOTO) sI/ipa HHTETrpaIbHOTO oneparopa ®@penromsma. Snpom
KaKOTr0 MHTErpajlbHOIO ONIEPATOpa OHO SIBIISETCS?

ChopmynupoBats TeOpeMy 0 pa3pelInMOCTH HHTErPaIbHOTO ypaBHEeHUsT BonsTeppa 2-ro pofa.

3amucarh HHTErpalnbHOE ypaBHeHHe DpearonapMa 2-ro poja ¢ BEIPOXKIACHHBIM SIPOM.

CdopmynupoBaTh ONpeeseHHe COI03HOTO HHTETPAIIBHOTO YPaBHEHHS.

CdopmynupoBath yCcI0BHE pa3pelinMOCTH HEOJHOPOAHOH CHCTEMBI IMHEHHBIX alreOpandeckux ypaBHEHHUI.
CdopmynupoBaTh TeopeMy O YHCIIE JHHEHHO HE3aBHCHMBIX pELIeHHH OZHOPOTHOro ypaBHeHHs PDpexnronsma 2-ro
porna u cotozHoro ¢ HUM (1-s Teopema @pearonema). [Ipn Kakux yciaoBUSIX Ha siApa MHTETPaJbHBIX OIEPATOPOB 3Ta
TeopeMa OblIa JIoKa3aHa B JIEKIIHOHHOM Kypce?

CdopmynupoBaTh TeOpeMy O HEOOXOJMMOM M JIOCTATOYHOM YCJIOBHM Pa3pelIMMOCTH HEOIHOPOIHOTO ypaBHEHHMs
@penronsma 2-ro popa (2-s1 teopema dpexaronbma). [Ipu kakux ycrnoBusIX Ha siipa MHTETPAIbHBIX OMEPAaTOPOB 3T
TeopeMa OblIa JIoKa3aHa B JIEKIIHOHHOM Kypce?

CoopmynupoBats ansrepHatiBy Ppearomsma (3-s Teopema @penronbpma). IIpy Kkakux ycloBusX Ha szupa
HHTErpajIbHBIX OIIEPaTOPOB 3Ta Teopema Oblla JJOKa3aHa B JISKIIMOHHOM Kypce?

CchopmynupoBate TeopeMy O XapaKTePHCTHUECKMX YHCIIaX WHTErpaibHOro oreparopa ®pearomsma (4-s Teopema
@penronsma). IIpn Kakux ycIoOBHSX HA fpa MHTETPAIBHBIX OIEPAaTOPOB 3Ta TeopeMa OblIa J0Ka3aHa B JICKIIMOHHOM
Kypce?

3anmcats oneparop Ltypma-JIlnyBuiis.

Codopmynuposats 3agady Lltypma-JInyBrinis B citydae 0JHOPOAHBIX IPAaHUYHBIX YCIOBHH IIEPBOTO POJA.

Onucarh CBOWCTBAa COOCTBEHHBIX 3HAYCHHMH U COOCTBeHHbIX (yHKImi 3amaun Iltypma-JluyBmiuiss B ciydae
OJIHOPOJHBIX TPAHUYHBIX YCIOBHUU [IEPBOrO POJA.

Codopmynuposats Teopemy CTeKII0OBa.

Coopmynuposats onpeseneHue QyHKIMOHANA.

Cohopmynuposath onpezeneHne HempepbIBHOTO (HhyHKIMOHAA.

Cchopmynupoats omnpenenenue quddepeHnupyeMoro GyHKIHOHANIA.

ChopmynupoBats ornpeeieHiue BaprHauii (pyHKIIHOHAIIA.

CodopmynupoBaTe HOCTAaHOBKY IPOCTEHINCH 3aadyd BapHALMOHHOTO HWCYHCICHUS — 3aJadydl C 3aKpeIyIeHHBIMH
KOHIIAMH.

CodopmynupoBath onpeeneHne CHILHOIO MUHUMYMa (DyHKIMOHAJIA.

CodopmynupoBath onpeaeneHre CHIbHOr0 MakCUMyMa (DyHKIMOHAIA.

CdhopmynupoBath onpeneieHue ¢1adboro MUHIMyMa (QyHKIIMOHATIA.

CdhopmymupoBath onpejeeHue ¢i1aboro MakcuMyma (pyHKI[HOHAIA.

CoopmynupoBaTh HEOOXOAMMOE YCIOBUE SKCTPEMYMa B 3ajiaye ¢ 3aKpEIICHHBIMH KOHI[AMHU.

ChopmynupoBaTh OCHOBHYIO JIEMMY BapHAIHOHHOTO UCYHCIICHHUSI.

CohopmynupoBath MOCTAaHOBKY 33Jauyd C 3aKPCIUICHHBIMH KOHI[AMH M HEOOXONUMBIC YCIOBUS JIKCTpEMyMa s

b
dynxuuonana V[y] = j.F(X,)ﬁ ,---yn;y{,---yZ)dx-



76.

7.

78.
79.

80.
81.

82.

83.
84.

85.
86.
87.

88.

89.
90.
91.

92.

93.
94.
95.
96.
97.
98.
99.
100.

b
CdopmynupoBaTh ITOCTAaHOBKY 3aJaull IOMCKA AKCTpeMyMa (QyHKIHOHAIA V[y,z]z IF (x,y,z, y',z')dx IpH

YCIIOBHH, YTO KOHIIBI 3aKPEIUICHBI, 1 UMEETCS HETOJIOHOMHAs CBSI3b. 3alMcaTh HEOOXOAMMBIC YCIOBHS IKCTPEMyMa B
3TOH 3a7aue.

b

CdopmynupoBaTh IOCTAaHOBKY 3aJayd IOHMCKa JKCTpeMyMa (QyHKIMOHaa VU, Z] = J.F (x, vz, ), Z')dx npu
a

YCJI0OBUH, YTO KOHIIbI 3aKpCIJICHBI, U UMCEETCA I'OJIOHOMHAsA CBA3b. 3amnmcarh HeO6X0,Z[I/IM]>le YCJIOBUA OKCTpEMYyMa B

3TOM 3az1a4e.

CdopmynupoBaTh onpe/iesieHre I'e01e3UUeCKOi JTMHUH.

CdopmynupoBaTh H30IEPUMETPHUYECKYIO 33/1a4y C 3aKpETJICHHBIMH KOHIIAMH M HEOOXOAMMBIE YCIOBHS SKCTPEMyMa B

9TOM 3a/1a4e.

3amucarh ycIoBHE TPAaHCBEPCAIBHOCTH.

CdopmynmupoBaTh ITIOCTAHOBKY 3a[auil MIOMCKA SKCTPEMyMa MPOCTEHIIEro (GyHKIMOHAIAa BapUAIHOHHOTO NCUNCIICHUS,

CYMTasA, YTO JIEBBI KOHEI 3aKpEIUICH, a TPaBbIi MOJBIDKEH, W 3alHCaTh HEOOXOANMBIE YCIOBUS 3KCTpEMyMa B 3TOM

3ajaqe.

CdopmynupoBaTh HOCTAaHOBKY 3aJa4yd MOUCKA SKCTpEeMyMa IpocTeiiero (yHKIHOHaIa BapHALIOHHOTO UCUUCIICHHU,

CYMTasA, 4TO JICBBIM KOHEL CBOOOEH, a NMPAaBbIH MOJBIIKECH, U 3aIIMCaTh HEOOXOANUMBIC YCIIOBHS SKCTPEMyMa B 3TOU

3ajaye.

CdopmynupoBaTh ITIOCTAHOBKY 3a/J1au¥l TIOMCKa SKCTPEMyMa NpocTeiiiero (GpyHKIHMOHAaIa BapUallMOHHOTO UCUUCIICHUS,

cuMTas, 4To 00a KOHIa NOABMKHBI, M 3aIIHCaTh HEOOXOAMMBIE YCIOBHS AKCTpEMyMa B ATOMH 3aj1aye.

CdopmynupoBaTh IIOCTAaHOBKY 3a]audl MIOMCKa SKCTPEMyMa IpocTeiiero (GyHKIMOHaIa BapUallMOHHOTO NCUUCIICHUS,

cuuTas, 4To 00a KOHIa CBOOOIHBI, U 3alMcaTh HEOOXOJMMBIE YCIIOBHS 3KCTPEMyMa B 3TOH 3a/1aue.

CdopmynupoBaTh onpeeseHne HeHTPAIBHOTO T0JIs SKCTpeMae.

CchopmynupoBats omnpeenieHiue COOCTBEHHOTO OIS SKCTpEeMaeH.

CdopmynupoBaTh JOCTATOYHBIE YCJIOBHS CHIBHOTO MHHHMyMa B 3a3/Jad€ C 3aKpEIUICHHBIMH KOHI[AMH C

ncnoibp3oBanueM (pyHkmn Befieprpacca.

CdopmynupoBath 1OCTaTOYHbIE YCIOBUS CIa00ro MUHIMYMa B 3aa4e C 3aKpeIJIeHHBIMH KOHIIAMH C UCIIOJIb30BaHHEM

¢yaxonu Beitepmrpacca.

CdopmynupoBaTh JOCTaTOUHBIE YCloBHUs JleskaHpa CHIIbHOr0O MUHMMYMa B 33/1a4€ C 3aKPEIUICHHBIMU KOHIIAMH.

CdopmynupoBaTh JOCTaTOUHBIE YCiloBHs Jleskanapa c1aboro MUHEIMyMa B 33/1a4€ C 3aKPEIUIEHHBIMU KOHIIAMH.

CdopmynupoBaTh JOCTATOYHBIE YCJIOBHSI CHJIBHOTO MakKCUMyMma B 33jJade C 3aKpeIUIeHHBIMH KOHL@AMHU C

ucronp30BaHNeM QyHKunU Beliepmrpacca.

CdopmynupoBaTh J1OCTaTOYHBIE YCIOBUSL cinaboro MakcMMyMmMa B 3ajJade C 3aKkpelUIeHHbIMH KOHIAMH C

ucrosp30BaHNeM QyHKInU Beliepmrpacca.

CdopmynupoBaTh JOCTaTOUHBIE YCIIoBHs JIexkaHpa CHIIBHOTO MaKCUMyMa B 33f1ade C 3aKpPETIEHHBIMU KOHIIAMH.

CdopmynupoBaTh JOCTaTOUHBIE YcioBHs JleskaHapa c1aboro MakCuMyMa B 3ajiade ¢ 3aKpeTICHHBIMHA KOHI[AMH.

CdopmynupoBaTh onpeeseHne KOPPEeKTHO U HEKOPPEKTHO ITOCTaBJICHHON 3a/1a4u.

CdopmynupoBath onpeeneHne peryasapru3upyeMoil HEKOPPEKTHO MOCTAaBIEHHON 3a1a4H.

B yem 3aximogaercs perynsapusupyonmii anroputm A. H. Tuxonosa?

3anucarb pynkunonan A. H. TuxoHosa.

CdhopMyupoBaTh TEOpEMy O CYIIECTBOBAHHH U €TUHCTBEHHOCTH MUHUMYMa (yHKIroHana A.H.Tuxonosa.

CdopmynupoBaTh TeOopeMy O COIJIaCOBaHUM Iapamerpa peryispuzauuu B QyHkuuoHane A.H.TuxonoBa c

NOrpC€IIHOCTBIO BXOJHBIX HAHHBIX I TIOCTPOCHUA PETryJIAPpUBUPYIOUICTO aJIrOpUTMa PEUHICHUSA HWHTCTPAJIBHOIO

ypaBHeHus ®Opearonasma 1-ro poaa.

Paznen 2. OOpa3ubl 3K3aMeHANMOHHBIX 32124

Hatitu paccrostaue Mexny pyHkimsimu B mipoctpanctse C[0,2]:
a) y=2sinzx u z =cos mx

6) y=x"u z="6x.

Haiitu paccrosinue Mexxay gyHkuusimu B mpoctpanctse h[0,1]:
a) y=3cosmx u z=sinm

6) y=x"mz=x

Haiitu Hopmbl B ipocTpanctee C[0,2]:
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a) y =2sinm —cos mx
6) y=x’ —4x

Haiitn Hopmb! B mpoctpanctse h[0,1]:
a) ¥ =3cosmx —sin ;mx

6) y=x"—1

b
Haiit xapakTepucTiuecKue yucia u COOCTBEHHbIE PYHKIMU ) = /‘LI K(x,8)y(s)ds:

a

a) K(x,s)=cosx -sins; a=0, b=n
0) K(x,s)=cos(x+s); a=0, b=n
B) K(x,s)=sin(x—s); a=0, b=2n
r) K(x,s)=x+ts; a=—I1, b=1.

Pemute HUHTETrpaJIbHOC YPAaBHCHUC d)pezlronLMa 2-ro poaa

a) y(x):/lj(x—l)y(s)de
0) y(x)= lj‘xsy(s)ds+1.

HatitTi coOcTBeHHBIC 3HAUEHUS U cOOCTBeHHBIe (yHKIMH 3axaqn Ll typma-JlnyBuimis:

a) Y'+Ay=0; y(0)=0, y'(1)=0
6) y'+4Ay=0; ¥(0)=y(2n), y'(0)=y'@27).
Jloka3zaTp, uTo Bce coOcTBeHHbIe 3HaueHus1 A 3anauu Lltypma-Jluysumns — (p(x)- ) —q(x)-y + A-p(x)-y =0

(xe(a,b), p(x)>0, q(x)=20, p(x)>0) NOIOKUTEIBHEI MPH CIETYIONIINX TPAHUIHBIX YCIOBUIX:
a) Y'(@)=0, y(b)=0

0) y'(@)=0, y'(b)=0 (A - HEOTpHUIIATEIBHEI).

3anmcarh HHTErpaibHOE ypaBHeHne Opearonsma, SKBHBaNeHTHOE 3amaue [ITypma-JInyBusmis:
) VHA(1+xN)y=0 ¥(0)=0, y1)=0

6) Y'+A4-e7y=0 y(0)=0, y'(1)=0.

Haiit Bapmamuio ¢pyHKIIHOHANA:

6) Vy]=[ (x + y)dx

D VIyl=[(* -y )dx.

2

(v>—y?)dx cycnosusvu  y(0) =0, y(%) =1.

Haiitn sxctpemanu gynkimonana V[ y]=

S 10 | N

3anmcaTh yCIIOBHE TPaHCBEPCATBHOCTH B 3ajaqe TONCKa 9KCTpEMyMa ¢byHKIMOHANA
b=B[y]

2 y y
Viy]= J (x+ p)\J1+y"“dx, cuuras, uTo neBbIil KOHEI| 3aKPETIEH, a MPABbIi - NOTBHKEH.

b
3amucath HEOOXOAMMOE YCJIOBHE OJKCTpeMyMa  (DyHKIHOHANA Viy] ='[ [p(x)y? +q(x)y*]dx B

b
M30MEPUMETPHYECKON 3a1aue JIy] =Ip(x)y2 dx =1, y(a)=0, y(b)=0, rue

p(x) venpeprisro muddepentmpyemas, ¢(x)u P(x) menpepwisubie Ha [@,b] bynximm.
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b
! 4
3anucarh HeOOXOMMOE YCIOBUE dKcTpeMyMa GyHkimonana V[, z] = IF (x,y,2,¥',z)dx B3amauax co
a

CBA3SAMMU.
1

a) Viy.zl=[ (" +2")dx, V=1, ¥(0)=1, y(1)=0, 2(0)=0, z(1)=1
0

O VInal=[0—2de,  y=sinx—z (0)=0, y(m)=0, 2(0)=0, z(m)=".
0

O0pa3ubl OUJIeTOB JId NePBO YACTH DK3aMeHa

Bbuier A

3anucaTh UHTETpaibHOE ypaBHeHHE DpeAronsMa 2-ro poaa.
Haiitu Hopmy dynkuuu y =sinx —cosx B npocrpanctee C[0,27].

v

Haiitu xapakTepucTuuecKie uncia u cooctBernbie pyukiuu  y(x) = A I cos(x—s)y(s)ds .
0

ChopMyIHpoBaTh ONpeIEeHAEe CKUMAIOLIETO OTEPATOPA.

b
CdopMypoBaTh TEOPEMY 0 HEOOXOIMMOM YCIOBUH KCTpeMyMa GyHkuroHana V{y]= I F(x,y,y)dx B
3ajaye ¢ 3akperieHdbiMu kKonamu  y(a) = A, y(b)=b.

b=B[]
CdopMynupoBaTh MOCTAHOBKY 3a4avyd ITOUCKA JKCTpemyMma (yHkumuonama  V[y]= j 1+ y"dx,

cyuTasd, 4To JICBBIM KOHEIT 3aKpCMJICH, a HpaBLIﬁ - IIOABHIKCH.

buner b
1

Pemmth MHTErpasbHOE ypaBHeHue @penroipma Y (x) = /1_[ xs y(s)ds+x .
-1
Jatb onpeaeneHne CXOAMMOCTH MOCIIEIOBATEIILHOCTH AIEMEHTOB METPUIECKOTO IIPOCTPAHCTBA.
Cdopmynupoats Teopemy CTekiosa.
CdopmynupoBats onpeneneane GyHKIFOHANIA.

1
3amucath  HEOOXOAUMOE  YCIOBHE OKCTpeMyma  QyHKiuoHana V[y,z]= I( Y?+2%)dx, ecmm
0

y(0)=0, y(1)=1, z(0)=1, z(1)=0, u umeercs nerononomuas cszb ) —z=0.
ChopmyaupoBaTh onpeeseHne HEKOPPEKTHO TIOCTABIEHHOMN 3a1a4H.
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Pazgen 3. YTBepakIeHHs M TeOpeMbl, KOTOPbIe HY’KHO YMeTh /I0Ka3bIBATh

I[OKEBEITL CIeaAyruee YTBECPKACHUC: IYCTb A - CaMOCOHpH)KeHHLIﬁ oreparop, ,HeﬁCTByIOHIHﬁ B CBKJIIMIOBOM

IpoCTpaHCTBE [E, W e — TMpOU3BOIBHBIA BEKTOp U3 FE, ”e”: 1. Torma cnpaBemmBO HEPABEHCTBO

4e]} <|4ze

. IIpUYIEM pPaBEHCTBO HMMEET MECTO TOraa M TOJIBKO TOrJaa, Korjaa e SABJIAETCA COOCTBEHHBIM

5 2
BeKTOpOM omnepatopa A~ , COOTBETCTBYIOIMM COOCTBEHHOMY 3HaueHu0 A = ”Ae” .

JokazaTe cienymoliee yTBEPXKACHUE: CAMOCOIPSDKEHHBIM BIIOJIHE HENpPEPBIBHBIA onepaTop A, AEHCTByIOWMH B
€BKJIMJOBOM IIPOCTPAHCTBE E, 0071aJaeT MaKCHMaJIbHBIM BEKTOPOM.
Jloka3aTb cliemyromiee YTBEp)KICHHE: €CIM Z - MAaKCHMAaJbHBIH BEKTOP CaMOCOIPSHKEHHOTO omeparopa A,

. . 2 .
JIEHCTBYIONIETO B €BKJIMIOBOM TIPOCTPAHCTBE E, TO z -COOCTBEHHBIN BekTop omeparopa A~ , COOTBETCTBYHOIIMI

2 2
co6cTBeHHOMY 3HaYeHHI0 A = ”A” =M".

. 2
Jlokasath ciefyrolee yTBepKaeHue: MycTh onepatop A AeiicTByeT B eBKINI0BOM mpocTpaHcTse E, u onepatop A

2
001a/1aeT COOCTBEHHBIM BEKTOPOM Z, COOTBETCTBYIOIMM coOcTBeHHOMY 3Hauenuto M . Torma omepatop A mmeer

cOOCTBEHHBII BEKTOP, COOTBETCTBYIOMIMI cobcTBeHHOMY 3Hauenuto M i — M .
CopMyupyiiTe MOC/IEN0BATENBLHOCTh yYTBEPKICHHH, M3 KOTOPBIX CJEIyeT TeopeMa: CaMOCOMPSKEHHbIN BIONHE
HeTpepbIBHbII onepaTop A, AeicTByIOIMIA B 6eCKOHEYHOMEPHOM EBKJINI0BOM IIPOCTPAHCTBE, 00J1a1aeT COOCTBEHHBIM

BEKTOPOM, COOTBETCTBYIOIIMM COOCTBEHHOMY 3HadeHHo A : |A| = ”A” .

JlokasaTh Teopemy: orepatop ®pearoibMa ¢ BEIIECTBEHHBIM, HENPEPBHIBHBIM IO COBOKYMHOCTH apryMEHTOB, HE
PABHBIM TOMJIECTBEHHO HyIIIO, CHMMETPHUYECKUM s1poM o6nasiaet cobetsennbim snavennem A, A #0: Ay = Ay,
y#0, yehla,b].

Jlokasath, 4To co6CTBEHHOE 3Hadenne /A suHeiiHoro oneparopa 4 Takoe, 4To |A| = ”A”, SABJISIETCS MAKCUMAJIHBIM
110 MOTYJTIO.

JlokasaTh, YTO 4YHMCJIO COOCTBCHHBIX 3HAYEHHIl BIOJHE HENPEPHIBHOIO CAMOCONPsKeHHOro omnepatopa A,
JEHCTBYIONETO0 B GECKOHEYHOMEPHOM EBKJIMIOBOM IIPOCTPAHCTBE, YIOBJIETBOPSIOIMX YCIOBHIO: |A| >0>0,

KOHCYHO.

JlokasaTh, 4TO HEHYJIEBOMY COOCTBEHHOMY 3HAUYEHHMIO BIOJHE HelpepbiBHOro omepatopa A, nelcTByroliemy B
OECKOHECUHOMEPHOM €BKJIMIOBOM IIPOCTPAHCTBE, MOXKET COOTBETCTBOBATh TOJBKO KOHEYHOE YHCIIO JIMHEHHO
HE3aBUCUMBIX COOCTBEHHBIX BEKTOPOB.

JloKa3aTh, 4TO €CJM CaMOCONpPSKEHHBIN BIOJIHE HENpepbIBHBINA onepatop A, nelcTByromuii B 6eCKOHEUHOMEPHOM

CBKJIMAOBOM IIPOCTPAHCTBE, UMCCT 6CCKOHC‘IHyIO IOCJICA0OBATCIIbHOCTD COOCTBEHHBIX 3HAUCHHUI An , }’l:], 2, . » TO

A,

- 0.

n—>0

Onwmcarh MpoLECC TOCTPOCHUsI COOCTBEHHBIX 3HAUeHWH M COOCTBEHHBIX (YHKIMH BIIOJHE HENPEPHIBHOTO
caMoCOTpsKeHHOTOo ornepatopa A , IeHCTBYIOIIEro B 66CKOHEYHOMEPHOM EBKJIMI0BOM IIPOCTPAHCTBE.

Onucare TMPOLECC MOCTPOCHUS COOCTBEHHBIX 3HAUYEHWH M COOCTBEHHBIX (DYHKIN WHTETPaIbHOTO OIllepaTopa
®pearosibMa ¢ CHMMETPHYECKHM HENPEPBIBHBIM SAPOM, JACHCTBYIOIETO B OECKOHEYHOMEPHOM EBKIHMIOBOM
mpocTpaHcTse hfa,b].

CoopmynupoBaTb 1 000CHOBAaTh HEOOXOAMMBIC W JOCTAaTOYHBIC YCIOBHUS TOTO, YTO BEKTOP () NPHHAIUICKHUT HYJIb-
IIPOCTPAHCTBY BIIOJHE HEMPEPHIBHOTO CAMOCONPSIKEHHOTO omepatopa A, NeHcTBYIOIEro B GECKOHEYHOMEPHOM
€BKJIMJJOBOM IIPOCTPAHCTBE.

JlokaszaTh, 4TO eciiM HMHTerpanbHblii oneparop ®dpearoibMa ¢ CHMMETPUYECKHM HENPEPHIBHBIM SIPOM HMEET

L 20006)

KOHEYHOE WYHUCJIO XapaKTEPUCTHYECKUX YHCEN, TO sApo omeparopa paBHo K (X,s5) =

i=l A

1
XapaKTEPUCTHIECKHE YUCNA, (J; - COOTBETCTBYIOMIUE COOCTBEHHBIE (DYHKIIUM).

Hoxazars Teopemy ['minpoepra-1lImunra.

IMocTpouts pelieHue HHTErpanbHOro ypasHeHuss dpearonbma 2-ro poja ¢ CUMMETPUUECKUM HENPEPHIBHBIM SAPOM C
TIOMOIIBIO pazIokeHus B psx Pypbe mo coOcTBeHHBIM (QYHKIMSM SApa U JOKa3aTh allbTepHATHBY Ppearosipma.
Jloka3aTb TeopeMy O CYLIECTBOBAaHWH HEMOABMKHON TOUKH Y CKMMAIOILETO OIlepaTopa.

Jloka3aTh TeopeMy O CYIIECTBOBAHMH HEIOABMXHOW TOUKH y ONEPATOpa, HATYpaJbHAs CTEIEHb KOTOPOTO SBISIETCS
C)KMMAIOIIUM OIIEPaTOpPOM.

Jloka3zatb, 4TO €ClIM A «Majo», TO HEOAHOPOAHOE ypaBHeHHe dpearonbpMa 2 poJa MMEET, U MPUTOM €JUHCTBEHHOE,
pemenne s mo6Goii HenpepbiBroit Gyukimu  f (x) € Cla,b], npuuem s10 pemenne Moxer GbITh HaiineHO

METOJIOM TIOCJICZIOBATEILHBIX TPHOIMKCHUH.
Jloka3zarb, 4TO €ClIi A «Mayio», TO OAHOPOAHOE ypaBHeHHe Ppearonbma 2 poja UMEET TOJILKO TPUBHAIBHOE PEllCHHE.



21.

22.

23.
24.

25.

26.

27.

28.

29.

30.

31.
32.

33.

34.
35.

36.
37.

38.
39.

40.

41.

42.
43.

44.
45.
46.
47.
48.
49.
50.
51.
52.

53.

Jloka3zats cxonuMocTh pafga HeiiMaHa [uis peleHust HHTErpaabHOTo ypaBHeHUs dpenroiapma 2-To poaa ¢ «MaIbIM» A
U TIOJIy4HTh BBIPAXKEHUE TSl PE30JIbBEHTBI.

JlokasaTh, 4TO MHTErpajlbHOE YpaBHEHHE THIa BonbTeppa MMeeT M NPUTOM E€AWHCTBEHHOE PELICHHE Ui JI000H
HenpepbIBHON QyHKIUH f{X).

Jlokazark, 4TO OJHOPOIHOE HHTErPAIbHOE YpaBHEHUE TUIIa BonbTeppa UMEET TOIbKO TPUBUAIBHOE PELICHUE.
Jlokazarb, 4TO MHTErpaIbHBIA OIlepaTOp TUIA BoabTeppa HE HUMEET XapaKTEPUCTUYECKUX YUCEIL.

Jloka3aTh, 4To €ciii A He SBISETCS XapaKTEPUCTHYECKUM YMCIIOM, TO MHTErpaibHoe ypaBHeHue ®pearoibma 2 poaa

C BBIPOK/IEHHBIM SIPOM UMEET U TIPU TOM €IMHCTBEHHOE pelleHue s Jr60it HenpepbiBHoit Gynkimn f (X) .

Jloka3aThk, uTo Ay M0O0ro A 4YMcio NUHEHHO HE3aBUCHMBIX PELICHHM OJHOPOJIHOIO MHTETPATbHOIO YPABHEHMS
®pearoapmMa BTOPOTO pojia C BEIPOKICHHBIM SAPOM U COIO3HOTO ¢ HUM OJHOPOJHOTO YPaBHEHHS OJTMHAKOBO.
Jloxazatp, uT0 HeogHOpOAHOE ypaBHeHHEe DPpearonpma 2 poja ¢ BEIPOXKACHHBIM SAPOM Pa3peIInMo TOTAA M TOIBKO

TOraa, Korjga HEOJHOPOAHOCTH f(X) OpTOroHajJibHa BCEM JIMHEHHO HE3aBHCUMBIM peuicHusAsM OAHOPOAHOTO

COIO3HOTO YPaBHEHHSI.
Jloka3ath, 4TO HEOOHOPOAHOEe ypaBHeHHe PpenroipMa 2 poAa ¢ BBIPOXKACHHBIM SAPOM  paspeliuMo Uis 000

HeoIHOpoiHOCTH (HenpepbiBHOH dyHkuuu f(X) ) Torga M TOMBKO TOTJA, KOTJA OJHOPOJHOE yPaBHEHHE HMEET
TOJIBKO TPUBUAIBHOE PELICHUE.
Jlokasatb, 4to 1060€ UHTErpansHoe ypasuenue ®penronsma 2 ponay = A Ay + f ¢ HEBBIPOKIAEHHBIM AIPOM MPH

dukcupoBanHOM A MOKHO 3aMEHHTH SKBUBAJICHTHBIM HHTETPATHHBIM YPABHEHHEM C BHIPOXKICHHBIM SIPOM.
Hokasatk, yto 3amava llITypma-JInyBuiuis SKBHBaJCHTHA 3aJauye HAa XapaKTEPUCTHUCCKUE YKciaa U COOCTBCHHBIC
(YHKIMH JUTS MHTETPATBHOTO ONlepaTropa ¢ HENpPePhIBHBIM CHMMETPHUUECKUM M 3aMKHYTHIM SIIPOM.

Jokasatb, uro 3agaua IlITypma-JInyBuiis uMeeT OECKOHEYHO MHOTO COOCTBEHHBIX 3HAUCHH.

Jokazatp, uro coOcTBeHHBIC 3HaUeHUs 3anaun [typma-JInyBriuis nmpocTeie (MMEIOT KPaTHOCTh CIUHHUIIA).

Jlokasathb, uto cobcTBenHbIe QyHKIMH 3a1aun LIITypma-JInyBuiis opToroHaibHbl ¢ Becom O(X) .

Jlokazate, 9TO cCOOCTBEeHHBIE 3HaueHNA 3aqauu [lITypma-JInyBrimis monoxXuTeTbHBI.
JHoxkazate Teopemy Crekiosa.

Jlokazarb, 4T0O HEOOXOIUMBIM YCIIOBUEM 3KCTpeMyMa (YHKIMOHANA SIBJISIETCS PABEHCTBO HYJIIO €ro BapHalllH IMPH
YCIJIOBUH, YTO Bapualus CyLIeCTBYeET.

[TocTaBuTh 337134y € 3aKPEIUICHHBIMU KOHIIAMH U MTOJYYHUTh HEOOXOANMOE YCIOBUE IKCTPEMYyMa.

Jloka3aTk OCHOBHYIO JIEMMY BapUallMOHHOTO HCUHUCIIECHUSI.

[ocTaBuTh 3a7a4y C 3aKpeIICHHBIMH KOHLIAMH U TIOJyYUTh HEOOXOIUMBIE YCIOBHS SKCTpeMyMa I (hyHKIHOHAIa

b
VIVI=TEX Yy s Yoy, ) dX.

b
[TocTaBuTh 33724y OTHICKAHUS SKCTpeMyMa (yHKIIMOHANA Vb/, Z] = IF (x, vz, y', z ')dx IIPU YCJIOBUH, YTO KOHIIbI
a

3aKpPCIUICHBI, © UMECTCA HETOJIOHOMHAsA CBA3b. HOJ’ly‘il/ITb HCO6X0]II/IMbIe yCJ10BUA SKCTpEMYyMaA.

b
ITocTaBuTh 33134y OTHICKaHUS SKCTpeMyMa (yHKIIMOHANIA V[y, Z] = IF (x, .z, Z')dx TIPU YCJIOBHH, YTO KOHIIBI
a
3aKpeIUICHBI, 1 UMEETCs TOJIOHOMHASI CBsI3b. [10TyduTh HEOOXOMMMBIE YCIIOBUS SKCTPEMyMa.
[MoyuynTh HEOOXOMMBIE YCIOBHUSI SKCTPEMyMa ISl U30IePUMETPHUYECKON 3a1a41 C 3aKPETUICHHBIMHA KOHIIAMH.
ITocraBuTh 3amady OTBHICKaHHS SKCTPEMyMa IpocTeiniero (GyHKIMOHATIAa BAPHALMOHHOIO MCUUCICHHS IIPH YCIOBHH,
YTO JICBBI KOHEI| 3aKPEeIIeH, a IPaBblil HOABIKEH, U MOJTyYUTh HEOOXOJUMBIE YCIOBHS SKCTPEMyMa.
ITocraBuTh 3amady OTBHICKaHHS SKCTpEMyMa IpocTeiniero (GyHKIHOHATIAa BAPHALMOHHOIO MCYUCIEHHS TIPH YCIOBHH,
YTO JICBBIM KOHCI CBO60I[CH, a HpaBbIﬁ TMOJABHXKECH, U IOJIYYUTH HeOGXO[ll/IMbIe YCJI0BUA SKCTpEMYMaA.
[TocTaBuTh 337a4y OTBHICKAHUS SKCTpEMyMa HpoCTeiliero GpyHKIMOHAA BAPUAIIMOHHOTO UCYHMCIICHHS NPU YCIIOBUH,
4qTo 06a KOHIIAa IMTOJABWXHBI, U ITOJIYYUTH HeO6XOI[I/lMI)Ie YCJIOBUA SKCTpEMYMaA.
ITocTaBuTh 3a7a4y OTBHICKAHUS SKCTpEMyMa IpocTeiliero GpyHKIHOHaAa BAPHALIMOHHOTO MCYHUCIEHHS NPU YCIIOBUH,
410 00a KOHIIa CBOOOIHBI, ¥ ITOJIY4YUTh HEOOXOANMBIE YCIOBUS SKCTPEMyMa.
OO00CHOBATH JIOCTAaTOYHBIE YCIOBUSI CHIBHOTO MHHMMYMa B 3a/la4€ C 3aKPEIUICHHBIMH KOHIIAMH C MCIOJIb30BaHHUEM
¢yskunu Beitepmrpacca.
OO00CHOBaTh AOCTATOYHBIE YCJIOBUS CJIa0Oro MHUHMMyMa B 3ajJa4e C 3aKpPEIUICHHBIMH KOHLAMH C HCIIOJIb30BAHHEM
¢yskunu Beitepmrpacca.
O00CHOBATh AOCTaTOYHBIE yCIOBHS JlexaHpa CHIBHOIO MHHUMYMa B 3aJia4ye C 3aKperIeHHBIMH KOHIIAMH.
O00cHOBATh JOCTaTOYHBIE ycinoBHs Jlexanpa cnaboro MUHIMYyMa B 3aJa4e C 3aKperIeHHBIMH KOHIIAMH.
OO00CHOBATh JOCTAaTOYHBIC YCIOBHS CHJIBHOTO MakCHMyMa B 3aJade C 3aKpeIUICHHBIMH KOHIIAMH C HCIIOJIb30BaHHEM
¢yHnkimu Belieprpacca.
OO00CHOBATh JOCTATOYHBIE YCIOBHA €l1abOro MakCHMyMa B 3a/lau€ C 3aKpEIUICHHBIMU KOHIIAMH C HCIIOJIb30BaHUEM
¢ynkmu Beliepmrpacca.
O00cHOBATh JOCTATOYHBIE YCIIOBHS JIeskaHJpa CHIIBHOTO MAaKCUMyMa B 3aj1ade ¢ 3aKperuIeHHBIMH KOHIAMHU.
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O00cHOBAaTh JOCTATOYHBIE YCIIOBUs JIexkaHpa c1aboro MakcCMMyMa B 3ajiade ¢ 3aKperyIeHHbIMUA KOHI[AMH.

Jlokazath, 4TO 3ajaya PEIICHUS HWHTErpajbHOr0 ypaBHeHuss Dpedroibma 2-ro poja ¢ «MallbiM» A KOPPEKTHO
noctasyieHa B C/a,b].

JlokasaTh, 4TO 3aj1a4a PEIICHUS HHTErPabHOTO ypaBHeHHs Dpearoibma 2-ro poja C «MaibiM» A KOPPEKTHO
rocTaBJieHa B hfa,b].

Jloxasatp, 4To 3a/1a4a peleHus HHTETpaIbHOro ypaBHeHus @pearoiabma 1-ro poga Npu yClIOBHM, YTO HHTETPabHBII

onepatop aeiicreyer A: C [a,b] - h[c, d ], ABIISETCS HEKOPPEKTHO TIOCTABICHHOA.

Jlokaszath TeOpeMy O CYIIECTBOBAHUH U €IUHCTBEHHOCTH MUHIMYyMa (yHkimoHana A.H.TuxoHoBsa.

JlokazaTth TeOpeMy O COTJIACOBaHMHU Mapamerpa peryisipuzanud B ¢yHknuonane A.H.TuxoHOBa ¢ MOrpeniHOCTHIO
BXOJHBIX JAaHHBIX JJs TOCTPOCHHUS PETYJISAPUHUPYIOIIETO ajropuTMa pELIeHUs] HWHTErpajibHOTO ypaBHEHUS
®penronasma 1-ro poaa.

Jlokazatb TeopeMy: NyCTb B3aUMHO OJHO3HAUHBIM HMHTErPajbHBIA ONEPATOp C HEMPEPBIBHBIM  SIIPOM

A: C [a,b] - h[c,d ], u Ay = j; , Y(x) HempepsBHO  ubdepennupyemas  Ha  [a,b]  dyskmms,
M“[y]= HAy—f_H2 +0{(||y||2 +||y'||2) (HOPMBI COOTBETCTBEHHO B h[c,d] u h[a,b]), y“ =argminM“[y].

Torna ya%f mpu @ —> 0+0.

Pasnen 4. Teopernueckue 3a1a4u

JlokazaTp, 4To Ui JTFOOBIX OBYX 3JIEMEHTOB X, ) HOPMHPOBAHHOTO IIPOCTPAaHCTBA N CIPaBEUIMBO HEPABEHCTBO:
|-y 1] I<[x-yll.

JlokazaTh, 4YTO €CIIM IIOCIENOBAaTEIbHOCTh 3JEMEHTOB HOPMHPOBAHHOTO MPOCTPAHCTBA CXOAWTCA, TO 3Ta
MOCIIEZ0BATENbHOCTD SIBIACTCA (YHAAMEHTaIbHOW. B KakMX HOPMHPOBAHHBIX NPOCTPAHCTBAaX CIIPAaBEAIMBO W
o0OpaTHOE yTBEpKICHUE.

JlokazaTh, 4YTO €CIIM TIOCIEJOBAaTEIbHOCTh 3JEMEHTOB HOPMHPOBAHHOIO IIPOCTPAHCTBA CXOAWTCA, TO 3Ta
MOCJIEI0BATENILHOCTD OTPAaHNYEHA.

[TocTpouTh mnpHuMep, NOKa3bIBAIOIIMIA, YTO M3 CXOAMMOCTH B CpEeJHEM Ha OTpe3ke [a,b] (QyHKUMOHAILHOMN
MOCJIEIOBATENbHOCTH HE CIIeAyeT paBHOMEpHas (M aXke IIOTOYeUHast) CXOAUMOCTb.

Joxka3zatb, uto npoctpanctBo C/a,b] sBnsieTCs TMHEHHBIM.

Kak omnpenensiercst Hopma B ipoctpanctse C/a,b]? Jloka3ars, 4TO 3TO Ha CaMOM JIeJie HOpMa.

Joxazatp, 4TO MPOCTPAHCTBO C?[a,b] sBasieTCs TUHEHHBIM.

Kaxk onpenensiercss Hopma B npoctpanctse C”/a,b]? JlokasaTh, 4To 3TO Ha CAMOM JIelie HOpMa.

Jlokazatb, 9TO IPOCTPAHCTBO Afa,b] ABNACTCS TUHEHHBIM.

Kak onpenensiercs Hopma B mpocTpaHcTBe /i/a,b]? Jloka3ars, 4TO 3TO Ha CaMOM JIeJie HOpMa.

Jlokazatb, 9TO IPOCTPAHCTBO /i/a,b] HE ABIAETCS TTOTHBIM.

Joxkazats HepaBeHcTBO Komm-byHskoBckoro i mpoctpancTtsa /1/a,b].

ITocTpouTh mpuMep OECKOHEUHOM OPTOHOPMHUPOBAHHOM CHCTEMBI B IPOCTPAHCTBE hfa,b].

Jlokasatp CyIiecTBOBaHNE OTpaHMYSHHBIX HEKOMIIAKTHBIX IIOCIEOBATEIFHOCTEH B IpocTpancTBe //a,b].

Jloka3zaTp, 4TO OriepaTop, OOpaTHBIN K JIMHEHHOMY ONEpaTopy, SBISETCS IMHEHHBIM OIIEPaTOPOM.

Jlokazath, 4TO MHTErpabHbIi onepaTtop Opearoabma 0TOOpaxaeT JUHEHHOE MPOCTPAHCTBO ifa,b] B cedst U ABISIETCS
JIMHEHHBIM OIIEpaTopOM.

JlokazaTp, 4TO MHTETpaJbHBINA oneparop Bosibreppa oToOpaskaeT jMHEHHOE MPOCTPaHCTBO /i/a,b] B cebs n sBisiercs
JIMHEHHBIM OIIEpaToOpOM.

Joxazatrp, 4TO JMHEWHBIN ONEepaTop, ACUCTBYIOIIMI B HOPMUPOBAHHBIX MPOCTPAHCTBAX, HEMPEPBIBEH TOTAA U TOJIBKO
TOT'/1a, KOT/1a OH HETPEPHIBEH B HYJIC.

Jloxazatrp, 4TO JUHEWHBII ONEepaTop, AEUCTBYIOLIMI B HOPMUPOBAHHBIX MPOCTPAHCTBAX, HEMPEPBIBEH TOTAA U TOJIBKO
TOT'Z1a, KOT/1a OH OTPaHHYEH.

JlokazaTb 3KBHMBAJIEGHTHOCTb JBYX OIPEAEICHUHA HEMPEPbIBHOCTH B TOYKE OIEpaTopa, MNEHCTBYIOILETO B
HOPMHUPOBAHHBIX IPOCTPAHCTBAX.

Jlokasats, 4to oneparop auddepenmupopanus, aeiicteyromuii w3 C”[a,b] B C[a,b], SBIsETCS OrPAHHYCHHBIM.
Hokazatb, 4ro oneparop auddepeHuIMpoBaHUs,  ONpENENCHHBI HAa  MOINPOCTPAHCTBE  HEMPEPBIBHO
muddepenuupyembix  pynkumit  npocrpancrBa Cfa,b] w peiictBytommit w3 Cfa,b] B Clab], sBusercs
HEOTrpaHUYCHHBIM.

Jlokasath, uto eciu A - nuHelHBIH orpanuuenHblii omeparop, A: N , > N,, Ny u N, - HOpMHpOBaHHbIE
npocrpanctea, A # 0, T0 ”A” >0.
Jlokazatb, 4to st ao0oro Y € N,  BBINONHEHO HEPABEHCTBO ”Ay ” S”A”” y” , rie A — nuHelHbIA

Ol"paHI/I"IeHHHﬁ oreparop, ,HCfICTByIOHIHfI U3 HOPMHPOBAHHOI'O MNPOCTPAHCTBA Nl B HOPMUPOBAHHOC MNPOCTPAHCTBO

N;.
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Jloka3atk, uTo ecnu B : No—N; sBIIseTCS HENPEepHIBHBIM OIepaTopoM, a onepatop A : N;—N, BIoNHE HETPEPHIBHEIH,
10 BA : N/—N; - Brionne HenpepbiBHbIil onepatop(.N;, N;, N;— HOpMUPOBAHHBIE IPOCTPAHCTBA).

Jloka3zatp cienyromiee yTBEep)KIeHUE: MyCTh JUHEHHBIH OrpaHMYEHHBIH omnepaTop A AEHCTBYET U3 HOPMHUPOBAHHOIO
MpOCTpaHCTBa N; HOPMHPOBAHHOE MPOCTPAHCTBO /N,, JHMHEHHBI OrpaHUYEHHBI omepatop B naelcTByeT wus
HOPMHPOBAHHOTO IIPOCTpaHCcTBa N, HOpMupoBaHHoe rpoctpaHcTBo N;. Torna ||BA||<||4]|-]|B]|.

JlokasaTh, 4TO €CIM B3aHMHO OJHO3HAUHEI onepatop A sBiseTcs BIONHE HeMpephIBHBIM Tipu Aeiictun u3 h[a,b] B

h[C, d] , TO 06paTHLII>i OIepaTop HE ABJACTCA OIrPaHUYCHHBIM.

Jlokazatp, 4TO €IMHUYHBINA OMIEPATOP, NCHCTBYIOIIUI B IPOCTPAHCTBE //a,b], He SBNSCTCS BIOJTHE HEPEPHIBHBIM.
Jlokazatb, 4T0 HHTETpaibHEIH onepaTop @penaronsma, neiicteyromuii u3 C/a,b] B C/a,b], orpaHuYeH, 1 HAUTH OIICHKY
CBEpXy HOPMEI OIlepaTopa.

Jlokazatb, 94T0 MHTErpaNbHEIN oniepaTop Ppenronema, aericTByrouwii u3 i/a,b] B hfa,b], orpaHndeH, U HANTH OICHKY
CBEpXY HOPMEI OIlepaTopa.

Joka3atp, 9TO HWHTerpayipHBI omepatop Ppearomsma, aeicTByrommwmid u3 hfa,b] B Cla,b], sBisercs BHonHE
HETIPEPHIBHBIM OIIEPaTOPOM.

Jlokazath, 4YTO HWHTErpaibHbId omeparop Dpexaronbma, AehcTByrommid u3 hfa,b] B hfa,b], sBiseTcs BIOIHE
HENpPEPHIBHBIM ONIEPATOPOM.

Jlokazath, 4TO MHTErpajbHbIN onepaTop PpearossmMa ¢ CAMMETPHYCCKUM SIPOM, NeHcTBYomui us hfa,b] B hfa,b],
SIBIIICTCSI CAMOCOTIPSDKEHHBIM OIIEPaTOPOM.

[Tycth @ - cOOCTBEHHBI BEKTOP CaMOCONPSDKEHHOro oreparopa A4, NeHCTBYIOIIEro B €BKIHIOBOM ITPOCTPAaHCTBE.
JlokazaTh, YTO MHOXECTBO BEKTOPOB, OPTOTOHAIBHBIX (@, 00pa3ylOT 3aMKHYTOE€ JIMHEHHOE IOANpPOCTPaHCTRO,
WHBapUAHTHOE OTHOCUTEIIEHO A.

Jlokazatb, 4TO €CIIi UHTETPalbHEIH onepaTop PpeAroiapMa ¢ HEMPEPHIBHBIM CHMMETPHYECKUM BEIIECTBCHHBIM SIPOM

K(x,s) neficTByeT B KOMIUIEKCHOM TIPOCTPaHCTBE hS[a,b] (KOMIIEKCHOM PacIIMPEHHH TPOCTpaHCTBA hfa,b]), TO

3TOT OIEPAaTOP MOKET HMETh TOJIFKO BEUIECTBEHHBIEC COOCTBEHHBIE 3HAYCHUS.
[TpuBenute mnpuMep CaMOCOIPSHKEHHOIO Oleparopa, IeHCTBYIOIIEro B NPOCTpaHcTBEe /ifa,b] u He uMeloIIero
COOCTBCHHBIX 3HAYCHHH.
[TpuBenute mnpuMep BIOJIHE HENPEPHIBHOTO OllepaTopa, ACHCTBYIOLIETO B MPOCTpaHCTBE /if/a,b] M He UMeEIoIIero
COOCTBCHHBIX 3HAYCHHU.
Jloka3aTh, 4YTO COOCTBEHHBIE BEKTOPHl CAMOCOMPSKEHHOTO omepaTopa A, COOTBETCTBYIONIME pPa3IHUHBIM
COOCTBEHHBIM 3HAYCHUSIM, OPTOTOHAIIEHBL.
Jloka3aTh, 4YTO COOCTBEHHbIE BEKTOPbl CaAMOCOMPSKEHHOro omepatopa A, COOTBETCTBYIOLIME —pPasIMYHBIM
CO6CTBeHHbIM 3HA4YCHUAM, JIMHEHHO HE3aBUCHUMBI.
[TpuBectn mnpumMep wuHTErpaibHOro oneparopa ®Ppexaronbma, HyJeBoe COOCTBEHHOE 3HA4YEHHE KOTOPOrO HMEET
0ECKOHEUHYIO KPaTHOCTb.
[IpuBectn npumep wuHTErpasbHOrOo omneparopa ®pearonbma, HyjleBoe COOCTBEHHOE 3HAYEHHE KOTOPOTO HMEET
KOHCYHYIO KPaTHOCTb.
2 & sinnx sinns
JlokasaTh, 4TO MHTErpaibHbIil onepatop ®pearonsma ¢ sapom K (x,s) = _Z—z , JIEHCTBYIOIIUNA B
n=1
npoctpanctBe /0, 7], SBIASETCS HEBBIPOXKICHHBIM.
Jloka3ath, YTO HyJIb SIBJIICTCSI MPOCTBHIM COOCTBEHHBIM 3HAUCHHEM HMHTErpajibHOrO omepatopa dDpearosibma,
2 & sinnx sinns
neiictByromero B poctpanctse /1[0, 7, ¢ sapom K (x,8) = _Z—z
72- I‘l=2 n
Jlokazatb, 4Wro HyJIeBoe COOCTBEHHOE 3HAYCHHE  HWHTETPANIBHOTO omepatopa Ppenrombma, NEHCTBYIOMETO B
2 <& sin 2nx sin 2ns
npoctpanctse /0, 7], ¢ supom K (x, ) = _Z—z
T n=1 (27’1)
[IpuBectn mpuMep BHIPOXKICHHOTO HHTETPAIBHOTO omnepaTopa @pearoibma ¢ HEBRIPOKICHHBIM SIIPOM.
[IpuBectn TmpuMep HHTErpayibHOTO omeparopa Ppearoiapma, HyJIeBOe COOCTBEHHOE 3HAUYE€HHE KOTOPOTO, MUMEET
KpaTHOCTb 5.
Jlokasatp, 4TO CKMMAIOIININ OMIEPaTOp SABISETCA HEMPEPHIBHBIM.
JlokazaTh, 4TO MHTErpajbHbId omepatop dpenaroiabma, yMHOXKEHHBI Ha «Majioey» A, SIBISIETCS COKUMAIOUIUM IpU
neiicteuu B Cfa,b].

Onpenemum omeparop D: Cla,b] — Cla,b] cnenyromum o6pasom: mis moboro yeCla,b] Dy=AAy+f, tne A —

HUMECT 6€CKOH€"IHY}O KpPaTHOCTb.

WHTETPaIbHEINA oriepaTtop BombTeppa ¢ HENpepsIBHBIM SIIPOM, f(X) — HeTIpepbIBHAS HA [a, b] QpyHkms. Jloka3zaTs, 9TO
uIst 10060r0 A CylecTByeT HaTypaibHOE YHCiIo A Takoe, uto D' - caxmmarommit oneparop.

. k
Jokasatk, uTo eciu omeparop [) jeiicTByer B IOJHOM HOPMHPOBAHHOM IpOCTpaHCTBe, a oneparop D" (k —

. k
HaTypaJbHOE YHCIIO) CKUMAKOIINMN, TO HETIOABUKHBIE TOUKHU onepatopos D u D" coBnanarot, u3 4ero ciemyer, 4to
onepatop [ MMeeT eMHCTBEHHYIO HEMOBHKHYIO TOUKY.
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Jlokazatp, 4To MHTETpaibHBIN onepaTtop Openronsma, aeiicTByronmii B C/a,b], He UMeeT XapaKTePUCTUIECKUX TUCEI
na unTepsane (0, 1/(M(b-a)), rne M = max |K (x,5)|.
X,S€]|

JlokazaTh, YTO HHTETPATBHBIN OMIepaTop (I)penronbMa neificTByromuii B Afa,b], He MMeeT XapaKTePUCTUIECKUX YUCEI
na unrepsaie (0, 1/(M(b-a)), rne M = max |K (x, S)|

x,s€la,b]

JlokazaTh, 4TO MUHUMAJIBHOE IO MOJIYJIO0 XapaKTEPUCTUYECKOE YHCIIO HHTErpajbHOro omeparopa dpenrosibma,

1
>————— e M = max |K(x s)|
M(b_a) x,s€[a,b]

JlokazaTh, YTO MHHHUMAIBHOE II0 MOIYJIO XapaKTEPHUCTHUECKOE YHCIIO HMHTETPAIBHOTrO omeparopa Ppenromabma,

; ,rne M = max |K (x, s)|

M (b a) x,s€[a,b]

JlokazaTb, 4TO MHTETpaNIbHBIH onepaTop Bosbreppa, neiictByromuii B C/a,b], He uMeeT XapaKTEePUCTHYECKUX YHCEIT.
JlokazaTb, 4TO MHTETpaNIbHBIH onepaTop Bosbreppa, neiicTByIomuii B i/a,b], He UMeeT XapaKTePUCTHYECKUX YHCEI.
JlokazaTh SKBUBAJEHTHOCTH 33/1a4M PEIICHHs CHCTEMbl JIMHEHHBIX anreOpanveckux ypasHeHuid (CJIAY) m 3amaunm
pelIeHus] HEOJHOPOJHOr 0 ypaBHeHUs! dpearosbma 2-ro poaa ¢ BBIPOXKICHHBIM SPOM.

IlomyunTs ypaBHEHHE ISl OTBICKAHMS XapaKTEPHCTUYECKUX 4YHMCEN HHTErpalbHOro omeparopa ®pearonesma ¢
BBIPOKACHHBIM SAPOM.

IoryunTs BeIpa’keHHE VIS PE30JIbBEHTHI HEOJHOPOAHOTO ypaBHeHUs Ppearonbma 2-ro poja ¢ BBIPOKIEHHBIM SIPOM
TIPH YCIIOBHH, YTO A HE SIBIISETCS XapaKTEPUCTUIECCKUM THCIIOM.

JHoxkazatp, uto omeparop llItypma-JInyBrimis sBISETCS CHMMETPHUYECKUM B hfa,b] , ecmi B KadecTBEe OOJNACTH €ro
OIIpeNIeNICHUsT ~ pacCMaTpuUBaTh  IOAIPOCTPAHCTBO  JB@KABl  HelpephslBHO  auddepeHnupyeMblx  QYHKLIUH,
oOpamaromuxcs B HyJIb Ha KOHIax oTpeska /a,b].

JlokazaTb, 4TO JUIi MHHUMAJIbHOTO COOCTBEHHOrO 3HaueHHs 3anaud llItypma-JInyBuiis nMeeT MECTO HEPaBEHCTBO:

P f ) o
reab p(x)

neiictytomero B C/a,b], ynoBiIeTBOpSET HEPABEHCTBY |/1mm

JEHCTBYIOIIETO B /i/a,b], yIoBIETBOPSET HEPABEHCTBY |/1mln

TpuBecTH mpHMep MEPBOH KpaeBo# 3ajaum juis ypasHenus Ditnepa s dymnkumonana V[y]=[F(x,y,y")dx,
KOTOpasi HE UMEET PelIeHHUs.

[TpuBecTd NpUMep TEPBON KpaecBOW 3amavu Juis ypaBHeHus Diinepa mis ¢ynkumonana V[y]= j F(x,y,y")dx,
KOTOpast UMEET HEETUHCTBEHHOE PEIIICHUE.

b
Kakue pelienns nMeer ypasnenne Ditnepa mis dynkuuonana V[ y]= [ F(y")dx?

a

b
3anucaTh nepBbiii HHTErpall ypaBHeHus Jiinepa s Gpyukuuonana V[ y] = J.F (x,y")dx .

a

b
3anmcats nepeblii uHTerpan ypasnenns Diinepa s dynkunonana V[ y]=[F(y, y')dx .
a
Pemmth 3amauy o OpaxHCTOXpOHE.
Hcxons n3 BapHalmOHHOTO IPHHIIAIIA HANMEHBIIETO NEHCTBHS, TIOTYIUTh YPABHEHUS IBIKCHUS MaTEPHATBHON TOUKA
B OTEHIMAILHOM II0JIE.
Pemmts 3amauy 00 OTBICKaHUM KPUBOW 3aJaHHOW JJTMHBI, IUTOIMIAb IO KOTOPOH MaKCUMaJIbHA.
IToka3aTh, 9TO €cim B 3ajade 00 OTHICKAaHHH HKCTPEMyMa C JICBBIM 3aKPEIJICHHBIM W MPaBBIM MOIBIKHBIM KOHIIAMHU

Bly]
(yHKUMOHAT HMEET BHJI: Vb/] = | A(x,y W1+ (v)dx, u pynxums A(x,y) # 0 nupdepenumpyema mo X,y ,

TO yCHOBI/Ie TpaHCBepCﬂHBHOCTI/I B O TOM CHy‘{ae HepeXO,I[I/IT B yCJIOBI/Ie OPTOFOHaJIBHOCTPI.
X, 1\2
1+ (y)
P,
Yy

MOeT MepeMeIlaThCs BAOMIb 3aJaHHO MPSIMOii: y(O) =0; y =x-5.

Haiitn sxctpemy™m yHKIMOHaTA V[y] = IPH YCIIOBHH, YTO JIEBBIN KOHEL] 3aKPETLIEH, a IpaBblid

Kakoif skcTpemyM (cmalOblii WM CHJIBHBIM, MHHAMYM HJIM MAakCHUMyM) JIOCTHTaeTCs B 33/1a4€ C 3aKpEIUICHHBIMU

KOHIIaMU [ (PYHKIMOHAIA V[y] = j(y')3dx C TPaHUYHBIMH yCIOBUAMH y(O) =0, y(a) =b,a>0,b>0.

0



73.

74.

75.

x
HcenenoBarh Ha paspelimMocThb YpaBHEHHUE: I y(s)ds = f(x), x,s €[a,b].
a

Jlokazath, 4TO MHOXkecTBO ¢ynkumii V(X), HenpepsiBHO aup(depeHIUpyeMbIX Ha [a,b] U TaKuX, 9YTO

2 2
Mab] <C”, (>0 paBHOMEPHO OIPaHUYEHHO U PABHOCTENIEHHO HEMPEPHIBHO.

iy 1"

JlokasaTh, YTO MOCIEN0BATENLHOCT (DYHKIIMI {yn (x)} (n=1, 2, ...), nenpepsiBHO nuddepenmpyembix Ha [a,b] n
2
hla,b]

+|

2 2 .
y; Ha.b] < C”, sBnsercs KOMIIAKTHOH B C[a,b].

YAOBJIETBOPAONINX HEPABECHCTBY ||yn



